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ABSTRACT. Let us say that an element of a given family A of subsets of R¢
can be reconstructed using n test sets if there exist 11, ..., T, C R% such that
whenever A, B € A and the Lebesgue measures of ANT; and BN7T; agree for
each i = 1,...,n then A = B. Our goal will be to find the least such n.

We prove that if A consists of the translates of a fixed reasonably nice
subset of R? then this minimum is n = d. In order to obtain this result, on the
one hand we reconstruct a translate of a fixed absolutely continuous function
of one variable using 1 test set. On the other hand, we prove that under rather
mild conditions the Radon transform of the characteristic function of K (that
is, the measure function of the sections of K), (Roxx)(r) = A~ 1(K n{z €
R? : (x,0) = r}) is absolutely continuous for almost every direction 6. These
proofs are based on techniques of harmonic analysis.

We also show that if A consists of the magnified copies rE+t (r > 1,¢t € R?)
of a fixed reasonably nice set E C R% where d > 2, then d + 1 test sets
reconstruct an element of A. This fails in R: we prove that a closed interval,
and even a closed interval of length at least 1 cannot be reconstructed using 2
test sets.

Finally, using randomly constructed test sets, we prove that an element of a
reasonably nice k-dimensional family of geometric objects can be reconstructed
using 2k + 1 test sets. An example from algebraic topology shows that 2k + 1
is sharp in general.

1. INTRODUCTION

There is a vast literature devoted to various kinds of geometric reconstruction
problems. Part of the reasons why these are so popular is their connection with
geometric tomography.

The set of reconstruction problems we will study is the following. Given a family
of subsets of R? we would like to find “test sets” such that whenever someone picks
a set from the family and hands us the Lebesgue measure of the chunk of this set in
the test sets, then we can tell which the chosen set is. In other words, the measures
of the intersection of the set with our test sets uniquely determine the member of
the family. Our aim is to use as few test sets as possible. If it is enough to use
n test sets then we say that an element of the given family can be reconstructed
using n test sets. The formal definition is the following. We denote the Lebesgue
measure on R? by A%,

Definition 1.1. Let A be a family of Lebesgue measurable subsets of R? of finite
measure. We say that an element of A can be reconstructed using n (test) sets if
there exist measurable sets 71, ..., T, such that whenever A, B € A and A\4(A N
T;) = M (BNT,) for every i = 1,...,n then A= B.
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The first question of this form we are aware of is the following folklore problem,
which asks, using the above terminology, whether an axis parallel unit subsquare of
[0,10] x [0, 10] can be reconstructed using two test sets. We leave this question to
the reader as an exercise. There are numerous natural modifications of the problem:
Can a unit segment of [0,10] (or of R) be reconstructed using 1 test set? Can a
unit disc be reconstructed using 2 test sets? What happens in higher dimensions?
And so on.

In each of the above problems the given family A is the set of translates of a fixed
set. Since in R? this means d parameters, we might hope that we can reconstruct
a translate of a fixed set using d test sets. One of our main goals is to show that
this is indeed true, at least under some mild assumptions on the set. For d > 3
we prove (Corollary 5.9) this for any bounded measurable set of positive measure,
in the plane (Theorem 5.12) for any bounded measurable set of positive measure
with rectifiable boundary of finite length, and in the real line for any finite union
of intervals.

The first idea behind all of the above results for d > 2 is the following. Suppose
we want to reconstruct a translate of E C R%. Let T be a test set of the form
T = S x R where S C R. Then clearly A*((E + x) N'T) depends only on the
first coordinate of x: in fact, one can easily check that

(1) MN(E+2)NT) :/S(R(LO,”_’O)XE)(t—xl)dt

where 21 denotes the first coordinate of  and (R(1,0,. 0)x£)(t) = A1 (K N{z
R? : z; = t}) is the Radon transform of yg in direction (1,0,...,0). (In general,
the Radon transform of a function f is (Ryf)(t) = f{weRd:<m,0>:t} fdAL but will
we only apply this for characteristic functions.) Thus if fS(R(l,o,...,o)XE)(t —x1)dt
uniquely determines x1, in other words if we can reconstruct a translate of the
R — [0,00] function R, 0)xe using the test set S C R then A ((E +z)N7T)
determines z;. Therefore, if we can do this in d linearly independent directions
then we are done.

In order to carry out the above program, first we show (Theorem 3.7) that a
translate of a fixed non-negative not identically zero compactly supported absolutely
continuous function can be reconstructed using one test set in the above sense. Then
we get the above results by finding many directions in which the Radon transform of
the characteristic function is absolutely continuous. For concrete sets (for example
if we want to reconstruct a translate of the unit ball) this is immediate, for more
general sets we use Fourier transforms.

We also consider the problem of reconstruction of a magnified copy of fixed set
E C R? (d > 2), where by a magnified copy of E we mean a set of the form
rE + x, where r > 1 and x € R%. Since we have d + 1 parameters, one can hope to
reconstruct using d + 1 test sets. Using R? as a test set we can reconstruct 7 since
A (rE + x) depends only on r. The reconstruction of = is done similarly as in the
above case of translations but now we need to consider not only translations of the
Radon transforms but also the translations of their rescaled copies, since instead of
(1) we need here the more general X ((rE+xz)NT) = r%! [((Ra o, 0)xE) (52 dt.
Therefore we need to choose the set S C R so that for every r > 1 the integral
Js(R(i0,....00xE) (52 )dt determines 1. So this is a harder task than in the case of
translations (where we needed this only for » = 1) and we can only prove a positive
result (Theorem 4.1) under some additional assumption on the derivative of the
Radon transform: we also require that (Rgxx) can be approximated well in L!
norm by a g € C'! function with small ||¢’[|,. For functions obtained from concrete
nice sets of R? (d > 2) (for example, if we want to reconstruct a ball of radius at
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least 1) this condition can be checked. For the more general case again we have to
find many directions in which this condition is satisfied. We have positive general
result if we assume that d > 4, or that d > 2 and FE is convex. In the first case we
use Fourier transforms here as well, while in the second case we also take advantage
of the Brunn—Minkowski inequality. This way we get (Corollaries 6.7 and 6.11)
that if £ C R? is a fixed bounded measurable set of positive measure and d > 4, or
if E C R? is a convex set with nonempty interior and d > 2 then a set of the form
rE + x, where r > 1 and x € R? can be reconstructed using d + 1 sets.

In all of the above mentioned results the reconstruction is impossible using fewer
test sets, since that would mean a continuous injective map from the parameter
space into a smaller dimensional Euclidean space: if we attempt to reconstruct
an element of {A, : a € A}, where the parametrization is chosen so that a +—
A (A, NT) is continuous for any measurable set 7 C R? then reconstruction using
Ti,..., T, would yield that a + (A (Ay NTY),..., (A, NT,)) is a continuous
injective A — R™ map, which is impossible if A contains an open subset of R*+!,
or more generally an (n + 1)-dimensional manifold.

The above argument also shows that sometimes we need more functions than
the number of parameters: if the above A cannot be embedded continuously into
R™ then one cannot reconstruct an element of {A,, : & € A} using n test sets.

Example 1.2. Let A be the k-skeleton of a 2k + 2 simplex (that is, A is the union
of the k-dimensional faces of a simplex in R?**2). By the van Kampen-Flores
Theorem (see e.g. in [5]) A cannot be embedded continuously into R?*| so the
above argument shows that a unit ball in R?**2 centered at a point of A cannot be
reconstructed using 2k sets, although the parameter space is k-dimensional, which
means that we only have k parameters.

In Section 7 we prove (Theorem 7.2) that reasonably nice geometric objects
parametrized reasonably nicely by k parameters can be reconstructed using 2k + 1
test sets, which is sharp according to the above example. The test sets are given
using a random construction. As applications we get for example that an n-gon
in the plane can be reconstructed using 4n + 1 test sets, an ellipsoid in R3 can be
reconstructed using 19 test sets, and a ball in R? can be reconstructed using 2d + 3
test sets, in particular an interval in R can be reconstructed using 5 test sets. (Here
and in the sequel by n-gon, ellipsoid, ball and interval we mean the closed ones.)

One might be tempted to say that Example 1.2 is quite artificial and in natural
situations the number of parameters should suffice, and probably an interval can
be reconstructed using 2 test sets. But this is false, we prove (Theorem 2.2) that
an interval cannot be reconstructed using 2 test sets, not even if we consider only
intervals of length more than 1. Like above, the obstacle is again of topological
nature, although it is more complicated since the parameter space can be embedded
into R2.

Remark 1.3. It is natural to ask what happens if we try to reconstruct a set using
test functions by considering the integrals of the functions over the set, or even test
measures by considering the measures of the set.

