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NORMAL SUBGROUP GENERATED BY A PLANEPOLYNOMIAL AUTOMORPHISMJEAN-PHILIPPE FURTER AND STÉPHANE LAMYAbstra
t. We study the normal subgroup 〈f〉N generated by an element
f 6= id in the group G of 
omplex plane polynomial automorphisms havingJa
obian determinant 1. On one hand if f has length at most 8 relatively tothe 
lassi
al amalgamated produ
t stru
ture of G, we prove that 〈f〉N = G.On the other hand if f is a su�
iently generi
 element of even length at least
14, we prove that 〈f〉N 6= G. Introdu
tionLet Aut[C2] denote the group of 
omplex plane polynomial automorphisms andlet G be the subgroup of automorphisms having Ja
obian determinant 1. In thispaper, we deal with normal subgroups of G generated by a single element.It is easy to 
he
k that G is equal to the 
ommutator subgroup of Aut[C2] andto its own 
ommutator subgroup as well (see prop. 10). It is more di�
ult to de-
ide whether G is a simple group or not. There does not seem to exist any naturalmorphism whose kernel is a proper normal subgroup of G. However, in a short notepublished in 1974 that seems to have been quite forgotten, V. I. Danilov [Dan74℄proves that G is not a simple group. He uses results from P. S
hupp [S
h71℄, namelythe so-
alled small 
an
ellation theory in the 
ontext of an amalgamated produ
t.To be pre
ise, he shows that the normal subgroup generated by the automorphism

(ea)13 where a = (y,−x) and e = (x, y + 3x5 − 5x4) is a stri
t subgroup of G. Infa
t, he writes (ea)12, be
ause he uses a slightly erroneous de�nition of the 
ondi-tion C′(1/6) (see subse
tion 3.1).We now introdu
e the algebrai
 length of an automorphism in order to state ourmain result. The theorem of Jung, Van der Kulk and Nagata asserts that Aut[C2]is the amalgamated produ
t over their interse
tion of the groups A and E of a�neand elementary automorphisms (see 1.1). Let f be an element of Aut[C2]. If fis not in the amalgamated part A ∩ E, its algebrai
 length |f | is de�ned as theleast integer m su
h that f 
an be expressed as a 
omposition f = g1 . . . gm, whereea
h gi is in some fa
tor (A or E) of Aut[C2]. If f is in the amalgamated part, by
onvention we set |f | = 0 (see [Ser77℄, �1.3).The normal subgroup generated by an element f of G will be denoted by 〈f〉N .Of 
ourse, 〈f〉N remains un
hanged when repla
ing f by one of its 
onjugates in
G. So, one 
an assume f of minimal algebrai
 length in its 
onjuga
y 
lass (seesubse
tion 1.4 ). If |f | 6= 1, this amounts to saying that |f | is even. This is forexample the 
ase for the previous automorphism (ea)13 whi
h has length 26.Here are the two main results of our paper:1
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2 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYTheorem 1. If f ∈ G satis�es |f | ≤ 8 and f 6= id, then 〈f〉N = G.Theorem 2. If f ∈ G is a generi
 element of even length |f | ≥ 14, then the normalsubgroup generated by f in Aut[C2] (or a fortiori in G) is di�erent from G.Here the generi
ity means that if we write f±1 = a1e1 . . . alel, where l ≥ 7,
a1, . . . , al ∈ A \E and ea
h ei = (x+ Pi(y), y), then there exists an integer D su
hthat for any sequen
e d1, . . . , dl of integers ≥ D, (P1, . . . , Pl) 
an be 
hosen generi-
ally (in the sense of algebrai
 geometry, i.e. outside a Zariski-
losed hypersurfa
e)in the a�ne spa
e ∏

1≤ i≤ l

C[y]≤ di
, where we have set C[y]≤ d = {P ∈ C[y]; degP ≤

d}.The theorems 1 and 2 
orrespond in the text below to theorems 32 and 44. Notethat in the latter statements we use a geometri
 notion of length 
oming from Bass-Serre theory (see subse
tion 1.2). This geometri
 length allows us to obtain morenatural statements. In fa
t, theorem 44 deals with automorphisms satisfying thespe
ial 
ondition (C2) (see de�nition 27). The proof that this 
ondition is indeedgeneri
 is postponed to the annex. To 
onvin
e the reader that su
h a 
onditionis ne
essary, we now give examples of automorphisms of arbitrary even length andgenerating normal subgroups equal to G.Example 3. Consider the three automorphisms
a = (y,−x), e1 = (x+ P (y), y), e2 = (x +Q(y), y),where P (resp. Q) is an even (resp. odd) polynomial of degree ≥ 2, and set

f = ae1(ae2)
n, where n ≥ 1 is an integer. If u = −id, we get au = ua, e2u = ue2and e1u = ue−1
1 , so that the 
ommutator [f, u] = fuf−1u−1 is equal to

[f, u] = ae1(ae2)
nu(ae2)

−n(ae1)
−1u−1 = ae1ue

−1
1 a−1u−1 = ae21a

−1.Sin
e [f, u] ∈ 〈f〉N , we get e21 ∈ 〈f〉N , so that 〈f〉N = G by theorem 1 (or by lemma30 below).One motivation for this work is the still open question of the simpli
ity of theCremona group, i.e. the group of birational transformations of C2. For instan
ein [Giz94℄ the question is expli
itly stated and Gizatullin gives several 
riterionthat would prove that the Cremona group is simple. However, after studying thepolynomial 
ase, our sentiment is that the Cremona group 
ould be not simple aswell. Indeed, it is known sin
e Iskovskikh [Isk85℄ that the Cremona group admits apresentation as the quotient of an amalgamated produ
t by the normal subgroupgenerated by a single element. Take H1 = (PGL(2) × PGL(2)) ⋊ Z/2Z the groupof birational transformations that extend as automorphisms of P1×P1, and H2 thegroup of transformations that preserve the pen
il of verti
al lines x = cte. Note
τ = (y, x) ∈ H1 \ H2 and e = (1/x, y/x) ∈ H2 \ H1; then the Cremona group isequal to the quotient

(H1 ∗H1∩H2
H2) /〈f〉Nwhere f = (τe)3. To prove that the Cremona group is not simple it would besu�
ient to �nd an element g in the amalgamated produ
t of H1 and H2 (thatshould 
orrespond to a su�
iently general birational transformation) su
h that thenormal subgroup 〈f, g〉N is proper. This is similar to the results we obtain in thispaper. However the problem seems harder in the birational setting.



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 3In this paper we 
hose to work over the �eld C of 
omplex numbers, even ifmost of the results 
ould be adapted to any base �eld. Note that in the 
ase of a�nite �eld the nonsimpli
ity result is almost immediate. Let Fq denote the �nite�eld of q = pn elements, where p is prime and n ≥ 1. Let Aut[F2
q] be the groupof automorphisms of the a�ne plane A2

Fq
= F2

q and let Aut1[F
2
q] be the normalsubgroup of automorphisms having Ja
obian determinant 1. If X is a �nite set, let

Per(X) (resp. Per+(X)) be the group of permutations (resp. even permutations)of X . Sin
e the natural morphism φ : Aut[F2
q] → Per(F2

q) indu
es a non-
onstantmorphism Aut1[F
2
q] → Per(F2

q) (
onsider the translations!), it is 
lear that Aut1[F
2
q]is not simple.Remark 4. If q is odd (i.e. the 
hara
teristi
 p of Fq is odd), one would easily
he
k that φ(Aut1[F

2
q]) = Per+(F2

q). Indeed, φ is surje
tive (see [Mau01℄), so that
φ(Aut1[F

2
q]) is a normal subgroup of Per(F2

q). However, if the 
ardinal of X is dif-ferent from 4, it is well known that Per+(X) is the only nontrivial normal subgroupof Per(X) (see e.g. [Rot95, ex. 3.21, p. 51℄). Therefore, it is enough to show that
φ(Aut1[F

2
q]) ⊆ Per+(F2

q). But on one hand Aut1[F
2
q] is generated by the elemen-tary automorphisms (x + P (y), y) and (x, y + Q(x)), where P ∈ C[y], Q ∈ C[x]are any polynomials. On the other hand, it is straightforward to 
he
k that su
hautomorphisms indu
e even permutations of F2

q.As a �nal remark, we would like to stress the importan
e of translations ingetting our results. Let Aut0[C2] be the group of automorphisms �xing the originand let Jn be the natural group-morphism asso
iating to an element of Aut0[C2]its n-jet at the origin (for n ≥ 1). For n ≥ 2, the kernel of Jn is a nontrivial normalsubgroup of G0 = G ∩ Aut0[C2], so that this latter group is not simple. Of 
oursefor Aut[C2] the morphism Jn does not exist. This explains the fa
t that our paperstrongly relies on translations (see lemmas 7 and 16).Remark 5. It results from [Ani83℄ that the image of Jn is exa
tly the group of n-jetsof polynomial endomorphisms �xing the origin and whose Ja
obian determinant isa non-zero 
onstant. The pre
ise statement 
an be found in [Fur07, proposition 3.2℄.Our paper is organized as follows.In se
tion 1 we gather the results from Bass-Serre theory that we need: thisin
ludes some basi
 de�nitions and fa
ts but also some quite intri
ate 
omputations,su
h as in the 
hara
terization of tripods (subse
tion 1.7). This is also the pla
ewhere we de�ne pre
isely the 
ondition (C2) that we need in theorem 44.Se
tion 2 is devoted to the proof of theorem 1. This is the most elementary partof the paper. We only use lemma 7 from se
tion 1.In se
tion 3 we deal with R-diagrams. This �eld of 
ombinatorial group theoryhas been introdu
ed by Lyndon and S
hupp in relation with 
ondition C′(1/6) fromsmall 
an
ellation theory (see 3.1). A noteworthy feature of our work is that weuse R-diagrams in a 
ompletely opposite setting (positive 
urvature).In se
tion 4 we are able to give a proof of theorem 2, using the full for
e of bothBass-Serre and Lyndon-S
hupp theories.We brie�y dis
uss in se
tion 5 the 
ases not 
overed by theorems 1 and 2, thatis to say when the automorphism has length 10 or 12.