First we describe why a nice geometric object can be reconstructed using the
following single test measure. Let

u=2(§f§7

where {q1,¢2,...} = Q% and J, denotes the Dirac measure at z. Suppose that the
symmetric difference of any two distinct sets of A contains a ball, which is always
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the case for families of geometric objects. Then p reconstructs a member of A, that
is, whenever A, B € A are distinct sets then p(A) # p(B).

Similarly to the case of test sets, it is not possible to reconstruct a member of A
with fewer bounded test functions than the dimension of the parameter space of A.
However, as opposed to the case of test sets, it is almost obvious to reconstruct a
translate of a fixed bounded measurable set £ C R? using d bounded test functions:
the functions arctanxy,...,arctan x4 reconstruct a translate of E.

It is also very easy to reconstruct a magnified copy rE + t of a fixed bounded
measurable set £ C R? using d + 1 bounded test functions: the constant 1 function
determines r, and then arctanxq,...,arctanx, determine t. As it was mentioned
earlier, finding d+1 test sets that reconstruct a magnified copy of a fixed set is much
harder in higher dimensions, and it is even impossible in R: an interval cannot be
reconstructed using two test sets.

Therefore the reconstruction problem for intervals nicely show the difference
between test measures, test functions and test sets: an interval of R can be recon-
structed using 1 test measure, it can be reconstructed using 2 test functions (but 1
does not suffice) and it cannot be reconstructed using less than 3 test sets.

2. RECONSTRUCTION OF AN INTERVAL

By interval we always mean a bounded nondegenerated closed interval. The
following simple lemma is the key tool to reconstruct a translate of a fixed interval
or a finite union of intervals.

Lemma 2.1. Suppose that G C (0,00), h € G and G+ h C G. Let A C R be
a measurable set that has positive Lebesgue measure in every monempty interval.
Suppose that AN (A+ G) = (. Then an interval of length h can be reconstructed
using the test set T = AU(A+G); in fact, x — N[z, x+h]NT) is strictly increasing.

Proof. Clearly it is enough to prove that A(Ju,u + h] NT) < A([v,v + k| NT) for
any u < v <u-+h. Solet u < v <wu-+h. Then

Mv,v+ b NT) = A([u,u+h]NT) = Nu+ h,v+h]NT) — A([u,v]NT)

=Mu+hv+hNA) +Mu+hv+h]N(A+G) = A[u, 0] N (AU (A +G))).

The first term is positive since A has positive measure in every nonempty interval.
By the translation invariance of A, the second term can be written as A([u, v] N (A+
G — h)). Hence it is enough to prove that AU (A+ G) C A+ G — h. We have
ACA+G—hsince h € G, and we have A+ G C A+G —hsinceG+hCG. O

Theorem 2.2. A translate of a fized interval can be reconstructed using 1 test set;
that is, for any h there exists a set T C R such that A([z, x+h]NT) # X[y, y+h]NT)

if x £vy.

Proof. We can clearly suppose that A = 1. It is not hard to see that one can choose
countably many pairwise disjoint measurable subsets of [0, 1] such that all of them
have positive measure in every nonempty subinterval of [0, 1]. Using Z as the index
set we denote them by Ay (k € Z). Then Lemma 2.1 applied to A = Ugez(Ag + k),
G =1{1,2,...}, h =1 completes the proof. O

To reconstruct a translate of a fixed finite union of intervals, Lemma 2.1 has
to be applied for a more complicated GG, for which it is a bit harder to construct
suitable A. This is done in the following lemma.

We call aset E C R locally finite if it has finitely many elements in every bounded
interval.
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Lemma 2.3. For any locally finite set G C (0,00) there exists a measurable set
A C R such that A has positive Lebesgue measure in every nonempty interval and
AN(A+G)=0.

Proof. Let I, I5,... be an enumeration of the intervals with rational endpoints of
length less than the minimal element of G.
By induction we define nowhere dense closed sets Aq, Ao, ... with positive mea-

sure such that for every n, A, C I,, and

(2) Ua|nfU4a+a)=0.
j=1

Jj=1

This will complete the proof since then we can choose A = U2, Aj.

We can take A; as an arbitrary nowhere dense closed subset of I; with positive
measure since then (2) is guaranteed by diam(/;) < min G.

Suppose that we already chose Aj,...,A,_1 with all the requirements up to
n — 1. For any A,, C I, we have A, N (A, + G) = (. To complete the proof we
need to choose a nowhere dense closed set A,, C I, of positive measure disjoint to
(U?:_llAj) + G and (U?:_llAj) — G. Since G is locally finite, we need to avoid only
the union of finitely many translates of the nowhere dense closed set U?;llAj. As
this union is closed and nowhere dense, it is not of full measure in I,,. O

Theorem 2.4. Let E be a finite union of intervals in R. Then a translate of
can be reconstructed using 1 set; that is, there exists a measurable set T such that

A(E+H)NT)£AN(E+t)NT) ift £ 1.

Proof. Let E = U}_,I;, where I; is an interval of length a; and the intervals are
pairwise disjoint. Let G be the additive semigroup generated by a1, ..., ay; that is,
G={Y" kai : ki,...,k, € {0,1,2,...}} \ {0}. Then G C (0,00) is a locally
finite set and it contains every a;. Let A be the set obtained by Lemma 2.3 from
G and let T'= AU(A+G). Then by Lemma 2.1 each function  — A(({; +z)NT)
is strictly increasing, so their sum xz — A((E + «) N T') is also strictly increasing,
which completes the proof. O

An interval has two parameters, so one cannot reconstruct an interval using 1
test set, but one might expect that 2 test sets should be enough. We show that
this is false. The following lemma concerns the topological obstacle, which excludes
reconstruction using two sets. The lemma is surely well known for topologists, but
for completeness we present a short proof.

Lemma 2.5. Let U C R? be a path connected open set and let f : U — R? be
continuous and injective. Suppose that f is differentiable at two points a and b such
that the determinant of the Jacobi matriz at a, det f'(a) > 0. Then det f'(b) > 0.

Proof. Suppose that det f/(b) < 0. Let C : [0,27] — R? be the curve C(t) = €. If
r is small enough, the winding number of the curve f(a+rC) around f(a) is 1, while
the winding number of f(b+rC) around f(b) is —1. However, U is path-connected
and the winding number is homotopy invariant, which yields a contradiction. [

Theorem 2.6. An interval in R cannot be reconstructed using two measurable
sets. Moreover, even an interval of length bigger than 1 cannot be reconstructed
using two sets; that is, for any pair of measurable sets A, B C R there exist two
distinct intervals I and I' of length bigger than 1 such that A(I N A) = A(I' N A)
and A(INB) = XI'"NB).
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Proof. Suppose to the contrary that A and B reconstruct an interval of length
bigger than 1. Let U = {(z,y) € R* : y — 2z > 1}. Let f: U — [0,00)? be defined
by

F((z,9)) = (AAN [z, ), MB O [z, 9]))-

The map f is Lipschitz, and since A and B reconstruct, it is also injective.

Let dp () = limyq 04+ A(H N [x — r, 2 + r])/2r denote the density of a set H at a
point z if the limit exists. Suppose that y —x > 1 and da(z),dp(z),da(y),ds(y)
all exist. Using the o notation,

f@+tey+ty) = MAN[z,y]) — da(@)ts +da(y)ty + o(ts) + o(ty),
AB N[z, y]) — dp(x)ty +dp(y)ty + o(ty) + ofty)).

This means that f is differentiable at (x,y) and its derivative (Jacobian) is

().

Let I; and I, be two non-empty intervals such that their distance is bigger than
1 and I; is on the left-hand side of I. Then none of A, B, A°, B¢ and AAB can
have zero measure intersection with both of I; and I3, since otherwise f maps
I; x Iy C U injectively and continuously into a (vertical, horizontal or diagonal)
line, which is impossible. This implies that all of A, B, A¢, B¢ and AA B must have
positive measure in any interval of length bigger than 1.

In particular, A(AAB) > 0 and both A and B have positive measure in every
halfline.

Since A(AAB) > 0, we have A(A\ B) > 0 or A(B\ A) > 0. We may suppose that
the first one holds. Recall that Lebesgue’s density theorem states that the density
of a measurable set is 1 at almost all of its points and 0 at almost all of the points
of its complement. Since A(A\ B) > 0, this implies that there exists a point z for
which da\p(2) = 1. Then d4(z) = 1 and dp(z) = 0. Since BN (—o0,z — 1) and
BN (z+1,00) have positive measure we can pick u < z—1 and v > z+ 1 such that
dp(u) = dg(v) = 1 and both of da(u) and da(v) exist.

Then
= M) = (90,

thus det f'(z,u) = —1, det f'(v,z) = 1. This contradicts Lemma 2.5. O

In Corollary 7.4 we will see that 5 test sets are enough. We do not know whether
3 or 4 are enough or not.

3. RECONSTRUCTION OF A TRANSLATE OF A FIXED FUNCTION

As it is explained in the Introduction, for getting positive results about the
reconstruction of a translate of a fixed set in R? (d > 2), it will be useful to get
results about the reconstruction of a translate of a given R — R function using 1
test set.

To reconstruct a translate of a fixed function, the following definition will be
crucial.

Definition 3.1. Let f : R — R be an L' function and ¢ > 0. Define
K (e, f) = inf {Var(g) : g is compactly supported, ||f —g||; <€},

where Var(g) denotes the total variation of g.
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Clearly, K (e, f) is monotone in €. Also, K (e, f) is always finite as the piecewise
constant functions of bounded support are dense in L'.

The following lemma shows that we can replace functions of bounded variation
with C! functions.

Lemma 3.2. Let f : R — R be an L' function with supp(f) C [-1,1] and & > 0.
Then

K(e, f) = nf {Var(g) : g € C*,supp(9) C [-1,1], [|f —gll, <e}-
Note that in this case Var(g) = ||¢'||;-

Proof. Tt suffices to prove that if g is of bounded variation with supp(g) C [-1,1]
and € > 0 then there exists a g1 € C' with supp(g1) C [-1,1], |lg — g1]|, < € and
Var(g:) = Var(g).

Let us first assume instead that ¢ is constant on (—oco, —1) and (1,00), and it
is also monotone. It is not hard to find a piecewise constant monotone function gg
such that [|g — gol|; < €. Then clearly Var(go) = Var(g). Finally, we can easily
approximate go by a monotone g; € C' such that ||go — g1, < ¢ and Var(g) =
Var(g).

Let now g be a general function of bounded variation with supp(g) C [—1,1].
It is well-known that it can be decomposed as g = g+ — g—, where g4 and g_ are
non-decreasing and Var(g) = |g+(1)—g+(=1)|+]g9- (1) —g—(—1)] (indeed, let g (x)
be the positive variation of g on [—1,x]). Applying the above approximation gives
the result. O

Recall that f % g stands for the convolution of the two functions, and also that
a function f is locally absolutely continuous iff there exists a locally L' function
f* such that f(y) — fy f*(t)dt for every x,y € R. Moreover, in that case
f* = f almost everywhere The followmg lemma is rather well-known, but we were
unable to find a suitable reference so we include a proof.

Lemma 3.3. Let f: R — R be locally absolutely continuous, g : R — R be locally
in L' and assume that one of them is compactly supported. Then f*g is also locally
absolutely continuous and (f * g)' = f' * g almost everywhere. Moreover, if g is
locally L* then f * g is C* and (f * g)' = f' * g everywhere.

Proof. Since we are only interested in the local behaviour of f % g, and one of
them is compactly supported, we may actually assume (using the formula defining
f *g) that both of them are compactly supported. This justifies the use of Fubini’s
Theorem in the following computation.

(Fe)) = (Fr)@) = [ [Fa=1= fla—u d“_/L 1) dt g(u) du =

//ft—udtg du_//ft—u ) du dt = /m(f g9)(t) dt,

hence we are done with the proof of the first statement. If g is also in L*°, then
f' * g is continuous, which yields the remaining statements. O

Lemma 3.4. Let f : R — R be a non-negative absolutely continuous function with

supp(f) € [0,1] and [, f =1. Let a > 0 and fo(z) = f(z/a)/a. Let ® : R — (0,1)

be a C function with ® > 0, and let ¥ : R — [0, 1] be a measurable function. Then
for any e > 0 and x € R we have

2 K / t

e _KEJ) [

L« W) () > min @ — = — su
(f ) ( ) " [z—a,z+d] a a? te[a:—al,)w-i-a]
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Proof. We denote by f. the L' function for which f,(z) = ffoo fi(t)dt. Clearly
fl = f'(z/a)/a®. Since supp(f) C [0, 1], the function f, is supported in [—a, a.

Fix § > 0. By Lemma 3.2, we can choose a O function gy supported on [—1, 1]
such that || f' — goll, < e and ||goll, < K (e, f') + 6. Let g(z) = go(z/a)/a® (thus
g'(x) = gh(x/a)/a®). Then we have

K(e, f')+9
(3) I fo—gll; <e/a and |[¢'||; < %.

Using Lemma 3.3 several times, we obtain

(fax ®)(x) = (fax @) () + (fa* (¥ = ©))(z) =
= (fax ®)(x) + (fz (¥ = @))(z) =
= (fax ®)(x) + ((fo = 9) * (¥ = ®))(2) + (9 % (¥ — ©))(x) =

= (fur @) (@) + () — g) * (¥ — ))(a) + (g’ - @)) (@).

Using [ fa =1, |¥ — ®| < 2 and that f, and g’ are supported in [—a, a], and then
(3), this implies that
t
/ v — CIJ‘

(fax¥)(x) > min ]‘P' —20fo—gli—llg'l,  sup

[x—a,z+a t€[z—a,z+al
26 K(e, f)+9 K
>  min @’——E—Lj—i— sup /\I/—(I)‘_
[z—a,z+a] a a te[r—a,xz+a] |Jz
Letting § — 0 we get the claimed inequality. O

In this section our goal is to reconstruct a translate of a given non-negative not
identically zero compactly supported absolutely continuous function f on R by a
measurable set T by choosing T' so that fT f(x — b)dz is strictly increasing in b.
Note that [, ®(z)f(z — b)dz is strictly increasing for any strictly increasing ®(x),
and by denoting the characteristic function of T' by xr, we have fT flz —b)dx =
fR Xx7f(x—b)dx. Therefore our task is to approximate a given ® by a characteristic
function, so that their integrals are close. This will be done in the following two
lemmas.

Lemma 3.5. Let ® : [0,1] — (0,1) be a C! function with ® > 0. Then we can
choose T C [0,1] as a finite union of intervals so that

/ab(XT - @)

(5) /O (xr — @) = 0.

Proof. Choose a positive integer n so that 4/n < §. Let Ty = 0,7y = [0,1/n]
and by induction construct T, C [0,m/n] for m = 1,...,n so that T}, = Tp—1
or T, = Trn1 U [(m — 1)/n,m/n] and 0 < fom/"(XTm — ®) < 1/n. Then letting
h = fol(XTn — ®) we have 0 < h < 1/n. Since T,, D T1 = [0,1/n], by letting

= T, \ [0,h] we have (5) and —1/n < fom/n(XTm — @) < 1/n for any m =

1,...,n—1. Then —2/n < fob(XT,,L — ®) < 2/n for any b € [0, 1], which implies (4)
since 4/n < 4. O

< § for any a,b € [0,1]
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Lemma 3.6. Let ® : R — (0,1) be a C* function with ® > 0 and § : {0,1,2,...} —
(0,1). Then we can choose T as a finite union of intervals so that

b
/ (xr — @)
for any a,b € R.

Proof. Apply Lemma 3.5 on [k, k 4+ 1] and on [—k — 1, —k] (instead of [0,1]) and
d = (k) for each k =0,1,... and let T be the union of the sets we obtain. O

(6) < 5([lal]) + a([l6l])

Now we can prove the main result of the section.

Theorem 3.7. Let f : R — R be a non-negative not identically zero compactly
supported absolutely continuous function. Then a translate of f can be reconstructed
using one test set; that is, there exists a measurable set T such that if b # b then
Jp @ —b)de # [ fla — V) da.

In fact, fT f(xz — b)dx is strictly increasing in b, and we can choose T to be a
locally finite union of intervals.

Proof. Since f is absolutely continuous, f’ exists almost everywhere, f’ € L' and
f(z) = ffoo f'(t) dt for every z € R. We may suppose that f (and f’) is supported
in [-1,1] and that [, f=1.
Let ® : R — [0,1] be an arbitrary C! function with ® > 0, and h : [0,00) —
(0,1) be an arbitrary decreasing continuous function (which we will specify later).
By applying Lemma 3.6 to a sufficiently small function § we obtain a set T" such
that

t
@ R B!

telz—1,z+1] |Jz
We shall complete the proof by proving that f * yr is strictly increasing. As this
function is C! by Lemma 3.3, it suffices to show that (f * xr)' > 0 everywhere.