4 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYFinally, in the annex, we prove that 
ondition (C2) is generi
 and we also giveexpli
it examples of automorphisms satisfying this 
ondition.1. The Bass-Serre tree1.1. Generalities. The 
lassi
al theorem of Jung, van der Kulk and Nagata statesthat the group Aut[C2] is the amalgamated produ
t of the a�ne group
A = {(αx+ βy + γ, δx+ ǫy + ζ);α, . . . , ǫ ∈ C, αǫ− βδ 6= 0}and the elementary group
E = {(αx + P (y), βy + γ);α, β, γ ∈ C, αβ 6= 0, P ∈ C[y]}over their interse
tion (see [Jun42, vdK53, Nag72℄). This is usually written in thefollowing way:Theorem 6. Aut[C2] = A ∗A∩E E.A geometri
 proof of this theorem and many referen
es may be found in [Lam02℄.Let us also re
all that elements of E are often 
alled triangular automorphisms.The Bass-Serre theory ([Ser77℄) asso
iates a simpli
ial tree to any amalgamatedprodu
t. In our 
ontext, let us denote by T this tree. By de�nition, the verti
es of

T are the disjoint union of the left 
osets modulo A (verti
es of type A) and modulo
E (verti
es of type E). The edges of T are the left 
osets modulo (A∩E). Finally,if φ ∈ Aut[C2], the edge φ(A ∩ E) links the verti
es φA and φE. Sin
e Aut[C2] isgenerated by A and E, T is 
onne
ted. Thanks to the amalgamated stru
ture, T
ontains no loop, so that it is indeed a tree.The group Aut[C2] a
ts naturally on T by left multipli
ation: for any g, φ ∈
Aut[C2], we set g.φA = (gφ)A, g.φE = (gφ)E and g.φ(A ∩ E) = (gφ)(A ∩ E). Itturns out that this a
tion gives an embedding of Aut[C2] into the group of simpli
ialisometries of T (see [Lam01, Remark 3.5℄). This a
tion is transitive on the set ofedges, on the set of verti
es of type A and on the set of verti
es of type E. Thestabilizer of a vertex φA (resp. of a vertex φE, resp. of an edge φ(A ∩ E)) is thegroup φAφ−1 (resp. φEφ−1, resp. φ(A ∩ E)φ−1).Following [Wri79, Lam01℄, one 
an de�ne systems of representatives of the non-trivial left 
osets A/A ∩ E and E/A ∩ E by taking:

a(λ) = (λx+ y,−x); λ ∈ C

e(Q) = (x+Q(y), y); Q(y) ∈ y2
C[y] \ {0}.Note that the minus sign in the expression of a(λ) did not appear in [Wri79, Lam01℄.We have to introdu
e it in the present paper in order to get automorphisms withJa
obian determinant 1 (see subse
tion 1.4).Then any element g ∈ Aut[C2] may be uniquely written g = ws where w is aprodu
t of fa
tors of the form a(λ) or e(Q), su

essive fa
tors being of di�erentforms, and s ∈ A ∩ E (see e.g. [Ser77, 
hap. I, 1.2, th. 1℄). Similarly, any edge(resp. vertex of type A, resp. vertex of type E) may be uniquely written w(A∩E)(resp wA, resp. wE) where w is as above.We 
all a path a sequen
e of 
onse
utive edges in T . To denote a path we enu-merate its verti
es separated by −. For instan
e the path P of two edges 
ontaining



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 5the verti
es idA, idE, eA, where e ∈ E \A will be denoted P = idA− idE − eA. Ifwe are only interested in the type of the verti
es, we say for example that P is oftype A− E −A.If two verti
es of T are �xed by an automorphism of Aut[C2], then the pathrelating them is also �xed. Therefore, the subset of T �xed by an automorphism iseither empty or a subtree. Up to 
onjugation, this subset has been 
omputed for anyautomorphism in [Lam01, proof of prop. 3.3℄. In parti
ular, it has been 
omputedfor the translation (x + 1, y). The following easy and te
hni
al lemma is a slightvariation of this 
omputation. As in the latter paper, this analogous statementturns out to be very useful. The proof is given for the sake of 
ompleteness.Lemma 7. The subtree of T �xed by the translation (x + c, y), c ∈ C
∗, is exa
tlythe union of the paths

idE − e(P )A− e(P )a(λ)E − e(P )a(λ)e(Q)Awhere P ∈ y2C[y], λ ∈ C and Q(y) = αy2, α ∈ C∗.Note that we (ex
eptionally) allow P to be zero. In that 
ase, the path shouldrather be written
idE − idA− a(λ)E − a(λ)e(Q)A.In parti
ular, the �xed subtree does not depend on c, has diameter 6 and 
ontainsthe 
losed ball of radius 2 
entered at idE, i.e. the union of the paths

idE − e(P )A− e(P )a(λ)E, P ∈ y2
C[y], λ ∈ C.Proof. If P,Q ∈ y2C[y] and λ ∈ C we have

(x+ c, y) ◦ e(P ) = e(P ) ◦ (x+ c, y);

(x + c, y) ◦ a(λ) = a(λ) ◦ (x, y + c);

(x, y + c) ◦ e(Q) = e(Q) ◦ f ;where f = (x+Q(y) −Q(y + c), y + c), so that
(x+ c, y)e(P )a(λ)e(Q) = e(P )a(λ)e(Q)f.Therefore, the vertex e(P )a(λ)e(Q)A is �xed by (x+ c, y) if and only if f ∈ A, i.e.

deg(Q(y) −Q(y + c)) ≤ 1, i.e. deg(Q) ≤ 2. If Q = αy2, this vertex is �xed. Sin
ethe vertex idE is also (obviously) �xed, this shows that the following path is �xed:
idE − e(P )A− e(P )a(λ)E − e(P )a(λ)e(Q)A.IfQ = αy2, where α 6= 0 and µ ∈ C, it remains to show that the vertex e(P )a(λ)e(Q)a(µ)Eis not �xed. Indeed, an easy 
omputation shows that

(x+ c, y)e(P )a(λ)e(Q)a(µ) = e(P )a(λ)e(Q)a(µ)g,where g = (x− c, 2αcx+ y + µc− αc2) /∈ E. �1.2. Algebrai
 and geometri
 lengths. We will use two notions of length on
Aut[C2].The algebrai
 length has been de�ned in the introdu
tion: if g ∈ Aut[C2] isnot in the amalgamated part, |g| is de�ned as the least integer m su
h that g 
anbe expressed as a 
omposition g = g1 . . . gm where ea
h gi is in some fa
tor of theamalgam. If g is in the amalgamated part, we set |g| = 0.



6 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYThe geometri
 length is de�ned by lg(g) = inf
v∈V

dist(g.v, v), where V is the setof verti
es of T and dist(., .) is the simpli
ial distan
e on T .1.3. Ellipti
 and hyperboli
 elements. Elements g of Aut[C2] may be sortedinto two 
lasses a

ording to their a
tion on T .If lg(g) = 0 (i.e. g has at least one �xed point on T ), we say that g is ellipti
.This 
orresponds to the 
ase where g is 
onjugate to an element belonging to somefa
tor (A or E) of Aut[C2]. Sin
e any element of A is 
onjugate to some elementof E, this amounts to saying that g is triangularizable (i.e. 
onjugate to sometriangular automorphism).If lg(g) > 0, we say that g is hyperboli
. This 
orresponds to the 
ase where
g is 
onjugate to a 
omposition of generalized Hénon transformations h1 . . . hl (see[FM89℄). We re
all that a generalized Hénon transformation is a map of the form

h = (y, ax+ P (y)) = (y, x) ◦ (ax+ P (y), y),where a ∈ C∗ and P (y) is a polynomial of degree at least 2. Equivalently, g is
onjugate to an automorphism of the form
f = a1e1 . . . alel,where ea
h ai ∈ A \ E and ea
h ei ∈ E \A.The set of points v ∈ T satisfying dist(g.v, v) = lg(g) de�nes an in�nite geodesi
of T denoted by Geo(g). Furthermore, g a
ts on Geo(g) by translation of length

lg(g). It is not di�
ult to 
he
k that lg(g) = lg(f) = 2l and that the geodesi
 of fis 
omposed of the path idA− a1E− a1e1A− · · · − a1e1 . . . alelA and its translatedby the fk's (k ∈ Z). If g = φfφ−1, we have of 
ourse Geo(g) = φ(Geo(f)).The proof of the following easy result is left to the reader:Lemma 8. Let g ∈ Aut[C2] be a hyperboli
 element.(1) The following assertions are equivalent:(i) lg(g) = |g|; (ii) Geo(g) 
ontains the verti
es idA and idE.(2) The following assertions are equivalent:(iii) lg(g) ≤ |g| + 1; (iv) Geo(g) 
ontains the vertex idA or idE.1.4. The group G. In this subse
tion we prove two basi
 fa
ts about G. Let usset A1 = A ∩G and E1 = E ∩G. Theorem 6 easily implies the following result:Proposition 9. G = A1 ∗A1∩E1
E1.Proof. For any g ∈ G, we have to prove that g is a 
omposition of a�ne andtriangular automorphisms with Ja
obian determinant 1. We know that we 
anwrite g as a 
omposition of a(λ) and e(Q), with a 
orre
ting term s ∈ A∩E. Notethat the a(λ) and e(Q) are automorphisms with Ja
obian determinant 1, so s isalso of Ja
obian determinant 1 and we are done.

�As a 
onsequen
e of this proposition the whole dis
ussion of the previous subse
-tion still applies to G. In parti
ular we 
an make the same 
hoi
e of representatives
a(λ) and e(Q) to write edges and verti
es, so that there exists a natural bije
tionbetween the trees asso
iated to Aut[C2] and to G.Proposition 10. The group G is the 
ommutator subgroup of the group Aut[C2],and is also equal to its own 
ommutator subgroup.



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 7Proof. Using proposition 9, it is su�
ient to 
he
k that the 
ommutator subgroupof G 
ontains SL(2,C) and all triangular automorphisms of the form (x+P (y), y).But on one hand it is well-known that SL(2,C) is equal to its own 
ommutatorsubgroup; on the other hand any triangular automorphism (x+λyn, y), with n ≥ 2and λ ∈ C, is the 
ommutator of (x+ λ(1− b)−1yn, y) and (
bx, b−1y

), where b 6= 1is a n-th root of the unity. Finally, any translation (x+ c, y) is the 
ommutator of
(−x,−y) and (x + c

2 , y). �1.5. The 
olor. We now introdu
e the 
olor of a path of type A − E − A. Thisnotion will be used to pre
ise the generi
ity assumptions we need. Note that anypath of type A−E−A 
an be written P = ψe1A−ψE−ψe2A, where ψ ∈ Aut[C2]and e1, e2 ∈ E.De�nition 11. The 
olor of P is the double 
oset (A ∩ E)e−1
1 e2(A ∩ E).One veri�es easily that this de�nition does not depend on the 
hoi
e of e1, e2.The 
olor is 
learly invariant under the a
tion of Aut[C2]. In fa
t, given two pathsof type A− E −A one 
ould even show that one 
an send one to the other (by anelement of Aut[C2]) if and only if they have the same 
olor. However, we will notuse this result.If P ∈ C[y] is su
h that the 
olor of P is equal to the double 
oset (A∩E)e(P )(A∩

E), we say that P represents the 
olor of P . The following lemma implies that thisnotion does not depend on the orientation of the path. Its proof is easy and left tothe reader.Lemma 12. Let P,Q ∈ C[y] be polynomials of degree ≥ 2. Then P and Q representthe same 
olor if and only if there exist α, . . . , ǫ with αβ 6= 0 su
h that Q(y) =
αP (βy + γ) + δy + ǫ.Remark 13. Note that any path of type A−E−A 
an be sent by an automorphism toa path of the form idA−idE−e(P )A. It is easy to 
he
k that the verti
es e(P )A and
e(Q)A are equal if and only if there exists α, β ∈ C su
h that Q(y) = P (y)+αy+β.Fundamental example 14. Let g be a hyperboli
 automorphism of geometri
length lg(g) = 2l. We know that g is 
onjugate to an automorphism of the form
f = a1e1 . . . alel where ea
h ai ∈ A \ E and ea
h ei ∈ E \ A. Then, the geodesi
of g (and f) 
arries the l 
olors (A ∩ E)ei(A ∩ E) (1 ≤ i ≤ l) whi
h are repeatedperiodi
ally.1.6. General 
olor.De�nition 15. A polynomial P ∈ C[y] of degree d ≥ 5 is said to be general if itsatis�es:

∀α, β, γ ∈ C, deg(P (y) − αP (βy + γ)) ≤ d− 4 =⇒ α = β = 1 and γ = 0.The 
olor (A ∩ E)e(P )(A ∩ E) is said to be general if P is general. Lemma 12implies that this notion does not depend on the 
hoi
e of a representative P .Lemma 16. Let Q ∈ y2C[y] be general. The stabilizer of the path P = e(Q)A −
idE − idA is equal to {(x + βy + γ, y);β, γ ∈ C}. Furthermore, if β 6= 0, theautomorphism (x+ βy, y) does not �x any path stri
tly greater than P.Proof. We know that f ∈ Aut[C2] �xes the path idE− idA if and only if f ∈ A∩E.In this 
ase, there exists 
onstants α, . . . , ζ, with αε 6= 0 su
h that f = (αx+ βy +



8 JEAN-PHILIPPE FURTER AND STÉPHANE LAMY
γ, εy+ ζ). Sin
e fe(Q) = e(Q)g, where g = (αx+ βy+αQ(y)−Q(εy+ ζ), εy+ ζ),the vertex e(Q)A is �xed by f if and only if g ∈ A, i.e. deg(αQ(y)−Q(εy+ζ)) ≤ 1.The polynomial Q being general, this is equivalent to α = ε = 1 and ζ = 0.The se
ond assertion 
omes from the following simple observation:

(x+ βy, y)a(λ)E = a(λ+ β)E.Indeed, sin
e (x+ βy, y)e(Q) = e(Q)(x+ βy, y), we also have
(x + βy, y)e(Q)a(λ)E = e(Q)a(λ+ β)E.Therefore, the verti
es a(λ)E and e(Q)a(λ)E are �xed by (x+ βy, y) if and only if

β = 0. �Remark 17. The lemma 16 is a kind of 
onverse to lemma 7. Pre
isely, we obtainthat if φ �xes a general path of 4 edges 
entered on idE, then φ = (x+ c, y) (Hereby general we mean that the 
olor supported by the two 
entral edges of the pathis general, see def. 11 and below).Note also that sin
e (x, y + c) = a(0) ◦ (x− c, y) ◦ a(0)−1, the subset of T �xedby (x, y + c) is the image by a(0) of the subset �xed by (x − c, y). In parti
ular,it 
ontains the 
losed ball of radius 2 
entered at a(0)E. Furthermore, if φ �xes ageneral path of 4 edges 
entered at a(0)E, it 
an be written as φ = (x, y + c).We now apply the notion of a general 
olor to prove a te
hni
al result that weneed to prove the theorem 44. We 
onsider a hyperboli
 automorphism f and
g = ϕfϕ−1 6= f a 
onjugate of f . We want to show that if f is su�
iently generalthen Geo(f)∩Geo(g) is a path of length at most 4. More pre
isely, we also des
ribeall possibles types of su
h paths.De�nition 18. We say that a hyperboli
 automorphism satis�es 
ondition (C1) ifthe 
olors supported by its geodesi
 are general and distin
t.In the annex we show that this 
ondition is generi
 in a natural sense.Proposition 19. Let f and g = φfφ−1 be two distin
t 
onjugate automorphismssatisfying 
ondition (C1). If the interse
tion Geo(f)∩Geo(g) 
ontains at least oneedge then this path is of type:

A− E, E −A− E, A− E −A, or E −A− E −A− EProof. We have Geo(f) ∩ Geo(g) = φ(P), where P = Geo(f) ∩ φ−1(Geo(f)).Equivalently, one may de�ne P as the maximal path su
h that P ⊆ Geo(f) and
φ(P) ⊆ Geo(f).There is no restri
tion to assume that P 
ontains a path of type A − E − A,be
ause otherwise P is at most a path of type E−A−E. Without loss of generality,one 
an 
onjugate and assume that the latter path of type A−E−A is of the form
e(Q)A− idE − idA. Let us 
all v its 
entral vertex idE.Note that we 
an repla
e φ by φfk where k ∈ Z, without 
hanging g. We takea k for whi
h lg(φfk) is minimal.By 
ondition (C1), the geodesi
 of f 
arries l distin
t 
olors whi
h are repeatedperiodi
ally. Therefore, dist(v, φ(v)) ∈ 2lZ. By the minimality 
ondition satis�edby φ, we get φ(v) = v, so that φ is ellipti
.There are two sub
ases, depending on whether φ preserves the orientation ofGeo(f) or not.



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 9If φ preserves this orientation, then φ �xes P point by point. We may assumethat P is stri
tly greater than e(Q)A−idE−idA, be
ause otherwise there is nothingto show. Then, by lemmas 7 and 16, we get φ = (x + γ, y). Sin
e the 
olors ofGeo(f) are general, lemma 7 shows us that P is of the form e(Q)a(λ)E − e(Q)A−
idE − idA− a(µ)E, so that it is of type E −A− E −A− E.If φ does not preserve this orientation, then φ �xes only the vertex v of Geo(f).One 
an show that φ has to be an involution (see lemma 20 below). This impliesthat P 
ontains an even number of edges and is 
entered on v. Sin
e the l 
olorssupported by Geo(f) are distin
t, P 
ontains only one 
olor, so that it is of type
A− E −A or E −A− E −A− E. �Lemma 20. Let P be a path of type A − E − A 
arrying a general 
olor. If φex
hanges the two ends of P then φ2 = id.Proof. Without loss of generality, one 
an 
onjugate and assume that the path P isof the form e(Q)A− idE− idA. Note that φ1 = e(Q) ◦ (−x, y) is an involution thatex
hanges the two verti
es e(Q)A and idA. Thus φ1φ �xes the path P point bypoint, and sin
e Q is general by lemma 16 we get φ = φ1 ◦ (x+ βy+ γ, y). Remarkthat φ1 ◦ (x+ βy + γ, y) = (x + βy + γ, y)−1 ◦ φ1, hen
e

φ2 = φ1 ◦ (x+ βy + γ, y) ◦ (x + βy + γ, y)−1 ◦ φ1 = id. �Example 21. Here we show that all 
ases allowed by proposition 19 
an berealized. In the following examples we suppose that Geo(f) 
ontains the path
a(0)E − idA− idE − e(Q)A− e(Q)a(µ)E where Q is a general polynomial and we
hoose φ su
h that the path P has various forms.Examples with φ �xing at least one edge:

• φ = (x + P (y), y) with degP ≥ 2, P = idA− idE;
• φ = (αx, βy) with αβ 6= 0 and (α, β) 6= (1, 1), P = a(0)E − idA− idE;
• φ = (x + by, y) with b 6= 0, P = idA− idE − e(Q)A;
• φ = (x + c, y) with c 6= 0, P = a(0)E − idA− idE − e(Q)A− e(Q)a(µ)E.Examples with φ reversing the orientation:
• φ = (y, x) ex
hanges a(0)E and idE, P = a(0)E − idA− idE;
• φ = (−x+Q(y), y) ex
hanges idA and e(Q)A, P is of length 4 or 2 depend-ing if µ = 0 or not.Example with φ hyperboli
:
• φ = e(Q)a(µ)u with u = (−x,−y) sends P = a(0)E − idA − idE on
φ(P) = idE−e(Q)A−e(Q)a(µ)E (the reader should verify that a(µ)ua(0) =
(x− µy, y) ∈ A ∩ E).1.7. Independent 
olors and tripods.De�nition 22. A family of polynomials Pi ∈ C[y] (1 ≤ i ≤ l) is said to beindependent if given any αk, βk, γk ∈ C with αkβk 6= 0 and ik ∈ {1, . . . , l}, for

1 ≤ k ≤ 3, we have:
deg

∑

1≤ k ≤ 3

αkPik
(βky + γk) ≤ 1 =⇒ i1 = i2 = i3.



10 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYThe family of 
olors (A∩E)e(Pi)(A∩E) (1 ≤ i ≤ l) is said to be independentif the family Pi (1 ≤ i ≤ l) is independent. Lemma 12 implies that this notion doesnot depend on the 
hoi
e of the representatives Pi.De�nition 23. Three paths P1, P2, P3 of the tree T de�ne a tripod if
• For ea
h i 6= j, Pi ∩ Pj 
ontains at least one edge;
• The interse
tion P1 ∩ P2 ∩ P3 
onsists of exa
tly one vertex v.The three paths Pi ∩ Pj are 
alled the bran
hes of the tripod. The vertex v is
alled the 
enter of the tripod.If we have a 
enter of type E, we 
an 
onsider the three 
olors asso
iated withthe three paths of type A−E−A 
ontaining the 
enter and in
luded in the tripod.In this situation we say that anyone of these 
olors is a mixture of the two otherones.Lemma 24. Let P1, P2, P3 ∈ C[y] be polynomials of degree ≥ 2. The followingassertions are equivalent:(1) (A∩E)e(P3)(A∩E) is a mixture of the (A∩E)e(Pi)(A∩E)'s (1 ≤ i ≤ 2);(2) ∃α1, β1, γ1, α2, β2, γ2, δ, ǫ ∈ C with α1β1α2β2 6= 0 su
h that

P3(y) = α1P1(β1y + γ1) + α2P2(β2y + γ2) + δy + ǫ.Proof. (1) =⇒ (2). Assume that there exists a tripod admitting the 3 
olors (A ∩
E)e(Pi)(A ∩ E) (1 ≤ i ≤ 3).We may assume that the 
enter of this tripod is idE and that one of its bran
his idE− idA. Let P̃1, P̃2 ∈ C[y] be su
h that the 2 other bran
hes are idE−e(P̃1)A,and idE − e(P̃2)A and su
h that (E ∩A)e(P1)(A ∩E) = (E ∩A)e(P̃1)(A ∩E) and
(E ∩ A)e(P2)(A ∩ E) = (E ∩ A)e(P̃2)(A ∩ E). By lemma 12, for 1 ≤ i ≤ 2, thereexists αi, βi, γi, δi, ǫi with αiβi 6= 0 su
h that P̃i = αiPi(βiy + γi) + δiy + ǫi.We then have (E ∩A)e(P3)(A∩E) = (E ∩A)e(P̃3)(A∩E), where P̃3 = P̃1 − P̃2,so (still by lemma 12) this shows that P3 has the desired form.(2) =⇒ (1). Set P̃1 = α1P1(β1y+ γ1) and P̃2 = −α2P2(β2y+ γ2). By lemma 12,we have (E ∩A)e(P1)(A ∩E) = (E ∩A)e(P̃1)(A ∩ E) and (E ∩A)e(P2)(A ∩E) =

(E ∩A)e(P̃2)(A ∩E).Consider the tripod with 
enter idE and bran
hes idE − idA, idE − e(P̃1)A and
idE − e(P̃2)A. Its three 
olors are (E ∩A)e(P̃1)(A ∩E), (E ∩A)e(P̃2)(A ∩E) and
(E ∩ A)e(P̃3)(A ∩ E), where P̃3 = P̃1 − P̃2 = α1P1(β1y + γ1) + α2P2(β2y + γ2).This shows that (A ∩ E)e(P3)(A ∩ E) = (A ∩ E)e(P̃3)(A ∩ E) is a mixture of
(A ∩E)e(P1)(A ∩E) and (A ∩ E)e(P2)(A ∩E). �Remark 25. The se
ond 
ondition of lemma 24 may be written under the followingsymmetri
 form:For 1 ≤ k ≤ 3, there exists αk, βk, γk ∈ C with αkβk 6= 0 su
h that

deg
∑

1≤ k ≤ 3

αkPk(βky + γk) ≤ 1.Therefore, the following lemma is an easy 
onsequen
e of the previous one.Lemma 26. Consider three 
olors represented by P1, P2, P3 ∈ C[y] whi
h are poly-nomials of degree ≥ 2. The following assertions are equivalent:



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 11(1) the three 
olors (A ∩ E)e(Pi)(A ∩ E) (i = 1, 2, 3) are independent;(2) For any i1, i2, i3 ∈ {1, 2, 3}, if (A ∩ E)e(Pi3 )(A ∩ E) is a mixture of (A ∩
E)e(Pi1 )(A ∩ E) and (A ∩ E)e(Pi2 )(A ∩ E), then i1 = i2 = i3.De�nition 27. We say that a hyperboli
 automorphism satis�es 
ondition (C2) ifthe 
olors supported by its geodesi
 are general and independent.In the annex we show that this 
ondition is generi
 in a natural sense.Remark 28. One 
ould easily 
he
k that independent 
olors are ne
essarily distin
t.Therefore, 
ondition (C2) is stronger than 
ondition (C1).By misuse of language, we will say that three hyperboli
 automorphisms g1, g2, g3de�ne a tripod if their geodesi
s Geo(g1),Geo(g2),Geo(g3) de�ne a tripod.Lemma 29. A tripod asso
iated with three 
onjugates of a hyperboli
 automorphism

f satisfying 
ondition (C2) admits bran
hes of length at most 2.Proof. If the 
enter of the tripod is of type A, by proposition 19 there is nothingto do. Assume now that the 
enter of the tripod is of type E. Without loss ofgenerality one 
an 
onjugate and assume that the 
enter is idE, and that Geo(f)
ontains the verti
es idA and a(0)E. Let us note g = ufu−1 and h = vfv−1 the two
onjugates of f involved in the tripod. By 
ondition (C2) the three 
olors 
enteredon idE in the tripod must be equal. In other words, u, v 
an be 
hosen �xing the
enter of the tripod, i.e. u, v ∈ E.Let us now assume that there exists a bran
h, say Geo(f) ∩ Geo(h), of lengthstri
tly greater than 2. Then, by proposition 19, this bran
h has length 4, withmiddle point a(0)E (see Fig. 1). Sin
e v �xes point by point the general pathGeo(f) ∩Geo(h), by remark 17, it 
an be written as v = (x, y + c).Let e = e(P ) = (x+P (y), y) ∈ E be su
h that the vertex eA ∈ Geo(f)∩Geo(h).Sin
e Geo(h) = v(Geo(f)), the vertex veA ∈ Geo(h) and �nally veA ∈ Geo(g) ∩Geo(h).We assume that the orientation indu
ed by g on idE− eA is opposite to the oneof f , the other 
ase being symmetri
.
•

•

•

•

• • • • •

eA

??
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??
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idE idA a(0)e(Q)A
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a(0)E
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??
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?
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?

f

dd

h

zz

g

�� Figure 1Sin
e Geo(g) = u(Geo(f)), u send the path idA − idE − eA on the path eA −
idE − veA.



12 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYOn one hand, u sends idA on eA, i.e. uA = eA, i.e. e−1u ∈ A, i.e. e−1u ∈ A∩E.Sin
e e−1u ∈ A ∩ E, it 
an be written as s1s2, where s1 = (a1x, b1y + c1), s2 =
(x+ βy + γ, y) ∈ A ∩ E and we have u = es1s2.On the other hand u sends eA on veA, i.e. ueA = veA, i.e. es1s2eA = veA.Sin
e s2e = es2, we have es1s2eA = es1eA, so that es1eA = veA. This last equalityis still equivalent to e−1v−1es1e ∈ A. We 
ompute

e−1v−1es1e = (a1x+ a1P (y) + P (b1y + c1) − P (b1y + c1 − c), b1y + c1 − c).We should have deg(a1P (y)+P (b1y+ c1)−P (b1y+ c1 − c)) ≤ 1. Sin
e a1 6= 0 and
deg(P (b1y + c1) − P (b1y + c1 − c)) < degP , this is impossible. �2. The proof of theorem 1We start by looking at the 
ase of an automorphism of algebrai
 length ≤ 1,i.e. a triangular or a�ne automorphism. Note that similar results in the 
ontextof birational transformations are proved in [CD08℄.Lemma 30. If f ∈ G satis�es |f | ≤ 1 and f 6= id, then 〈f〉N = G.Proof. Let g, h ∈ G. If g or h belongs to 〈f〉N , let us note that their 
ommu-tator [g, h] = ghg−1h−1 also. We show that G = 〈f〉N by making the followingobservations:

• If f ∈ SL(2,C) and f 6= ±id, we obtain SL(2,C) ⊆ 〈f〉N . We used the fa
tthat {±id} is the unique nontrivial normal subgroup of SL(2,C). Indeed,if H is a normal subgroup of SL(2,C) not in
luded into {±id}, we get
SL(2,C) = H ∪ (−H) by simpli
ity of PSL(2,C). Therefore, if g = (y,−x),we get g ∈ H or −g ∈ H , so that −id = g2 = (−g)2 ∈ H and �nally
H = SL(2,C).Now, if α, β ∈ C, we get

[(x + α, y + β), (−x,−y)] = (x+ 2α, y + 2β)so that A ⊆ 〈f〉N .If b 6= 1 is a n-th root of the unity (n ≥ 2) and λ ∈ C, we get
[(x+ λ(1 − b)−1yn, y), (bx, b−1y)] = (x+ λyn, y)and we are done.

• If f is a translation, then, 
onjugating by SL(2,C), we see that 〈f〉N 
on-tains all translations. So, it 
ontains the 
ommutator
[(x, y + 1), (x+ y2, y)] = (x− 2y + 1, y)and also the linear automorphism (x− 2y, y). We 
on
lude by the previous
ase.

• If f is an a�ne automorphism whi
h is not a translation, then there exists atranslation g whi
h does not 
ommute with f . Therefore, the 
ommutator
[f, g] is a nontrivial translation belonging to 〈f〉N and we 
on
lude by theprevious 
ase.

• Finally if f = (ax+P (y), a−1y+c) is a triangular non a�ne automorphism,then, up to repla
ing f by [f, g], where g is a triangular automorphism non
ommuting with f , we may assume that a = 1. Still repla
ing f by [f, g],where g is a triangular automorphism non 
ommuting with f , we may even



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 13assume that c = 0. Therefore, f is of the form (x+ P (y), y). Remark thenthat the 
ommutator
[(x, y + 1), (x+ P (y), y)]is a triangular automorphism of the form (x+R(y), y), with degR = degP−

1. By indu
tion on the degree we obtain the existen
e of a nontrivialtranslation (x+ c, y) in 〈f〉N . This 
ase has already been done.
�Corollary 31. If f ∈ G is ellipti
 (i.e. triangularizable) and f 6= id, then 〈f〉N =

G.We are now ready to prove theorem 1. In fa
t, we will prove the followingstronger and more geometri
 version:Theorem 32. If f ∈ G satis�es lg(f) ≤ 8 and f 6= id, then 〈f〉N = G.Proof. The 
ru
ial fa
t we use here is the knowledge of the subtree �xed by trans-lations (x + c, y). We know that this subtree is of diameter 6, 
entered in idE,and that the 
losed ball of radius 2 and 
enter idE is 
ontained in this subtree (seelemma 7). In 
onsequen
e, given an arbitrary path of type E − A − E − A − E,there exists a 
onjugate ψ of (x + 1, y) �xing this path point by point.Let us 
hoose su
h a path 
ontained in the geodesi
 of f and let us set g = ψfψ−1.Then if lg(f) = 2 or 4 it is 
lear that f ◦g−1 is ellipti
, so we 
an 
on
lude by lemma30. If lg(f) = 6 then lg(f ◦ g−1) ≤ 4 so we are done by the previous 
ase.The 
ase where lg(f) = 8 is more subtle and we have to re�ne the above argu-ment. Repla
ing f by one of its 
onjugates, we may assume |f | = lg(f) = 8. We
an then assume (maybe repla
ing f by f−1) that
f = e1a1e2a2e3a3e4a4where ai ∈ A \ E, ej ∈ E \ A. Without loss of generality we 
an further assumethat ea
h ej is of the form ej = e(Pj) = (x + Pj(y), y) and that deg(e1) ≤ deg(ej)for j = 2, 3, 4.We know that any translation (x+c, y) �xes the 
losed ball of radius 2 and 
enter

idE. Note also that for any s ∈ A ∩ E, s(x + 1, y)s−1 is still a translation of theform (x + c, y). In 
onsequen
e, if we write e1a1 under the form e1a1 = e(P )a(λ)swith s ∈ A ∩ E, the automorphism
ẽ1 = e1a1(x+ 1, y)a−1

1 e−1
1

= (x+ P (y), y) ◦ (λx + y,−x) ◦ (x+ c, y) ◦ (−y, λy + x) ◦ (x− P (y), y)

= (x+ λc+ P (y − c) − P (y), y − c)�xes the 
losed ball of radius 2 and 
enter e1a1E. Note that deg ẽ1 = deg e1 − 1.Consider
g = ẽ1f ẽ

−1
1 and h = g−1f.By 
onstru
tion the geodesi
s Geo(g) and Geo(f) have at least 4 edges in 
ommon.By lemma 7 we also know that they have at most 6 edges in 
ommon. Then we 
an
he
k (see Fig. 2) that h sends the vertex v = a−1

4 e−1
4 a−1

3 E on a vertex at distan
eat most 8 (and at least 6) of v. Expli
itly, one 
an 
ompute
h = ẽ1a

−1
4 e−1

4 a−1
3 ẽ3a3e4a4
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Figure 2. Proof of theorem 32where ẽ3 = e−1
3 a−1

2 (x − 1, y)a2e3 is a triangular automorphism with deg(ẽ3) =
deg(e3) − 1.If deg(ẽ1) = deg(ẽ3) = 1 then lg(h) = 4. This 
orresponds to the 
ase whenGeo(g) and Geo(f) share 6 edges. Note that a−1

3 ẽ3a3 and a4ẽ1a
−1
4 are indeed nontriangular a�ne automorphisms.If deg(ẽ1) = 1 and deg(ẽ3) ≥ 2 then lg(h) = 6. In this 
ase Geo(g) and Geo(f)share 5 edges : the verti
es idA and ẽ1A 
oin
ide.In the two 
ases above we are done by the �rst part of the proof.Finally if deg(ẽ1) ≥ 2 then h admits a fa
torization similar to the one of the

f we started with ex
ept that the �rst triangular automorphism has a stri
tlysmaller degree. By indu
tion, we 
an produ
e an element of length 8 in 〈f〉N withthe �rst triangular automorphism of degree 2, and we are done by the previousargument. �3. R-diagrams3.1. Generalities on small 
an
ellation theory. In this subse
tion we 
onsider
H = H1 ∗H1∩H2