Applying Lemma 3.4 to ¥ = xr and a = 1, and using (7) we obtain

¢
/XT—@‘
x

Therefore, choosing ¢ = e(x) = 1/4minj,_; ;1] ®’, we see that if we fix h such
that

(fxxr)(x) > min @ —2—K(e, f) sup

T [—La+1] telz—1,x41]
> . / _ _ ! .
> [x_nl{lxnﬂ}q) 2e — K(e, f)h(|z])

min[r— 1,24+1] P’

Mle) < R @, M

for every = € R then

* ! > 1/4 i P > 0.
(f *xr) () > 1/ i

4. RECONSTRUCTION OF A FUNCTION OF THE FORM f(% + b)

The reconstruction of a magnified copy of a fixed set in R? (d > 2) will be based
on the following result.

Theorem 4.1. Let f : R — R be a non-negative not identically zero compactly
supported absolutely continuous function. Suppose that

(8) there exist C1,Cy such that K (e, f') < Cyexp(Coe™3)  for every e > 0.

Then there exists a measurable set T (in fact, a locally finite union of intervals)
such that [ f(£ +b) is strictly monotone in b (b € R) for every a > 1.
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Remark 4.2. The theorem does not remain true if we replace a > 1 by a > 0.
Indeed, if b — fT f(£ +b)dx is strictly monotone for every a > 0 then 7' cannot
be of full or zero measure on any interval, so both T and its complement has
density points on any interval, and choosing a small enough a easily shows that
monotonicity fails.

Remark 4.3. The conclusion of the theorem implies that a function of the form
f(£4b) (a > 1, b € R) can be reconstructed using two test sets, 7' and R, as R
determines a.

Proof of Theorem 4.1. Since K (e, (cf(x/r +b))") = K(ec™t, f')e/r, property (8)
is invariant under linear transformations of f. Therefore we may suppose that
Jz f =1, and that f is supported in [—1,1].

Let fo(z) = f(z/a)/a (a >1). Let ® : R — (0,1) be a C! function such that

&'(z) a

when |z| > 2 (for some positive constant c¢;) and let ® > 0 everywhere. Let
h:]0,00) — (0,1) be a decreasing continuous function, which we will specify later.

By applying Lemma 3.6 to a sufficiently small function § we obtain a set 1" such
that

| log? ||

(9) sup
te[z—a,z+al

/: XT — q;‘ < h(|z — al) + h(|z +b]).

Again, we shall complete the proof by proving that (f * x7)" > 0 everywhere.
Applying Lemma 3.4 to ¥ = yr we get that
t
/ XT — (I”
x
for every € > 0.

We may suppose that x > 0 as one can deal with the other case similarly.
First let us suppose that a > 2/2, a > 1. Then we have

(10)  (faxx7) () > min & —2/a— K(e, f')/a®  sup

r—a,r+al telzr—a,z+al

a min <I)’> > 2
|z + a|log® |z + a| [~2.2] ~ 3alog?(3a)

for some co > 0. Using (9) of Lemma 3.6 and that h is decreasing we get

(11) min &' > min (

[z—a,z+a]

t

(12) sup / XT—<I>‘ < h(|lz —a]) + h(z + a) < 2h(0).
te€[z—a,z+a] |Jz

Choosing € = W%(?)a) and combining (10), (11) and (12) we obtain

’ Co 2h(0) C2 ’
(faxxr)' (@) 2 6alogZ(3a) @@ (121og2(3a)’f> '

Using condition (8) on the magnitude of K we obtain

2 ' 2 1/3 1/2
K ——5——f") < Crexp(Cz(12log*(3 <c
(1210g2(3a) f) < Crexp(Ca(121og™(3a) /c2)'/?) < Csa

for some C5. Therefore, if we choose h(0) small enough, we have

(fa * x1) (2) =

>——F>0
~ 12alog*(3a)

for every a > 1 and x < 2a.

Now let us suppose that 1 < a < x/2. For some ¢35 > 0 we have
(13) min & > 07?;
[z—a,z+a] 2z log (2:17)
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Using (9) of Lemma 3.6 and that h is decreasing we get

¢

(14) sup / XT‘p’ < h(z—a)+ h(x+a) <2h(x/2).
telz—a,xz+a] |Jz

Choosing ¢ = W% and combining (10), (13) and (14) we obtain

/ C3 acs 2\ 2h(x/2)
oo @) s = (ot ) M

Since K (e, f) is non-increasing in € and a > 1, we get

K <8z 1:;3( 5’ f’) Qh(;/ 2 <k (83310232(2@ f’) 2h(x/2).

Therefore, choosing h such that for every x > 2 we have
C3 C3 /
hz/2) < —————— /| K| ———, ,
(#/2) < 16z 10g2(2x)/ (81‘ log?(2z) f)
cs

(fa* XT)/(x) > m

for every a > 1 and z > 2a. O

we get that
>0

Remark 4.4. It is not hard to check that one can replace the exponent —1/3 by
—(1 —9) for any § > 0 in the condition (8). To obtain this, the function ® in the
proof has to be chosen so that @' () = ¢;/(|z|log"*? |z|) for || > 2. We omit the
details since we will not need this fact.

Definition 4.5. We say that xo € R is a controlled singularity of a function
g:R = Rif g(z)] < W in a neighbourhood of z( for some § > 0, and g is
monotone on (xg — &, x0) and (g, zo + €) for some € > 0.

Lemma 4.6. If g € L' is compactly supported, and locally is in C! except for a
finite number of controlled singularities then

there exist Cy,Co such that K(e,g) < Cq exp(Cga_l/?’) for every e > 0.

Proof. Let us approximate g by g, = min(n, max(—n, g)) for a large enough n. An
easy computation shows that we need n = Ce=*5" to achieve llg — gnll; < e, and

then Var(g,) < C'e=*5". Therefore K(e,g) < C’e=*5" is subexponential and we
are done. O

Corollary 4.7. In Theorem 4.1 one can replace (8) by the condition that f' is
locally in C' except for a finite number of controlled singularities.

5. ABSOLUTE CONTINUITY OF THE RADON TRANSFORM AND RECONSTRUCTION
OF A TRANSLATE OF A FIXED SET

Notation 5.1. For a measurable set E C R? (d > 2) of finite Lebesgue measure
and a unit vector # € S~ the Radon transform in direction € S4~! is defined
as the measure function of the sections of E in direction § € S?1; that is,

(Roxg)(r) = )\d_l(E N{z e R? : (x,0) =r}),

where (-,-) denotes scalar product. Note that Rgxp is almost everywhere well
defined.

Theorem 5.2. Suppose that E C R? (d > 2) is a bounded measurable set with pos-
itive Lebesque measure, 01, ...,0q € STt are linearly independent and the Radon
transforms Rg, Xk, -..,Ro,XE are absolutely continuous modulo nullsets. Then a
translate of E can be reconstructed using d sets.
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Proof. We may assume that the Radon transforms are absolutely continuous, that
is, there are no exceptional nullsets, since modifying the functions on nullsets will
have no effect on the following argument. By applying Theorem 3.7 to the functions
Ro,XE,---,Ro,xE we get measurable test sets T7,...,Tg C R such that

(15) /TV(RgiXE)(x—b)dx#/T'(Rgi,XE)(x—b’)d:c b£Y, iefl,....d).

i

For each i let
(16) Vi={aeR? : (a,6;) € T;}.
One can easily check that
N((E+0) V) = [ (Raxe)la - (v.69) do
T;

for any v € RP. Combining this with (15) we get that A%((E + v) N'V;) determines
(v,0;). Since 0y,...,0, are linearly independent this implies that the numbers
MN(E+v)NV1), ..., X((E+v)NV;,) determine v, which completes the proof. [

Remark 5.3. Since in Theorem 3.7 every test set can be chosen to be a locally
finite union of intervals and the test sets of the above proof are defined by (16),
each test set of the above theorem (and of all of its corollaries) can be chosen as
locally finite union of parallel layers, where by layer we mean a rotated image of a
set of the form [a,b] x R4~1.

The above theorem can clearly be applied to many geometric objects.

Corollary 5.4. (1) A ball of fized radius in R (d > 1) can be reconstructed

using d sets; that is, for any r there exist measurable sets Ty, ..., Ty C R¢
such that if x # ' then \(B(x,r) N'T;) # A\Y(B(a',7) NT;) for some
ied{l,...,d}.

(2) Let E be a (not necessarily convex) polytope in R (d > 2). Then a translate
of E can be reconstructed using d test sets.

Proof. In Theorem 2.2 we already proved the case d = 1 of (1).

Now let d > 2. If B is a fixed ball then Rypxp is clearly absolutely continuous
for every 6. If E is a polytope in R? then Ry is absolutely continuous for any 6
which is not orthogonal to any face of E. Therefore in both cases Theorem 5.2 can
be applied. O

In the remaining part of this section in order to apply Theorem 5.2 for a more
general set E € RY, we try to find many angles § € S9! for which Rgxp is
absolutely continuous modulo a nullset.