H2 a general amalgamated produ
t of two fa
tors. Of 
ourse ourmotivation is to apply the theory to the group Aut[C2] of plane automorphisms.The following de�nitions are taken from [LS01℄, 
hap. V, �11 (p. 285). If u is anelement of H , not in the amalgamated part H1 ∩H2, a normal form of u is anysequen
e x1 · · ·xm su
h that u = x1 · · ·xm, ea
h xi is in a fa
tor of H , su

essive
xi 
ome from di�erent fa
tors of H , and no xi is in the amalgamated part. Thelength of u is de�ned by |u| = m. This de�nition does not depend on the 
hosennormal form, but only on u. If u is in the amalgamated part of H , by 
onventionwe set |u| = 0.We 
all a word an element u ∈ H given with a fa
torization u = u1 · · ·uk, where
ui ∈ H for i = 1, · · · , k. A word u = u1 · · ·uk is said to have redu
ed form if
|u1 · · ·uk| = |u1| + · · · + |uk|.Suppose u and v are elements of H with normal forms u = x1 · · ·xm and v =
y1 · · · yn. If xmy1 is in the amalgamated part, we say that there is 
an
ellationbetween u and v in forming the produ
t uv. Equivalently, this means that |uv| ≤
|u| + |v| − 2. If xm and y1 are in the same fa
tor of H and xmy1 is not in the



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 15amalgamated part, we say that xm and y1 are 
onsolidated in forming a normalform of uv. Equivalently, this means that |uv| = |u| + |v| − 1.A word is said to have semi-redu
ed form u1 · · ·uk if there is no 
an
ellationin this produ
t. Consolidation is expressly allowed.A word u = x1 · · ·xm in normal form is stri
tly (resp. weakly) 
y
li
allyredu
ed if m ≤ 1 or if xm and x1 are in di�erent fa
tors of H (resp. the produ
t
xmx1 is not in the amalgamated part).A subset R of H is symmetrized if all elements of R are weakly 
y
li
allyredu
ed and for ea
h r ∈ R, all weakly 
y
li
ally redu
ed 
onjugates of both r and
r−1 belong to R.If f is stri
tly 
y
li
ally redu
ed, R(f) denotes the symmetrized set generatedby f , i.e. the smallest symmetrized set 
ontaining f . It is 
lear that R(f) is equalto the set of 
onjugates of f±1 of length ≤ |f | + 1.We now dis
uss brie�y the 
ondition C′(λ) (mostly used with λ = 1/6). We donot need this notion in our 
onstru
tion, but this was the original setting where thenotion of R-diagram (see next subse
tion) was introdu
ed. Let R be a symmetrizedsubset of H . A word b is said to be a pie
e (relative to R) if there exists distin
telements r1, r2 of R su
h that r1 = bc1 and r2 = bc2 in semi-redu
ed form.Lemma 33. If λ > 0 and ∀ r ∈ R, |r| > 1/λ, the following assertions are equiva-lent:(1) If r ∈ R admits a semi-redu
ed form r = bc, where b is a pie
e of R, then

|b| < λ|r|;(2) ∀ r1, r2 ∈ R su
h that r1r2 6= 1, |r1r2| > |r1| + |r2| − 2λmin{|r1|, |r2|} + 1.Proof. The equivalen
e is easily obtained from the following 
laim.Let r1 = bc1 and r2 = bc2 be semi-redu
ed expressions with b 6= 1 and r1 6= r2.Claim. There exists b′, c′1, c′2 su
h that:a) the equalities r1 = b′c′1 and r2 = b′c′2 hold;b) these expressions are semi-redu
ed;
) exa
tly one of these expressions is redu
ed;d) the expression (c′1)
−1c′2 is redu
ed;e) |b′| ≥ |b|.

�De�nition 34. When the equivalent assertions of lemma 33 are satis�ed, we saythat R satis�es 
ondition C′(λ).The �rst assertion is the one used by Lyndon and S
hupp. The se
ond one isused by Danilov, ex
ept that he forgets the +1 in the formula. This leads to theslight error in his statement that we mentioned in the introdu
tion.3.2. Constru
tion of an R-diagram. The idea of asso
iating diagrams in theEu
lidean plane to some produ
ts in amalgamated groups appears in [VK33℄.In 1966, Lyndon independently arrived at the same idea and Weinbaum redis-
overed van Kampen's paper (see [Lyn66, Wei66℄ and [LS01℄, p. 236). For the basi
de�nition of a diagram, we refer to [LS01℄, 
hap. V, �1, p. 235. Here follows aqui
k review of this notion.



16 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYA diagram is a plane graph (or more generally a graph on an orientable surfa
e,we will 
onsider spheri
al diagrams in lemma 41). Verti
es are divided into twotypes, primary and se
ondary. The edge joining two verti
es will be 
alled ahalf-segment. The notation 'edge' will be used later on to refer to some spe
ialunions of half-segments (see remark on terminology below). A half-segment willalways join verti
es of di�erent types. By de�nition, segments will denote somespe
ial su

essions of two half-segments that we now des
ribe. If e1, . . . , er arethe half-segments arriving at some se
ondary vertex v and taken 
ounter
lo
kwise,then, by de�nition, the segments passing through v are the su

essive half-segments
ei, e

−1
i+1 and their inverses ei+1e

−1
i , for 1 ≤ i ≤ r, where i and i + 1 are takenmodulo r. If two su

essive half-segments e, e′ de�ne a segment, the latter willbe noted ee′. Note that the initial and terminal verti
es of a segment have to beprimary. By 
onvention, ea
h segment (resp. half-segment) has length 1 (resp.

1/2). Ea
h oriented half segment e will be labeled by an element φ(e) belongingto a fa
tor of Aut[C2], with the labels on su

essive half-segments at a se
ondaryvertex belonging to the same fa
tor. This labelling gives a labelling on segments,by taking φ(ee′) = φ(e)φ(e′). The label on an individual half-segment may be inthe amalgamated part, but if e, e′ are the two half-segments of a segment, we willusually insist that φ(ee′) is not in the amalgamated part (in fa
t, there will beonly one ex
eption to this rule, see step 4 in the proof of the theorem 35). We 
allregion a bounded 
onne
ted 
omponent of the 
omplement of the graph in thesurfa
e. A boundary 
y
le of a region is a 
olle
tion of half-segments that runalong the entire boundary of D (say 
ounter
lo
kwise in the 
ase of the plane, orin a way 
ompatible with the orientation in general) with initial vertex of primarytype. Similarly, a boundary 
y
le of the diagram is a 
olle
tion of half-segmentsthat run along the boundary of the diagram. Let us note that a segment ne
essarilybelongs to the boundary of some region and/or to the boundary of the diagram.Now let f be an element of Aut[C2] and 
onsider R(f) the asso
iated sym-metrized set. We say that a diagram is a R(f)-diagram if for any region D andany boundary 
y
le e1 . . . es of D, we have φ(e1) . . . φ(es) ∈ R(f).Terminology. Note that we use two kinds of graph in this paper: the Bass-Serretree and the diagrams of Lyndon-S
hupp. In the 
ontext of the Bass-Serre tree wehave already used the term edge, and we have 
alled a path the union of severaledges. In the 
ontext of Lyndon-S
hupp diagrams, we have segments and half-segments. We 
all edge in this 
ontext a 
onne
ted 
omponent of the interse
tionof the boundary of two regions, whi
h is a 
olle
tion of half-segments.The following result will be the key ingredient for the proof of theorem 2. Itsproof will o

upy the rest of this subse
tion.Theorem 35. Let f ∈ G be a stri
tly 
y
li
ally redu
ed element of G of evenalgebrai
 length |f | ≥ 2. Assume that the normal subgroup generated by f in Aut[C2]is equal to G. Then there exists a planar R(f)-diagram M su
h that:(1) M is 
onne
ted and simply 
onne
ted;(2) The boundary of M has length 1
2 or 1;(3) If e1, e′1 . . . et, e

′
t is a boundary 
y
le of some region of M , then t = |f | and

φ(e1e
′
1) . . . φ(ete

′
t) is a redu
ed form of a stri
tly 
y
li
ally redu
ed 
onjugateof f .



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 17Proof. We start by 
hoosing an element g 6= id in Aut[C2] = 〈f〉N with lg(g) = 0.We 
an write
g = (φ1f

±1φ−1
1 ) · · · (φnf

±1φ−1
n ).with φi ∈ Aut[C2].We assume that we have 
hosen g su
h that n is minimal. By lemma 36, wemay assume that ea
h φif

±1φ−1
i is expressed under redu
ed form ψiriψ

−1
i (i.e.

|ψiriψ
−1
i | = |ψi| + |ri| + |ψ−1

i |) where ri ∈ R(f). There is no restri
tion to assumethat |ψi| = 0 if and only if ψi = id. Note also that the four following assertions areequivalent:a) ri is stri
tly 
y
li
ally redu
ed; b) |ri| = |f |; 
) |ri| is even; d) |ψiriψ
−1
i |is even.If anyone of these assertions is satis�ed, we ne
essarily have ψi = id (sin
e theexpression ψiriψ

−1
i is redu
ed).Let us now explain the 
onstru
tion of M , that we perform in several steps:Step 1. We asso
iate a diagram to ea
h ψiriψ

−1
i .Our 
onstru
tion will involve a base point O whi
h will be 
onsidered as a pri-mary vertex. Let ri = x1 . . . xm be a normal form of ri.

• Assume that ri is stri
tly 
y
li
ally redu
ed, i.e. m = |f |.The diagram for ψiriψ
−1
i = ri is the loop at the base point O 
onsisting of 2mhalf-segments d1, d

′
1, . . . , dm, d

′
m su
h that φ(djd

′
j) = xj for ea
h j.

• Assume that ri is not stri
tly 
y
li
ally redu
ed, i.e. m = |f | + 1.The diagram for ψiriψ
−1
i is a loop at a vertex v joined to the base point O by apath.Let ψi = z1 . . . zk be a normal form of ψi.The path Ov 
onsists of 2k half-segments e1, e′1, . . . , ek, e

′
k su
h that φ(eje

′
j) = zjfor ea
h j and an additional �nal half-segment e.The loop at v 
onsists of 2m − 2 half-segments b, d2, d

′
2, . . . , dm−1, d

′
m−1, c su
hthat φ(djd

′
j) = xj for ea
h j.The three half-segments e, b, c whi
h meet at the se
ondary vertex v are labeledto satisfy the ne
essary (and 
ompatible) 
onditions φ(eb) = x1, φ(ce−1) = xm and

φ(cb) = xmx1. For instan
e we 
an take φ(b) = x1, φ(c) = xm and φ(e) = id.Step 2. The initial diagram for the 
omposition
g = (ψ1r1ψ

−1
1 ) · · · (ψnrnψ

−1
n )
onsists of the initial diagrams for ea
h ψiriψ

−1
i arranged, in 
ounter
lo
kwise or-der, around the base point O. This initial diagram has the desired properties (1)and (3).Step 3. We will now pro
eed to the identi�
ation of some half-segments of Muntil the boundary length of M is ≤ 2.Note that in these identi�
ations:

• We shall always identify primary verti
es with primary verti
es and se
-ondary verti
es with se
ondary verti
es, preserving this distin
tion;
• The label of a segment will never be in the amalgamated part;
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• The number n of regions of M will not 
hange and (1) and (3) will besatis�ed at ea
h stage;
• If α is a boundary 
y
le of M , then φ(α) is 
onjugate to g.For grounds of brevity, the tiresome and easy veri�
ation of the se
ond point (onlabel of segments) has been omitted in the two 
ases below.If the boundary length of M is ≥ 3, there ne
essarily exists su

essive segments

ee′ and ff ′ in ∂M su
h that the labels φ(ee′) and φ(ff ′) are in the same fa
torof Aut[C2]. Indeed, otherwise, any boundary 
y
le α = e1, e
′
1 . . . , ei, e

′
i of M wouldhave even length i ≥ 4 and its label φ(α) = φ(e1) . . . φ(ei) would be a stri
tly 
y
li-
ally redu
ed 
onjugate of g: A 
ontradi
tion.So we 
onsider the element s = φ(ee′)φ(ff ′) whi
h lies in a fa
tor of Aut[C2].Case 1: Assume that s is not in the amalgamated part.Change the label on the half-segment e′ to 1, readjusting the labels onthe other half-segments at the se
ondary vertex separating e and e′. Inother words this amounts, for ea
h half-segment g ending at this se
ondaryvertex, to repla
e its label φ(g) by φ(ge′).In the same way, 
hange the label on the half-segment f to 1, readjustingthe labels on the other half-segments at the se
ondary vertex separating fand f ′.Then we identify the (oriented) half-segments e′ and f−1 (whi
h nowhave the same labels) (see Fig. 3, where the • are primary verti
es and the

◦ are se
ondary verti
es).