To get a general positive result for d > 3 we use Fourier transforms. Denote the
Fourier transform of a function f by f .

Lemma 5.5. Let f : R — R be a compactly supported L? function. If rf(r) € L?
then f is absolutely continuous modulo a nullset and f' € L>.

Proof. Recall that an L' function agrees with an absolutely continuous function
almost everywhere if and only if its weak derivative is an L' function. (Indeed,
this is the well-known fact that the Sobolev space W1 is the class of absolutely
continuous function modulo nullsets, see [4, Corollary 7.14.].)

Therefore it suffices to prove that the function

L —

(r) = =2mirf(-=r) (r €R)
is in L', it is the weak derivative of f, and that f* € L?. Clearly, f* € L?
follows from the assumption rf(r) € L2 Let ¢ be an arbitrary C* function of
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compact support. Using the Parseval Formula twice as well as 12)\’ (r) = 271"”’1[}(7’)
and g(r) = g(—r) we obtain

/f p= / 27TZ7‘f( r)e (r)drz/ﬂ{?wirf(r)cp/(\r)dr:

/f 27m1"gp Ydr = — /f /f /fsa,

which yields that f* is the weak derivative of f. But it is easy to see that the
support of the weak derivative of f is contained in supp(f), hence f* is a compactly
supported L? function, therefore it is in L', which concludes the proof. O

Lemma 5.6. Let K C R? (d > 2) be a bounded measurable set of positive Lebesgue
measure. Then for almost every 6 € S*1 we have

/ Roxse ()2 |r]? dr < oo

R

for any p < d —1, where Rgxk is the Radon transform of xk in direction 6, that
is, (Roxr)(r) = AX"YKN{z eR:: (x,0) =r}).

Proof. By Plancherel Theorem f]Rd IXk|? = f]Rd XKx?2 < o0o. Therefore, using polar
coordinates, for almost every direction 6,

(17) / G (r0) P2 dr < oo,
R
Fix such a 6. Since yx € L', the function Yx is bounded, so (17) implies that

(18) / \@(r0)|2|r|p dr < oo
R

for any p < d—1. An easy computation shows the well-known fact that R/QX\}((T) =
Xk (r0), so we are done. O

Theorem 5.7. Let K C R? (d > 3) be a bounded measurable set. Then the Radon
transform of xk in direction 0, that is,

(Roxr)(r) =AY K N {zx eR?: (x,0) =r})
is absolutely continuous for almost every 6 € S1.

Proof. Since d > 3 we can apply Lemma 5.6 for p = 2 to get that T‘R/QX\K(T) € L?
for almost every 6 € S4-1. Hence Lemma 5.5 applied to Rox Kk gives that Rgxk is
absolutely continuous modulo a nullset for almost every 6 € S4=1. By [7, Corollary
2], Ryxx is continuous for almost every 6, which completes the proof. O

Remark 5.8. In fact, we do not need that the functions Rgx g are actually con-
tinuous for almost every . We will only use that they are absolutely continuous
modulo nullsets for our applications.

Combining Theorems 5.2 and 5.7 we get the following.

Corollary 5.9. Let d > 3 and let E C R? be a bounded set of positive Lebesque
measure. A translate of E can be reconstructed using d sets; that is, there are
measurable sets Ty,..., Ty C R such that if x # ' then N((E + z) NT;) #
MN((E+2)NT;) for someie {1,...,d}.

We do not know whether Corollary 5.9 holds for d = 1 and d = 2. Our method
clearly cannot work for d = 1. The following result shows that we cannot obtain
Corollary 5.9 for d = 2 the same way, since Theorem 5.7 does not hold in R2.
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Theorem 5.10. There exists a bounded measurable set K in R? such that for every
direction 0 the Radon transform in direction 6 does not agree almost everywhere with
a continuous function.

Proof. We call a planar set Besicovitch set if it is measurable and it contains unit
line segments in every direction. It is well known that there exists a compact
Besicovitch set of measure zero, let A be such a set. For each n > 1, let A,, be an
open neighbourhood of A of Lebesgue measure at most 1/2™. Let p; be a sequence
of points dense in the unit disc. Take K = J,—; A,, + p,. Then the measure of K
is at most 1. Since A contains a unit line segment in every direction, for every 6 the
Radon transform (the measure function of the sections) (Rgxx)(x) > 1 for z € Uy
where Uy is a dense open subset of an interval of length 2. Suppose that Rgxx
agrees with a continuous function almost everywhere. Then (Roxx)(x) > 1 on an
interval of length 2 (almost everywhere), thus [ Rgxx > 2, which contradicts the
fact that the measure of K is at most 1. O

If we require only the continuity of Rgxx then it is enough to assume that the
boundary of K has Hausdorff dimension less than 2. Since we do not need this
result, we only sketch the proof.

Theorem 5.11. Let K be a bounded Borel set in R? such that 0K has Hausdorff
dimension less than 2. Then the Radon transform of xx in direction 0 (that is,
the measure function of the sections of K in direction 6) is continuous for almost
every 6.

Proof. (Sketch) Let K denote the closure of K. If Ryx7 # RoX K, then there exists
a line perpendicular to 6 which intersects OK in a set of positive (one-dimensional
Lebesgue) measure.

Since K is compact, Ryx is easily seen to be upper semi-continuous for every 6.
If OK has zero one-dimensional Lebesgue measure on the line {z € R? : (x,0) = a},
then Rgxk is lower semi-continuous at a.

From these observations it follows that if Ryxx is not continuous, then there
exists a line perpendicular to € which intersects 0K in a set of positive (one-
dimensional Lebesgue) measure.

Now suppose to the contrary that Rpx g is not continuous in positively many
directions. Then there are positively many directions in which there are lines which
intersect 0K in a set of positive (one-dimensional Lebesgue) measure. It is well
known that this implies that 0K has Hausdorff dimension 2. (This is a slight
generalization of the fact that every planar Besicovitch set must have Hausdorff
dimension 2, cf. [8].) O

For absolute continuity of Ryxx we need to assume more.

Theorem 5.12. Let K be a compact set in R? with rectifiable boundary of finite
length. Then Rgx i is absolutely continuous for all but countably many 6.

We need two lemmas. The first one shows that the direct product of sets of small
Lebesgue measure must meet 0K in a small set.

Lemma 5.13. Let u and v be linearly independent directions in the plane. For
every € > 0 there exists § > 0 such that for every A, B C R, AM(A) < §, \(B) <4
we have

H' (A +vB)NOIK) < €.
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Proof. Suppose to the contrary that there exist ¢ > 0 and sets A;, B; of Lebesgue
measure 1/i? such that H!((uAd; + vB;) NOK) > €'. Let

and

C=()Cn.

Since C'is a direct product (in directions v and v) of two sets of Lebesgue measure
zero, C'is purely unrectifiable. Thus H!(CNOK) = 0. Using H!(OK) < oo and the
continuity of measures we have H!(C,,N0K) — 0 contradicting our assumption. [J

Lemma 5.14. Let J be a union of finitely many disjoint intervals [z;,y;] and 6 be
a unit vector in R%. Let

J'={acR? : (a,0) € J}.
Then
D (Rox) (i) = (Roxi) ()| < HH(J* N OK),

Proof. We can suppose that § = (1,0) and so J? = JxR. Then |(Roxx)(y:) — (Roxx)(z:)]|
is the difference of the measure of {z;} x RN K and {y;} x RN K (two vertical
lines intersected with K). Clearly K must intersect those horizontal segments
[(zi,t), (ys,t)] for which (x;,¢t) € {x;} x RN K but (y;,t) ¢ {y;} x RN K or vice
versa. The measure of these t is at least |(Roxx)(y:) — (Roxk)(x;)|, thus the
projection of [z;,y;] X RN OK to the vertical axis has Lebesgue measure at least
[(Roxk)(yi) — (Roxk)(xi)|. Therefore we are done. O

Proof of Theorem 5.12. Recall that a real function f is absolutely continuous if for
every € > 0 there exists § > 0 such that for every finite system of disjoint intervals
[, y;] satisfying >, [y; — x| < & we have 3. [f(y;) — f(z;)] <e.

Suppose to the contrary that there are uncountably many directions for which
Ry x k is not absolutely continuous. Then there exists € > 0 and uncountably many
directions 6 such that the previous description of absolute continuity fails for e
and Rgxx. Choose N such directions where (N — 1)e > H!(0K), let these be
91, ey 91\/‘

Choose 6 > 0 such that Lemma 5.13 holds for all the (];[) pairs of these NV
directions for ¢/ = ¢/N2.

We fix i € {1,...,N}. Since absolute continuity fails for e and Ry, xx, we
can choose a set J; such that it is a finite union of disjoint intervals [z;,y;] with
A(Ji) < b and 32, [(Ro, Xk )(yj) — (Ro,xk ) ()| > €. Thus, by Lemma 5.14, we get

(19) H (I NOK) > e,

where J% = {a € R? : (a,6;) € J;}.
By Lemma 5.13,

(20) HUJP NOKNJ]) <e/N?  for every i # j.
Combining (19) and (20) we obtain

?

N
H (OK) > H* ( JY m@K) > Ne — (Z;[)g/NQ > (N —1)e > H'(OK),
=1

a contradiction. O
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Corollary 5.15. Let E be a bounded measurable set in R? with positive Lebesque
measure and rectifiable boundary of finite length. Then a translate of E can be
reconstructed using 2 test sets.

Proof. We apply Theorem 5.12 for K = E. Since K\ E C OF has Lebesgue measure
zero, Rgx g equals almost everywhere to Ryx k, so Theorem 5.2 can be applied. [

From Theorem 2.4 and Corollaries 5.9 and 5.15 we get the following in any
dimension.

Corollary 5.16. A translate of a fized finite union of bounded convex sets in R?
(d=1,2,...) can be reconstructed using d test sets.

6. RECONSTRUCTION OF A MAGNIFIED COPY OF A FIXED SET

The first part of this section is analogous to the first part of the previous section
but here the results follow from Theorem 4.1 instead of Theorem 3.7.

Theorem 6.1. Let E C RY (d > 2) be a bounded measurable set with positive
Lebesque measure. Suppose that 0y, ...,04 € S 1 are linearly independent such
that for each i = 1,...,d the Radon transform of xg in direction 6 is absolutely
continuous modulo a nullset and there exist Cy, Co such that K(g,(Ro,xE)") <
Cy exp(Coe™/3) for every e > 0.

Then a set of the form rE + x, where r > 1 and x € R, can be reconstructed
using d + 1 test sets.

Proof. As in the proof of Theorem 5.2, we may assume that the Radon transforms
are actually absolutely continuous. By applying Theorem 4.1 to the functions
Ro,XE, -, Ro,xE we get measurable sets T1,...,T; C R such that for each i and
r > 1 the integral fTL-(RGiXE)(% —b) dx determines b. For each i let V; = {a € R? :

(a,0;) € T;}. One can easily check that
— (v, 6
(Ro,XE) <x<rv7)> dx
for any v € RP.

Therefore, for any 7 > 1 the numbers A ((rE +v) N Vy),..., A ((rE +v) NVy)
determine v. Let Vg1 = R%. Then A\4((rE +v)NVyy1) clearly determines r, which
completes the proof. O

A(rE +0)NV;) =ri! /

T;

Remark 6.2. Since in Theorem 4.1 the test set that determines b can be chosen
to be a locally finite union of intervals, we obtained that each of the first d test
sets of the above theorem (and of all of its corollaries) can be chosen as finite union
of parallel layers (where by layer we mean a rotated image of a set of the form
[a,b] x R¥~1) and one test set as R<.

The above theorem can clearly be applied to many geometric objects.

Corollary 6.3. (1) A ball of radius at least 1 in R? (d > 2) can be recon-
structed using d-+1 sets; that is, there are measurable sets Ty, ..., Tyy, C R?
such that if (z,7) # (2',r"), z,2" € RL, 7' > 1 then X (B(z,r) NT;) #
M(B(2',r")NT;) for somei € {1,...,d+1}.

(2) Let E be a (not necessarily convex) polytope in R (d > 2). Then a magni-
fied copy rE + x, where r > 1 and x € RY can be reconstructed using d + 1
test sets.

Proof. Tt is easy to check that the assumptions of Lemma 4.6 hold for (Ryxg) if
FE is the unit ball or if E is a polytope and 6 is not orthogonal to any of its faces.
Thus we can apply Theorem 6.1 to E in both cases. (]



RECONSTRUCTING GEOMETRIC OBJECTS 17

Remark 6.4. By Theorem 2.6 the above corollary does not hold for d = 1.

In the remaining part of this section we try to check the condition of Theorem 6.1
for more general sets. For the most general theorem we need the following result
concerning the Radon transforms, which we can only prove for d > 4.

Theorem 6.5. If d > 4 then for any bounded measurable set E C R? the Radon
transform Rgx g (that is, the measure function of the sections of E in direction 0)
is absolutely continuous for almost every 6 € S, and K(s,(Roxg)) < Coe™2,
where Cy depends only on E and 0.

Proof. By Theorem 5.7, Rgx g is absolutely continuous for almost every 6. Applying
Lemma 5.6 we get that for almost every 6,

(21) [ 1l Roxe o) < o
Fix such a 6 and put f = Rgxg. Thus, denoting the weak derivative of f by f’,

(22) / 2|72 () < oc.

We may assume that f (and thus f’) is supported in [0,1]. Note that f’ is in
L'N L2 Let gr(x) = (x(—r,r) ') (—2). Thus gp is C*° and gr = x[_g,g)f"- We
will approximate f’ by x[o,119r to get a bound on K(e, f').
We have
HX[(),1]9R - f/Hl = HX[O,1](9R - f/)Hl < HX[O,l](QR - f’)HQ < ||9R - f/||2

(23) < Hﬁz\% —f )= H(l - X[—R,R])J?'H2

1/2
= ([lell P )

We have to bound the total variation of x[9,1)9r. We will do this in two steps.
First,

(24)

< H‘x|1/2R71/2J’E,

Ixogill, < Ixiongil, < ol = oa], = 27 lagil, < 2n [ox-

R 1/2
= onR? (/|x||f’|2(x) da:) .

2

<or H|x|1/2R1/2J?,

Second,
(25)

J?/ <2R|f'll,

SZR‘
1

lorll < 190 = |xi-rm

oo

, =tk of], < amr (a7 2 7]

where in the last inequality we used that 22 < 1 on [~1,1] and 2% < |z|® outside
[-1,1].

Combining (21), (22), (24) and (25) gives that the total variation of x[o19r is
at most

1/2
b

<2R| [, = 2R | P

2llgrllo + [[x0,09%], < R
for some finite positive constant ¢; (depending on f). Comparing this to (23) gives
that
K(c2R7Y2 fy <R
for some ¢ > 0, and thus K (e, f') < Ce™2. O
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Remark 6.6. The proof of the previous theorem is simpler for d > 5. In these
dimensions we obtain from Lemma 5.6 that TQR/QE(T) € L? and rm(r) € L? for
almost every §. Then by Lemma 5.5, Rgx g is absolutely continuous (we may ignore
the nullset) and (Rgxg)’ € L?. It is easy to see that the usual proof of the formula
]?’(r) = 2mir f works if we only assume that f is absolutely continuous modulo
a nullset. Hence r((Roxg) ) (r) = r(2m'rR/9>a) € L%, so a second application
of Lemma 5.5 yields that (Rpxg) is absolutely continuous (ignoring the nullset
again). Therefore K (e, (RoxE)") < Var((Rexg)') is bounded in this case.

Theorems 6.1 and 6.5 immediately imply the following.

Corollary 6.7. Letd > 4 and let E C R? be a bounded set of positive Lebesque mea-
sure. Then a set of the form rE 4+ x, where r > 1 and x € R?, can be reconstructed
using d + 1 sets; that is, there are measurable sets Ty, ..., Ty 1 C R? such that if
(z,7) # (2/,7"), z,2' € RE, v’ > 1 then \XY((rE+2)NT,) # M X((r"E+2)NT;)
for somei e {1,...,d+1}.

In the remaining part of this section we show that for convex E the above result
also holds for d > 2.

Lemma 6.8. Let d > 2 and let E C R? be a bounded convex set of non-empty
interior. Then for every direction 6 the function (Roxg)Y(*=V) is concave on its
support, where Rox g denotes the Radon transform of xg in direction 0.

Proof. Let 6 be an arbitrary direction. Let E, = {a € E : {(a,0) = z} for z € R.
By convexity of E we have

(26) (1-t)E; + tEy C Eq—t)o+tiy,

where 0 < ¢t < 1. Applying the Brunn—Minkowski inequality for (d— 1)-dimensional
convex bodies gives

/\dfl((l _ t)Em + tEy)l/(dfl) > (1 _ t))\dfl(Ex)l/(dfl) + t)\dfl(Ey)l/(dfl)7
supposing that both E, and E, are non-empty. Combining this with (26) gives
/\d_l(E(lft)erty)l/(d_l) > (1 _ t))\d_l(Ex)l/(d_l) + t)\d_l(Ey)l/(d_l).