• • •◦ ◦

• •

//
φ(e)

//
φ(e′)

//
φ(f)

//
φ(f ′)

GG����
φ(g)

���� ��
//

//

φ(h)
//

//

• • •◦ ◦

• •

//
φ(ee′)

//1 //1 //
φ(ff ′)

GG����
φ(ge′)

���� ��
//

//

φ(fh)
//

//

•

•

•◦

• •

//
φ(ee′)

1

//
φ(ff ′)

CC����
φ(ge′)

���� ��
88

88

φ(fh)
88

88

relabel
//

identify





Figure 3. Relabellings and identi�
ations in 
ase 1.Case 2: Assume that s is in the amalgamated part.Note �rst that the diagram has no loop of length ≤ 2. Indeed, su
h aloop α would be a boundary 
y
le of some stri
tly smaller subdomain, so



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 19that, by lemma 37 below, φ(α) would be the produ
t of stri
tly less that n
onjugates of f . This would 
ontradi
t the minimality of n.Therefore, if u is the initial vertex of ee′, v its terminal vertex (as well asthe initial vertex of ff ′) and w the terminal vertex of ff ′, then the verti
es
u, v, w are distin
t.Re
all that φ(f)φ(f ′) = φ(e′)−1φ(e)−1s. We 
hange the labels in thefollowing way (see Fig. 4):

• we 
hange the label of f to φ(e′)−1, readjusting the labels on the otherhalf-segments at the se
ondary vertex separating f and f ′;
• we 
hange the label of f ′ to φ(e)−1;
• for ea
h half-segment g having w as initial vertex, we repla
e its label
φ(g) by sφ(g).Then we identify the (oriented) segments e, e′ and f ′−1, f−1 (whi
h nowhave the same labels).

• • •◦ ◦ ◦

•

u
//

φ(e)
//

φ(e′)

v
//

φ(f)
//

φ(f ′)

w
//

φ(g)

��
//

//

φ(h)
//

//

• • •◦ ◦ ◦

•

u
//

φ(e)
//

φ(e′)

v
//

φ(e′)−1

//
φ(e)−1

w
//

sφ(g)

��
//

//

φ(e′fh)
//

//

•

•

◦

◦

•

u=w

�� φ(e)

v

��
φ(e′)

//
sφ(g)

//

φ(e′fh)

relabel
44

identify

��

Figure 4. Relabellings and identi�
ations in 
ase 2.Note that after performing the identi�
ation in 
ase 1 (resp. in 
ase 2) theboundary length drops by 1 (resp. by 2). Note also that if two regions D1 and
D2 share at least one half-segment, and if r1, r2 are two boundary 
y
les of theseregions with respe
t to a 
ommon starting point, then we 
an not have r1 = r−1

2 .Indeed, if it was the 
ase, removing the two regions from the diagram and apply-ing lemma 37 we would obtain a new element in R(f) that would 
ontradi
ts theminimality of n. In fa
t, by lemma 38, two regions in the diagram never share anedge of length greater than 4.Step 4. By indu
tion, the previous step gave us a diagramwith a boundary length
≤ 2. We now perform one last more identi�
ation to obtain that the boundarylength of M is at most 1. If the last identi�
ation falls under 
ase 1 there is noparti
ular problem. However, if we are in 
ase 2, then we 
an no longer assume thatthe verti
es u and w are disjoint. So we slightly modify the pro
edure: we keep the



20 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYlabel of f ′ to be φ(e)−1s and we only identify the half-segments e′ and f . It mayhappen that after this identi�
ation the label of the segment ef ′ on the boundaryof M is in the amalgamated part: appart from being slightly non aestheti
al, thiswill not be a problem in the proof of theorem 44.
�Lemma 36. Any 
onjugate of f (notation as in theorem 35) 
an be written underredu
ed form ψrψ−1, where r is a weakly 
y
li
ally redu
ed 
onjugate of f .Proof. Re
all that a hyperboli
 element of Aut[C2] is stri
tly (resp. weakly) 
y
li-
ally redu
ed if and only if its geodesi
 
ontains (resp. interse
ts) the edge e =

id(A ∩ E) in the Bass-Serre tree (see lemma 8). Let now g be a 
onjugate of f .If the geodesi
 of g interse
ts e, we 
an just set ψ = id, r = g. Therefore, let usassume that this geodesi
 does not interse
t e.Let d be the natural distan
e on the Bass-Serre tree and I be the middle of theedge e. For any element h of G, we have |h| = d(I, h(I)).Let p ∈ Geo(g) be the unique vertex su
h that d(Geo(g), e) = d(p, e). Sin
e
d(p, e) ≥ 1, there exists a unique point I ′ on the geodesi
 [p, I] su
h that d(p, I ′) = 1

2 .The group G a
ting transitively on the middles of the edges of the Bass-Serre tree,there exists an element ψ of G su
h that ψ(I) = I ′. Let us set r = ψ−1gψ. We have
Geo(r) = ψ−1(Geo(g)) and d(Geo(g), I ′) = 1

2 , so that d(Geo(r), I) = 1
2 and Geo(r)meets e, i.e. r is weakly 
y
li
ally redu
ed. Finally, we have |g| = |f |+2d(I, I ′)+1,

|ψ| = d(I, I ′) and |r| = |f | + 1, so that |g| = |ψ| + |r| + |ψ−1|.
�The following result 
an be proven similarly as lemma 1.2 in [LS01, p. 239℄ (thatis, by indu
tion on the number m of regions).Lemma 37. Let M be an oriented 
onne
ted and simply 
onne
ted diagram with

m regions D1, . . . , Dm. Let α be a boundary 
y
le of M (beginning at some vertexof ∂M) and let βi be a boundary 
y
le of Di (beginning at some vertex of ∂Di),for 1 ≤ i ≤ m. Then φ(α) belongs to the normal subgroup generated by the φ(βi),
1 ≤ i ≤ m. More pre
isely, there exists u1, . . . , um in Aut[C2] su
h that

φ(α) = (u1 φ(β1)u
−1
1 ) . . . (um φ(βm)u−1

m ).3.3. A di
tionnary between Bass-Serre and Lyndon-S
hupp theories. Let
α be a boundary 
y
le of some region of M (as in theorem 35) beginning at somevertex v. If v is primary (resp. se
ondary), φ(α) is a redu
ed form of a stri
tly
y
li
ally redu
ed (resp. non stri
tly 
y
li
ally redu
ed) element of R(f).Lemma 38. If D1, D2 are two distin
t regions of a diagram M having a 
ommonedge, there exists a primary vertex v of ∂D1 ∩ ∂D2 su
h that the labels g1, g2 of theboundary 
y
les of D1, D2 beginning at v satisfy

|Geo(g1) ∩ Geo(g2)| ≥ |∂D1 ∩ ∂D2|.Proof. If k is the largest integer su
h that k < |∂D1∩∂D2|, there exists a path of ksegments s1, . . . , sk in
luded into ∂D1 ∩ ∂D2. We 
an just take for v the initial orterminal vertex of this path (if k = 0, these two verti
es 
oin
ide). Indeed, we mayassume that g1 has normal form g1 = φ(s1) . . . φ(sk)x1 . . . xm (where ea
h xi is insome fa
tor of G). Therefore, g−1
2 has normal form g−1

2 = φ(s1) . . . φ(sk)y1 . . . ym(where ea
h yi is in some fa
tor of G).



NORMAL SUBGROUP GENERATED BY AN AUTOMORPHISM 21The geodesi
s Geo(g1) and Geo(g−1
2 ) = Geo(g2) 
ontain the k + 1 
onse
utiveedges:

id (A ∩ E), φ(s1) (A ∩E), . . . , φ(s1) . . . φ(sk) (A ∩E).

�Example 39. Assume that M 
ontains the two regions depi
ted in Fig. 5 (the •are primary verti
es, the se
ondary verti
es are denoted by ◦ only when they havevalen
e ≥ 3).
• •◦ ◦

• •

• •
D1

D2��????e4

????
oo

a3

??��
��

e3

��
��

����
��e1

��
��

//
a2

__????

e2

????

id idoo
a1 v

Figure 5We get g1 = a1e1a2e2, g2 = e3a3e4a
−1
1 and Fig. 6 gives the pi
ture in the Bass-Serre tree. Note that here for simpli
ity we took D1 and D2 with boundary length

4, but in the 
ontext of theorem 35 any region has boundary length at least 10.
•

•

• • •

•

•

e
−1

2
A

??
??