That is, (Roxe)((1—t)z+ty)/ 4= > (1-1)(Roxp) ()Y +t(Roxp) (y) /Y
whenever x and y are in the support of RgxEg. (]

Lemma 6.9. Let d > 2 and let E C R? be a bounded convex set of non-empty
interior. Let x,y € E have maximal distance among all pairs of points of the closure
E of E, and let 0 be the direction of xy. Then Rox g is absolutely continuous and
satisfies K (g, (Roxp)' = O(1/eY/(d=1),

Proof. We may suppose without loss of generality that the distance of x and y is 1,
and the support of the Radon transform f = Rgxg is [0, 1]. The set E is contained
in the ball of unit radius centered at x or y. This implies that

(27) f@) <ct@=Y/2 and f(1—t) <Cctld=Y/2 (0<t<1).

Lemma 6.8 implies that ¢ = f/(=1) is concave on its support. Let g’ denote
the everywhere existing rigth-hand derivative of g, which is also a weak derivative
of g. Concavity and g(0) = ¢g(1) = 0 imply that

g(t)
t

(28) gty < amd g1 -0 > g0 -t (0<t<1).

If we combine this with (27) we obtain
!

(20) gOl< S and g1 — 1) <

7 (0<t<1).

Vi
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The formula

)= (") =d-1g"2(t)g'(t) (0<t<1)

implies that f has an everywhere existing right-hand derivative, we denote it by f.
Clearly f’ is also a weak derivative of f. Thus by (28),

(30) f(t) < (d— 1)gd‘2(t)$ <(d-— 1)@ (0<t<1).

Let us fix asmalle > 0. Let h : R — Rbe defined as h(z) = f/(z) ife < < 1—-¢,
and h(x) = 0 otherwise. The function g is concave, nonnegative, g(0) = g(1) = 0,
so g is monotone in [0,¢] and in [1 — ¢, 1] if ¢ is small enough. Hence f = ¢g?~2 is
also monotone in the same intervals, thus

€ 1
[irane [ o=+ -2,
0 1—¢
Using this and (27) we obtain
(31) I1f" = hlly = fe) + f(1 — &) < 2Ce D/,
We have to give an upper bound for Var(h). We will use the inequality

Var(fif2) < Var(fi)sup|fe| + Var(fz2)sup|fil.

Writing m for maxg 1) g,

Vare1—q (f) = Varg - o((d - 1)9(1—29,)

< (d - 1) <Var[e,1—6] (g/)md72 + Var[a,l—a] (gd72) max |g/|>

le,1—¢]

(32) <(d-1) <Var[a,1_a] (g")m?™2 4 2m?—2 max Ig’>

where Varp 11(g?™2) = 2m®=2 (if d > 3) follows from g being concave. Note that
(32) holds for d = 2 as well. As g’ is nonincreasing, Var.1_(g9') = |¢'(1 —¢) —
g’ =19'(e) +1g'(1 — )| and max(c 1] |¢'| = max(|g'(¢)],]g'(1 —€)|). Therefore
(32) and (29) implies

Vari_q(f) < (d— D4C'm*=?/ /&,

Thus
Var(h) = h(e) + h(1 —¢) + Vare 1-.(h)
=[f/EI+1f' Q-8+ Vare—q(f)
(33) SIF I+ =)+ (d = 1)40'm? 72 /e,

Using (30) and d > 2 we get that both |f'(¢)] and |f/(1 — €)| are at most (d —
Deld=3)/2 < (d—1)//E.
Using this, (33) and (27) we obtain

(34)  Var(h) <|f'(e) +f (1 =)+ (d—1)4C'm*2/v/e < C"/VE,

where C” depends on m, but independent of €. Combining (31) and (34) and setting
§ = 2Ce1=1/2 give that K (6, f') < C"”§~ /(@1 if § > 0 is small enough. O

Theorem 6.10. Let d > 2 and let E C R? be a bounded convex set of non-empty
interior. There exist a dense set of directions 6 for which the Radon transforms
Roxg are absolutely continuous and satisfy K (e, (Roxg)') = O(1/e'/(d=1),
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Proof. We will find an appropriate 6 arbitrarily close to the vertical direction. This
will prove the theorem. Let § > 0 be small. Let ® be the linear transforma-
tion which maps (z1,...,24) to (0z1,...,0x4-1,24). (We call the x4 coordinate
direction vertical.) Let Es = ®(FE).

Suppose that the projection of E to the vertical axis has diameter 1. Let ,y € Es
be points which have maximal distance among all pairs of points of E5. Their
distance is at least 1. For some constant C' (depending on F only), Fs is contained
in a right circular cylinder in vertical position of radius C'd and height 1. This
implies that the distance of the direction of xy to the vertical direction is at most
C’s.

Let us apply Lemma 6.9 to E5. We obtain a direction # which is C’§ close to
vertical such that the Radon transform Ryy g, has the right properties. Consider
Es and the hyperplanes which are orthogonal to 6. If we apply ® ! to them, we get
E and the new hyperplanes will be orthogonal to a direction which is C”'62 close
to vertical—in fact, they are orthogonal to ®*(8) = ®(6) as P is self-adjoint. Since
® is a linear map, the Radon transform Rgg)x e can be obtained from Rgxg; by
an affine transformation, that is,

(Ro)xe)() = c(RoxE;)(az + b)
for some a # 0, ¢ > 0, b € R. Therefore Rg ) x £ is also absolutely continuous, and
satisfies K (¢, (Ra(g)xr)') = O(1/e!/ (@D, O

By combining Theorems 6.1 and 6.10 we get the following.

Corollary 6.11. Let d > 2 and let E C R? be a bounded convex set with nonempty
interior. Then a set of the form rE + x, where r > 1 and x € R%, can be recon-
structed using d + 1 sets.

Note that by Theorem 2.6 the above result would be false for d = 1.

7. A GENERAL POSITIVE RESULT FOR FAMILIES WITH & DEGREES OF FREEDOM

In this section we prove that nice geometric objects of k degrees of freedom can
be reconstructed using 2k + 1 measurable sets. We also show that this result is
sharp.

Notation 7.1. We denote the complete metric space of non-empty compact sets
of R? with the Hausdorff metric by (K(R?),dg).

In any metric space, let B(A4,J) denote the open J-neighborhood of the set A.

We recall the definition of the upper box dimension (upper Minkowski dimension)
and the packing dimension in a metric space X. The upper box dimension of a
bounded set A C X is

dimp(A) = inf{s : limsup N (A, ¢)e® = 0},
e—0
where N(A,¢) is the smallest number of e-balls in X needed to cover A. Recall
that in R? this is the same as the upper Minkowski dimension (see e.g. in [6]); that
is,
dimp(A) = dimp(A) = inf{s : limsup Ag(B(A,¢))e*~¢ = 0}.
e—0
The packing dimension (or modified upper box dimension in [1]) of A C X is given
by
dimp(A) = inf {supdimB(Ai) : A; is bounded and A C U;’ilAi} .

(Alternatively, the packing dimension may be defined in terms of the radius based
packing measures, see [2].)
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Theorem 7.2. Let C be a collection of compact subsets in ]KL Suppose that
dimpC <k, k€ {1,2,...} and for every K € C, K = intK and dimpdK =d — 1.
Then an element of C can be reconstructed using 2k + 1 test sets.

Remark 7.3. Example 1.2 shows that this theorem is sharp in the sense that 2k+1
cannot be replaced by 2k.

Before proving the theorem we show how it can be applied. In applications,
the condition dimp C < k is guaranteed by obtaining C as a k-parameter family of
compact subsets of R, More precisely, C will always be covered by finitely many
sets of the form f(G), where G C R¥ is open and f : G — K(R?) is Lipschitz.
This clearly implies dimpC < k. Using this observation one can immediately
apply Theorem 7.2 for any natural collection of geometric objects with finitely
many parameters by counting the number of parameters. We illustrate this by the
following list of applications. The reader can easily extend this list.

Corollary 7.4. (1) An interval in R can be reconstructed using 5 test sets.
(2) A ball in R? can be reconstructed using 2d + 3 test sets.
(3) An n-gon in R? can be reconstructed using 4n + 1 test sets.
(4) An axis-parallel rectangle in R? can be reconstructed using 9 test sets.
(5) An ellipsoid in R® can be reconstructed using 19 test sets.
(6) A simplex in R? can be reconstructed using 2d*> + 2d + 1 test sets.

Instead of Theorem 7.2 we prove the following even more general statement.