??
?

e3A

�������

idE idA

a1e1A

��
��

��
�

a1e
−1

4
A

???????

a1E

g1

::

g2

zz Figure 6Lemma 40. If v is a vertex of valen
e 3 of M with regions D1, D2, D3 meetingat v and if g1, g2, g3 are the labels of the boundary 
y
les of these regions beginningat v, then the geodesi
s of the gi's form a tripod in the Bass-Serre tree and for all
i, j's:

|Geo(gi) ∩ Geo(gj))| ≥ |∂Di ∩ ∂Dj |.Proof. The vertex v is ne
essarily se
ondary. Let e1 (resp. e2, resp. e3) be the(oriented) half-segment having v as initial vertex and in
luded into ∂D2 ∩ ∂D3(resp. ∂D1 ∩ ∂D3, resp. ∂D1 ∩ ∂D2). The φ(ei)'s are in the same fa
tor of G andif i 6= j, φ(ei)φ(ej)
−1 is not in the amalgamated part. As in lemma 38, let k bethe largest integer su
h that k < |∂D1 ∩ ∂D2| and let s1, . . . , sk be segments su
hthat the path e3, s1, . . . , sk is in
luded into ∂D1 ∩ ∂D2. We may assume that g1has normal form
g1 = φ(e3)φ(s1) . . . φ(sk)x1 . . . xmφ(e2)

−1,



22 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYwhere ea
h xi is in some fa
tor of G. Therefore, g′1 = φ(e3)
−1g1φ(e3) is stri
tly
y
li
ally redu
ed and has normal form

g′1 = φ(s1) . . . φ(sk)x1 . . . xm+1,where xm+1 = φ(e2)
−1φ(e3). Sin
e the geodesi
 of g′1 
ontains the 
onse
utiveedges

id (A ∩ E), φ(s1) (A ∩E), . . . , φ(s1) . . . φ(sk) (A ∩E),it is 
lear that the geodesi
 of g1 
ontains the 
onse
utive edges
φ(e3) (A ∩E), φ(e3)φ(s1) (A ∩ E), . . . , φ(e3)φ(s1) . . . φ(sk) (A ∩ E).One would show in the same way that these edges are also 
ontained in thegeodesi
 of g2, so that we get |Geo(g1) ∩ Geo(g2)| ≥ |∂D1 ∩ ∂D2|. The otherinequalities are proven similarly. We �nish the proof by noting that Geo(g1) ∩

Geo(g3) 
ontains the edge φ(e2) (A ∩ E) and that Geo(g2) ∩ Geo(g3) 
ontains theedge φ(e1) (A ∩ E). If the φ(ei)'s are in the fa
tor A (resp. E), it is 
lear that thethree edges φ(ei) (A ∩ E) interse
t at the vertex idA (resp. idE).
�4. The proof of theorem 24.1. A result about 
urvature. Let us re
all some notations from [LS01℄. If v isa vertex of a diagram M , the degree d(v) (or valen
e) of v will denote the numberof oriented edges having v as initial vertex (thus, if an edge has both endpointsat v, we 
ount it twi
e). If D is a region, the degree d(D) of D will denote thenumber of edges of D. The following formula de�nes a 
urvature 
ontribution forea
h region:

δ(D) = 2 − d(D) +
∑

v∈D

2

d(v)
.Lemma 41. For any diagram on the 2-sphere, we have

4 =
∑

D

δ(D).Proof. Let V,E, F be the numbers of verti
es, edges and fa
es of the diagram. Theformula is a dire
t 
onsequen
e of Euler's formula on the sphere 2 = V −E+F andof the obvious relations 2E =
∑

(v,D) 1, V =
∑

(v,D)
1

d(v) and F =
∑

(v,D)
1

d(D) :
4 = 2V + 2F − 2E =

∑

(v,D)

(
2

d(v)
+

2

d(D)
− 1

)
=

∑

D

δ(D)where the �rst sum runs over the 
ouples (v,D) with v a vertex and D a fa
e su
hthat v ∈ D.
�Corollary 42. For any planar diagram homeomorphi
 to the disk, we have

2 ≤
∑

D

δ(D).Proof. Let K be this diagram. Let L be the spheri
al diagram obtained by sti
kingalong their boundaries two 
opies K1 and K2 of K. Sin
e L is homeomorphi
 to
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∑

D∈L

δ(D), i.e.
4 =

∑

D∈K1

δ(D) +
∑

D∈K2

δ(D) = 2
∑

D∈K1

δ(D) ≤ 2
∑

D∈K

δ(D).The last inequality 
omes from the fa
t that for ea
h boundary region D in K the
ontribution 
urvature δ(D) 
omputed in the disk diagram is stri
tly bigger thanthe 
ontribution 
omputed in the spheri
al diagram. �Remark 43. Here is a (non 
omplete) list of fa
es D having negative or zero 
urva-ture:
• D with d(D) ≥ 6;
• D with d(D) = 5 and at most 3 verti
es of D are tripods;
• D with d(D) = 4 and ea
h vertex of D has valen
e at least 4;
• D with d(D) = 4 and D admits a tripod, two verti
es of valen
e at least 4and a fourth vertex of valen
e at least 6;
• D with d(D) = 3 and ea
h vertex of D has valen
e at least 6.4.2. The end of the proof. We are now in position to prove theorem 2. As intheorem 1, we will prove a stronger and more geometri
 version:Theorem 44. If f ∈ G is a hyperboli
 element of geometri
 length lg(f) ≥ 14satisfying 
onditions (C2), then the normal subgroup generated by f in Aut[C2] isdi�erent from G.Proof. We 
an assume that f is a stri
tly 
y
li
ally redu
ed element of length

lg(f) = |f | = 2l ≥ 14. If the normal subgroup generated by f in Aut[C2] was equalto G then, by theorem 35, there would exist an Aut[C2]-labeled oriented diagram
M su
h that:(1) M is 
onne
ted and simply 
onne
ted;(2) The perimeter of M is ≤ 1;(3) If f1 . . . ft is a boundary 
y
le of some region of M , then t = |f | and

φ(f1) . . . φ(ft) is a redu
ed form of a stri
tly 
y
li
ally redu
ed 
onjugateof f .Let D1, D2 be two distin
t regions of M having a 
ommon edge. By proposition19 and lemma 38, we have |∂D1 ∩ ∂D2| ≤ 4. Sin
e |∂D1| ≥ 14, we 
on
lude thatany interior region has at least 4 edges.Furthermore, if D1, D2, D3 are three distin
t regions of M having a 
ommonvertex of valen
e 3, by lemmas 29 and 40, we know that ea
h edge ∂Di ∩ ∂Dj is atmost of length 2. In 
onsequen
e, if an interior region has at least 1 interior vertexof valen
e 3, then this region has at least 5 edges. Similarly, if an interior regionhas at least 3 interior verti
es of valen
e 3, then this region has at least 6 edges.By the previous observations, and using remark 43, we 
on
lude that the 
ur-vature 
ontribution δ(D) of any interior region D is non positive. Let us examinenow the 
ontribution of the boundary regions. Sin
e the perimeter is at most 1 (i.e.at most two half-segments), there are at most 2 boundary regions.Suppose there are exa
tly 2 boundary regions. Sin
e the boundary edge of su
ha region D is an half-segment, it is easy to 
he
k that D has at least 5 edges, andthat if at least one interior vertex is of valen
e 3 then D has at least 6 edges. Thus
δ(D) ≤ 0.



24 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYAssume now that there is only 1 boundary region D. Then the only boundaryvertex of D (whi
h has to be 
ounted twi
e) has valen
e at least 4. So D has atleast 5 edges, and if D has exa
tly 5 edges then the 3 interior verti
es 
an not beof valen
e 3, and again we obtain δ(D) ≤ 0.In 
on
lusion we have ∑
δ(D) ≤ 0, whi
h is 
ontradi
tory with lemma 42. We
on
lude that the normal subgroup generated by f in Aut[C2] 
an not be equal to

G. �5. The remaining 
ases: length 10 and 12In this se
tion we present some of the problems that await the reader who wouldlike to extend our results to the 
ase of an automorphism of length 10 or 12, alongwith two striking examples of 
on�guration in the Bass-Serre tree.5.1. Length 12. The main problem to adapt our strategy to the 
ase of f with
lg(f) = 12 is that we have to deal with regions in a R(f)-diagram that are triangleswith 3 edges of length 4. Then we would have to study not only tripods 
omingfrom 3 
onjugates of f , but their generalization, whi
h we 
all n-pods, 
oming from
n 
onjugates fi (0 ≤ i ≤ n−1) of f . It is the 
ase where the geodesi
s Geo(fi) havea 
ommon vertex and where ea
h pair Geo(fi),Geo(fi+1) has at least one edge in
ommon (where i = 0, ..., n− 1 and the index are taken modulo n). Pre
isely to besure that the 
urvature of su
h a triangle is non positive it would be su�
ient tohave the followingLemma/
onje
ture 45. If n 
onjugates of f form a n-pod in the Bass-Serre tree,with two 
onse
utive bran
hes of length 4, then n ≥ 6.We believe that this result is true, but the veri�
ation seems to have to involvea very long list of 
ases: that is why we do not think reasonable to try to presenta proof. However it is interesting to note that there exists 6-pods with bran
hes oflength 4.Example 46 (6-pod with all bran
hes of length 4). Let us 
onsider an automor-phism f0 with lg(f0) ≥ 8, that we 
an suppose (up to 
onjuga
y and taking theinverse) to be stri
tly 
y
li
ally redu
ed of the form

f0 = e1a1e2a2 · · · elalIn order to simplify 
omputations we will suppose ai = a(0) = (y,−x) for all i, butit would be possible to do the general 
ase in a similar way. We note e = e1 =
(x+ P (y), y). We are going to 
onstru
t f1, · · · , f5 �ve 
onjugates of f0 su
h thattheir geodesi
s form a 6-pod (see �gure 7).For i = 1, · · · , 5 we 
hoose 
onstants ci 6= 0 and we set ti = (x, y + ci). We take
fi = φif0φ

−1
i where

φ1 = et1e
−1

φ2 = et1e
−1t2

φ3 = et1e
−1t2et3e

−1

φ4 = et1e
−1t2et3e

−1t4

φ5 = et1e
−1t2et3e

−1t4et5e
−1Note that f2 = φ1t2f0t

−1
2 φ−1

1 = φ1t2φ
−1
1 f1φ1t

−1
2 φ−1

1 thus the geodesi
 of f1 and f2share 4 edges. We 
an make a similar remark for all pairs fi, fi+1 with i = 0, · · · , 4.
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Figure 7. A 6-pod with all bran
hes of length 4 (example 46)Now suppose that the 
onstants ci satisfy:
c1 + c2 + c3 = 0

c2 + c3 + c4 = 0

c3 + c4 + c5 = 0For instan
e one 
an take (c1, c2, c3, c4, c5) = (1, 1,−2, 1, 1).A straightforward 
omputation shows that
et1e

−1t2et3e
−1t4et5e

−1 =

(x+ P (y + c1 + c2 + c3 + c4 + c5) − P (y + c2 + c3 + c4 + c5) + P (y + c3 + c4 + c5)

−P (y + c4 + c5) + P (y + c5) − P (y), y + c1 + c2 + c3 + c4 + c5) = (x, y − c3)and this implies that the geodesi
s of f0 and f5 share 4 edges, as shown on Fig. 7.5.2. Length 10. The 
ase of f of length 10 seems even more doubtful. For instan
eone 
ould have pentagonal regions with all edges of length 2 and all verti
es ofvalen
e 3. It is probably easy to rule out this 
ase, but there are some harder ones.One 
ould have triangular regions with edges of length 4, 4, 2. The example 46allows us to glue 6 su
h triangles along their edge of length 4, to obtain a R(f)-diagram with boundary length 12. One 
an wonder if it possible to glue two su
hdiagrams to obtain a R(f)-diagram on a sphere (in this 
ase our strategy wouldfail). One would need to have 4-pods with bran
hes 4, 2, 4, 2. We do not know ifthis is possible, but the following example shows again that we would have to relyon very 
areful 
omputations to ex
lude this 
ase (note also that the assumption'
onse
utive' was 
ru
ial in the statement of lemma 45)Example 47 (4-pod with bran
hes of length 4, 1, 4, 1). Similarly to the previousexample we take fi = φif0φ
−1
i where
φ1 = et1e