Theorem 7.5. Let C C K(R?) be such that dimpC < oo. Suppose that K =
int K and that dimgdK < b < d for every K € C. Then an element of C can be

reconstructed using r = {%J + 1 test sets.

Proof. We define a random set A and we show that a set K € C can be reconstructed
using r independent copies of A.

Let 1 > p; > pa > -+ - be a fast decreasing sequence of reals such that Y p; < oc.
Let (n;) be an increasing sequence of 2-powers converging to co sufficiently fast. Let
us also assume that n;_; divides logy n;, and log, n; divides n; for each ¢, which
conditions automatically hold if n; = 22" and l; is a sufficiently fast increasing
sequence of integers.

For each i we take the grids of cubes J; = {(v + [0,1)%)/n; : v € Z%} and
D; = {(v+1]0,1)%)/logyn; :v € Z4}. Since n;_; divides logy n; and log, n; divides
n;, the partition J; is finer than D;, which is finer than J;_1.

Now we define a random set 4; C R? as the union of certain cubes of J; in the
following way. Independently for each cube D of D; we do the following. Choose
a random integer mp between 0 and p;(n;/logy n;)? uniformly. Then choose ran-
domly mp cubes of J; in the cube D (selecting each cube with equal probability)
and let Hp be their union. Finally, let A; = Upep, Hp.

This way each cube of J; is contained in A; with probability approximately p; /2,
and points of distance more than v/d/log, n; are independent. (Note the major
difference between this random set A; and the random set which independently
chooses each cube of J; with probability p;/2: The number of J;-cubes of our A;
inside each cube of D; has standard deviation ~ n¢, while in the other construction
it would have standard deviation = \/W. We ignored p; here as we will choose
n; > 1/p;.)

Since Y p; < oo, almost every point of R? is contained only in finitely many sets
A;. Hence the following infinite symmetric difference makes sense (up to measure
zero): let A= A1 AAN---.

The key property of this random set is the following.
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Lemma 7.6. If K,K' € C, K,K' C [—i,i|? and K \ K' contains a cube D € D;
then the probability that

d
U

AN K) = \ANK')| < 4#

is at most (logy n;)?/(ping).

Proof. Let B; = A1 A---AA; (1=1,2,...).
First we prove that the probability that

(35) INB; N K) - X\B;nK')| <1/(2n%)

is at most (logy 1;)%/(pind).
Since D C K, we have

(36) ABiNK)—ANB;,NK')=XB;ND)+XB;NKND) —\B;NK').

Note that the last two terms of the right-hand side depend only on Ay,..., A; 1 and
A; \ D. Let us fix these random variables. Then the last two terms are constants,
and we know the (conditional) distribution of A\(B; N D): this is mp/né if D is
disjoint from B;_1, and it is A(D) — mp/n¢ if D is contained in B;_;. Hence the
absolute value of the expression of (36) can be less than 1/(2n¢) only for at most
one value of m D. Since each value of mp was chosen with probability at most
(logy nz)d/ (pin?), this implies that the conditional probability of (35) is at most
(logy 14)?/(pind). Since this holds for each fixed choice of Ay, ..., A;_; and 4;\ D,
we get that (35) holds indeed with probability at most (log, n;)?/(p;nd).

We can choose p;+1,pit2, ... such that
> p <
Pl 100ng ( i)t
Then
1
AMA; NK) AA4; N o
Z Z —t Z} ) 100n¢
j=i+1 j=i+1 i

since K C [—i,i]? and by construction the density of each A; is at most p; in each
cube of the form a + [0,1]¢,a € Z4. Clearly the same inequality holds for K'.
Combining these inequalities with (35) we get that

INANK) = ANANK')| > QL,

with probability at least 1 — (log, n;)¢/(p;nd). O

Let s > dimp C be such that Vd‘mIfCJ = {dz_sbJ_ We may suppose without loss

of generality that dimpdK < b for every K € C by increasing b such that L d2_'5bJ

does not increase. Write C as (Jj2, C;

less than s.
For every K € C there exists a positive integer mo(K) such that for every
m Z mO(K)7

such that each C]’- has upper box dimension

MB(OK,1/m)) < mb~

since the upper box dimension of K is less than b. For K,L € C, using that
KAL C B(OKUOL,dy (K, L)), this implies that

(37)  MKAL) <2mb~ if dy(K, L) < 1/m and mo(K), mo(L) < m.
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For i > 1 let

Ci={Kel]JC : mo(K)<i, KCl[—ii
j=1
Thus C; CCy C -+, |J,Ci = C, and the upper box dimension of each C; is less than
s.
For each i let

Ci={(K,K')eC?: K\ K or K'\ K contains a cube D € D;}.

Then for every integer N, using the assumption that K = int K for every K € C
and thus int KAint K’ # () for every K # K', K, K' € C, we get that
o0
(38) UG =c\{(K K): K ec?}.
i=N
Let us fix i. Since C; has upper box dimension less than s, for every sufficiently
large positive integer k; (say, for k; > r;) there exist (at most) kf sets C] C C;
(1 < j < k) with diameter at most 1/k; that cover C;.
For each pair (j,5') € {1,...,k{}? pick a pair

(Ki g Kl n) €Cin(cl xcl)

whenever such pair exists. Then
(39)

V(K,K') € C; 3(j,5") € {1, k£Y? + du(K, K (i) di (K, KL ;) < 1/k.

(3,3")
Repeating the construction of A independently r times we obtain Aj,..., A,.
We claim that an element K € C can be reconstructed using these sets, provided
we choose the sequences (n;) and (p;) appropriately.
For each picked pair (Kiy(jJ/),Kf’(j’j,)) we apply Lemma 7.6 to get that the

2

probability that there exists 1 <t < r such that

(40) INA* N K 1) = MA O K] o)l > ym

is at least 1 — (logy n;)"/ (pini?).

Since there are at most k?* possible pairs (j, j/), this implies that with probability
at least 1 — k2*(logy ni)"¢/(pini?), for every picked pair (Ki,(j,j/)vK;(j,j/)) there
exists 1 <t¢ < r such that (40) holds. If

(41) k; > max(i, k;),
then using (37) and (39), this implies that with probability at least
1= k3* (logy na)"/ (i),

for any (K, K') € C; there exists 1 < t < r such that

(42) INA'NK) = ANA'NK')| > 471# — 4k0,
Therefore if we choose the sequences (n;) and (k;) so that (41),
(43 > K ogyma)™ (i) < oc
i=1
and
(44) ile/!;§"‘1>() (i=1,2,...)

d
4nS



24 MARTON ELEKES, TAMAS KELETI, AND ANDRAS MATHE

hold then by (38) and the Borel-Cantelli lemma we get that almost surely for any
two distinct K, K’ € C we have A(A'NK) # A(A'NK’) for at least one t € {1,...,7},
which is exactly what we need to prove.

Choose k; such that kV™% = n;9/64; that is, k; = nf/(d_b)/ﬁél. Then (44) clearly
holds and (41) also holds if n; is large enough. Then, using that r = |2s/(d — b) | +1,
we have

K (logy m)/ (9} ) = 647297 (logy my) n{ /7077 < o

7 — ?

for § = (r—2s/(d—b))/2 > 0, provided that we choose n; large enough compared to
1/p;. Since § > 0, this implies that (43) also holds if (n;) is increasing fast enough.
This completes the proof of the theorem. O

8. OPEN QUESTIONS

In this final section we collect some of the numerous remaining open questions.
Question 8.1. How many test sets are needed to reconstruct an interval in R?
The answer is 3, 4 or 5 by Theorem 2.6 and Corollary 7.4 (1).

Question 8.2. Let d > 2. How many test sets are needed to reconstruct a ball in
R?? For example, does d + 1 suffice?

We know by Corollary 7.4 (2) that 2d + 3 test sets are enough. By Corol-
lary 6.3 (1), if we consider only balls of radius at least 1 then the answer is d + 1
(for d > 2). In fact, we also do not know whether the restricition r > 1 on the
magnification rate is necessary for the other two corollaries (6.3 (2) and 6.7) of
Section 6.

Question 8.3. Let d =1 ord = 2. How many test sets are needed to reconstruct a
translate of an arbitrary fized bounded measurable subset of R¢ of positive measure?
For example, does d suffice? Does finitely many suffice?

For d > 3 we know by Corollary 5.9 that d sets suffice.

Question 8.4. Let K be a compact set in R? such that OK has Hausdorff (or even
upper box) dimension less than 2. Is the Radon transform in direction 6, that is,
(Roxx)(r) = M YK n{x € RY: (x,0) = r}) absolutely continuous for almost
every direction 07

Theorem 5.11 shows that almost every of these Radon transforms are continuous.
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