−1

φ2 = et1e
−1t2

φ3 = et1e
−1t2et3e

−1with t1 = t3 = (x + c, y) and t2 = (−x, y − c). Then one 
an verify that φ3 =
(−x, y + c) and the geodesi
s of the fi form a 4-pods as on �gure 8.
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Figure 8. A 4-pod with bran
hes 4,1,4,1 (example 47)Annex: generi
ity of 
ondition (C2)We begin with a reformulation of theorem 44:Theorem 48. Let l ≥ 7 be an integer. Assume that the polynomials P1, . . . , Pl ∈
C[y] are general and independent. If the element f of G 
an be written f =
a1e1 . . . alel where ei = e(Pi) and ai ∈ A \ E for ea
h i, then the normal subgroupgenerated by f in Aut[C2] is di�erent from G.In this se
tion, we will show that if P1, . . . , Pl are generi
 (in some sense), thenthey are general and independent. We will also �nish by giving expli
it examples.A. Generi
ity of 
ondition (C1). The aim of this subse
tion is to show that
ondition (C1) is generi
 (see 
orollary 56 and remark 57). For te
hni
al purposeswe introdu
e a variation of the notion of general polynomial (see def. 15).Lemma 49. Let Q ∈ C[y] be a polynomial. The following assertions are equivalent:(1) ∀α, β, γ ∈ C, Q(y) = αQ(βy + γ) =⇒ α = β = 1 and γ = 0;(2) ∀α, β, γ ∈ C, Q(y) = αQ(βy + γ) =⇒ β = 1.Proof. (1) ⇒ (2) is obvious. Let us prove (2) ⇒ (1). If Q satis�es (2), note that
Q 
an not be 
onstant. If Q(y) = αQ(y + γ), it is enough to show that γ = 0. Let
ζ be a root of Q. Sin
e ζ + nγ is also a root of Q for any integer n, we must have
γ = 0. �De�nition 50. We say that Q is weakly general if it satis�es the equivalentassertions of lemma 49.Remark 51. Clearly if Q′ is weakly general then Q is also weakly general. Further-more, Q(k) is weakly general if and only if the following equivalent assertions aresatis�ed:(1) ∀α, β, γ ∈ C, deg(Q(y) − αQ(βy + γ)) < k =⇒ α = β = 1 and γ = 0;(2) ∀α, β, γ ∈ C, deg(Q(y) − αQ(βy + γ)) < k =⇒ β = 1.In other words, a polynomial Q of degree d ≥ 5 is general if and only if Q(d−3) isweakly general.Lemma 52. The following assertions are equivalent:(1) Q is not weakly general;(2) there exists c ∈ C, R ∈ C[y], k ≥ 0, n ≥ 2 su
h that Q(y + c) = ykR(yn).Proof. (1) =⇒ (2). If Q is not weakly general, there exists α, β, γ with β 6= 1 su
hthat Q(y) = αQ(βy + γ). If we set c = γ

1−β
, then the polynomial P (y) = Q(y + c)satis�es P (y) = αP (βy). Writing P =

∑
i piy

i, the last equation is equivalent to
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∀i, (1 − αβi)pi = 0. If β is not a root of unity, this implies that there exists k ≥ 0su
h that P = pky

k. Assume now that β is a primitive nth root of the unity. If
P 6= 0, there exists k ≥ 0 su
h that pk 6= 0 and so α = β−k. Sin
e pi 6= 0 implies
i ≡ k (mod n), we get P = ykR(yn), where R(y) =

∑
i pk+niy

i.(2) =⇒ (1). This is a 
onsequen
e of the previous 
omputation. �Proposition 53. (1) If d ≥ 3, the generi
 element of C[y]≤ d is weakly general;(2) If d ≥ 5, the generi
 element of C[y]≤ d is general.Proof. If u ∈ R, we denote its integer part by [u].(1) If Q ∈ C[y]≤ d is not weakly general, by lemma 52 we 
an write
Q(y) = (y − c)kR ((y − c)n)where 0 ≤ k ≤ d, 2 ≤ n ≤ d, c ∈ C, e = [d/n] and R ∈ C[y]≤ e. Therefore, Qbelongs to the image of the following morphism

ϕk,n : C × C[y]≤ e → C[y], (c, R(y)) 7→ (y − c)kR((y − c)n). However
dim Imϕk,n ≤ dim(C × C[y]≤ e) = e+ 2 ≤

d

n
+ 2 ≤

d

2
+ 2 < d+ 1 = dim C[y]≤ d.(2) is a dire
t 
onsequen
e of (1), by 
onsidering the map Q 7→ Q(d−3), and usingremark 51. �Proposition 54. If d1, d2 ≥ 5 and (P1, P2) is a generi
 element of C[y]≤ d1

×
C[y]≤ d2

, then P1, P2 represent di�erent 
olors.Proof. By lemma 12, if P1, P2 represent the same 
olor, then (P1, P2) belongs to theimage of the following morphism: ϕ : C[y]≤ d1
×C5 → C[y]×C[y], (P1, (α, β, γ, δ, ǫ)) 7→

(P1, αP1(βy + γ) + δy + ǫ). However,
dim Imϕ ≤ d1 + 6 < dim C[y]≤ d1

× C[y]≤ d2
. � �Remark 55. If d1 6= d2, proposition 54 is still more obvious. Indeed, the generi
element Pi of C[y]≤ di

has degree di. Therefore, if (P1, P2) is a generi
 element of
C[y]≤ d1

×C[y]≤d2
, then degP1 6= degP2, whi
h 
learly implies that P1, P2 representdi�erent 
olors.Propositions 53 and 54 give us the following result.Corollary 56. Fix a sequen
e of integers d1, . . . , dl ≥ 5. If (P1, · · · , Pl) is a generi
element of ∏

1≤ i≤ l C[y]≤ di
, then the polynomials Pi are general and representdistin
t 
olors.Remark 57. In other words, if ai ∈ A \ E and ei = e(Pi) for 1 ≤ i ≤ l, then theautomorphism a1e1 . . . alel satis�es 
ondition (C1).B. Generi
ity of 
ondition (C2). The aim of this subse
tion is to show that
ondition (C2) is generi
 (see 
orollary 60 and remark 61).Proposition 58. If d1, d2, d3 ≥ 8 and (P1, P2, P3) is generi
 in ∏

1≤ i≤ 3 C[y]≤ di
,then the polynomials P1, P2, P3 are independent.Proof. By permutations, it is enough to show the following two points:1) If (P1, P2) is generi
 in C[y]≤d1

× C[y]≤d2
, then (A ∩E)e(P2)(A ∩E) is not amixture of (A ∩E)e(P1)(A ∩E) and (A ∩ E)e(P1)(A ∩ E).2) If (P1, P2, P3) is generi
 in C[y]≤d1

×C[y]≤d2
×C[y]≤d3

, then (A∩E)e(P3)(A∩
E) is not a mixture of (A ∩ E)e(P1)(A ∩ E) and (A ∩ E)e(P2)(A ∩ E).



28 JEAN-PHILIPPE FURTER AND STÉPHANE LAMYProof of 1. De�ne φ : C[y]≤d1
× C8 → C[y]≤d1

× C[y],
(P1, (α, . . . , θ)) 7→ (P1, αP1(βy + γ) + δP1(ǫy + ζ) + ηy + θ).We have dim Imφ ≤ d1 + 1 + 8 < dim C[y]≤d1

× C[y]≤d2
. If (P1, P2) ∈ (C[y]≤d1

×
C[y]≤d2

) \ Imφ, it is 
lear that (A ∩ E)e(P2)(A ∩ E) is not a mixture of (A ∩
E)e(P1)(A ∩ E) and (A ∩ E)e(P1)(A ∩ E).Proof of 2. De�ne ψ : C[y]≤d1

× C[y]≤d2
× C

8 → C[y]≤d1
× C[y]≤d2

× C[y],
(P1, P2, (α, . . . , θ)) 7→ (P1, P2, αP1(βy + γ) + δP2(ǫy + ζ) + ηy + θ).We have dim Imφ ≤ (d1 + 1) + (d2 + 1) + 8 < dim C[y]≤d1

× C[y]≤d2
× C[y]≤d3

. If
(P1, P2, P3) ∈ (C[y]≤d1

×C[y]≤d2
×C[y]≤d3

)\Imψ, it is 
lear that (A∩E)e(P3)(A∩E)is not a mixture of (A ∩ E)e(P1)(A ∩ E) and (A ∩ E)e(P2)(A ∩ E). �Corollary 59. Fix a sequen
e of integers d1, . . . , dl ≥ 8. The generi
 element
(P1, · · · , Pl) of ∏

1≤ i≤ l C[y]≤ di
is an independent sequen
e.Combining 
orollaries 56 and 59, we get:Corollary 60. Fix a sequen
e of integers d1, . . . , dl ≥ 8. The generi
 element

(P1, · · · , Pl) of ∏
1≤ i≤ l C[y]≤ di

de�nes a sequen
e of general and independent poly-nomials.Remark 61. In other words, if ai ∈ A \ E and ei = e(Pi) for 1 ≤ i ≤ l, then theautomorphism a1e1 . . . alel satis�es 
ondition (C2).C. Expli
it examples. Lemmas 62 and 65 below will allow us to give expli
itexamples of polynomials P1, . . . , Pl ∈ C[y] whi
h are general an independent (seeexample 66).Lemma 62. Let P ∈ C[y] be a polynomial of degree d ≥ 3 and let M = −
pd−1

dpd

bethe arithmeti
 mean of its roots. If there exists two 
onse
utive integers k ≥ 0 su
hthat P (k)(M) 6= 0, then P is weakly general.Proof. If P (y) = αP (βy + γ), then the automorphism f of the a�ne line given by
f(y) = βy + γ permutes the roots of P . Sin
e f is a�ne, we must have f(M) =
M . By substituting M for y in the equality P (k)(y) = αβkP (k)(f(y)), we get
(1 − αβk)P (k)(M) = 0. When
e the result. �Remark 63. We always have P (d−1)(M) = 0. Therefore, if P has degree 2, itis not possible to �nd two 
onse
utive integers k su
h that P (k)(M) 6= 0. Asa 
onsequen
e, it is not possible to show that P is weakly general by using ananalogous version of lemma 62. In fa
t, it is easy to 
he
k that no polynomial ofdegree 2 is weakly general!Example 64. Let P =

∑
i piy

i be a polynomial of degree d ≥ 5.(1) If pd−1 = 0 and pd−2pd−3 6= 0, then P is general;(2) If pd−1 6= 0 and pd−2 = pd−3 = 0, then P is general.Lemma 65. A family (Pi)i of general polynomials satisfying | deg Pi−deg Pj | > 3for any i 6= j is independent.
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ontradi
tion) that deg
∑

1≤ k ≤ 3

αkPik
(βky + γk) ≤ 1 andthat we do not have i1 = i2 = i3.First 
ase. i1, i2, i3 are distin
t.By the assumption, degPi1 , degPi2 , degPi3 are distin
t, this is impossible.Se
ond 
ase. i1, i2, i3 are not distin
t.We may assume that i1 = i2 6= i3.Sin
e Pi1 is general, for any α, β, γ, the polynomial Pi1(y)−αPi1 (βy+ γ) eitherhas degree ≥ deg Pi1 − 3 or is null. More generally, the same result holds for

Q(y) =
∑

1≤ k ≤ 2

αkPi1(βky + γk). But | degPi3 − degPi1 | > 3 by the assumption, sothat degQ 6= degPi3 . Therefore, we 
annot have deg(Q+α3Pi3(β3y+γ3)) ≤ 1. �Example 66. By example 64, the polynomial yd + yd−1 is general for d ≥ 5.Therefore, if we set Pd = y4d+1 + y4d, the polynomials P1, . . . , Pl are general andindependent (for any l). As a 
onsequen
e, if ai ∈ A\E and ei = e(Pi) for 1 ≤ i ≤ l,then f = a1e1 . . . alel satis�es 
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