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ON THE HOMOLOGY STABILITY RANGE FOR SYMPLECTIC
GROUPS

MARCO SCHLICHTING

ABSTRACT. We improve, by a factor of 2, known homology stability ranges
for the integral homology of symplectic groups over commutative local rings
with infinite residue field and show that the obstruction to further stability is
bounded below by Milnor-Witt K-theory. In particular our stability range is
optimal in many cases.
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1. INTRODUCTION

This paper addresses the question of optimal homology stability for symplec-
tic groups over local rings. Recall that the symplectic group Sp,, (R) over a
commutative ring R is the group of R-linear automorphisms A of R2™ that pre-
serve the standard symplectic inner product, that is, (Az, Ay) = (x,y) for all
z = (z1,%2,....,%2n), ¥ = (Y1,Y2, ... y2n) € R** where (z,y) = D1 | (T2i41Y2i4+2 —
T2i2Y2i+1). We consider Sp,, (R) as a subgroup of Sp,, ,(R) by means of the
embedding A +— (1152 Ex)' The following is part of Theorem [7.]] in the text. All
homology groups in this paper are with integer coefficients unless indicated other-
wise.

Theorem 1.1. Let R be a commutative local ring with infinite residue field and
n > 1 an integer. Then the relative integral homology groups satisfy

In particular, for all integers n > 0 inclusion of groups induces isomorphisms
(12)  Hou(Spoy B) —> Hon(SPanya R) — Han(Spyp s R) — -+
and a surjection followed by isomorphisms

(13) H2n+1(Sp2n R) - H2n+1(sp2n+2 R) i H2n+1(sp2n+4 R) i} .
1
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For n = 1, the isomorphisms (ICZ) where proved by van der Kallen [vdKT77]
generalizing the results of Matsumoto [Mat69)] for infinite fields. In joint work with
Sarwar [SS21], we proved ([L3) for n = 1. Mirzaii [Mir05] proves that the relative
homology groups in (II)) vanish for d < n — 1. For infinite fields, Essert [Ess13]
and Sprehn-Wahl [SW20] prove the vanishing of that group for d < n. Thus, our
result improves the best known stability ranges by a factor of two.

For a commutative local ring R with infinite residue field, consider the graded
Z|R*]-algebra generated in degree 1 by the augmentation ideal I[R*] C Z[R*] mod-
ulo the Steinberg relation [a] ® [1 —a] for a,1 —a € R*. For n > 2, the n-th degree
part of that algebra is the n-th Milnor-Witt K-group KW (R) of R [Schl7, §4]
which was first defined in [Morl2] for fields where it plays an important role in
Al-homotopy theory. The following is Theorem in the text.

Theorem 1.2. Let R be a commutative local ring with infinite residue field and
n > 1 an integer. Then the inclusion Spsy, (R) C SLay(R) induces a surjection

Hon(SPay, R, Spa, 5 R) = Han(SLon R, SLan—1 R) = K37V (R).

In particular, the homology stability range in Theorem [[I] is optimal as soon
as the Milnor-Witt K-theory group K2ZW(R) is non-trivial. This happens, for
instance, when the residue field of R has a real embedding. For many infinite fields,
the surjection Hy(Sp, R, Spy R) = KMW(R) is not injective; see Remark

The strategy for proving our homology stability range is classical. We construct
a highly connected chain complex on which our groups act and study the resulting
spectral sequences. The chain complex we use is essentially that of [SS21]. In loc.
cit. we were not able to prove degeneration of the spectral sequence. This is what is
achieved here. Our innovation is the Limit Theorem which gives a criterion for
the vanishing of certain modules built out of relative homology groups that carry
an action of the multiplicative monoid (R, -,1) of a ring R and may be useful for
groups other than Sp,,, (R); see the examples in Section [

2. NON-DEGENERATE UNIMODULAR SEQUENCES

In this section we review notation and a few results from [SS21].

Throughout this paper, n > 0 will be an integer, R will be a commutative local
ring with infinite residue field, R* its group of units, GL, (R) the group of invertible
n X n matrices with entries in R,

P2
o I
Yo =2 L - Lapg = . :@1/12, va=(%%)

: 1
Y2
the standard hyperbolic symplectic form of rank 2n,
SP, (R) = {A € GL2w(R)| Aty A = o}

the symplectic group or rank 2n, considered as a subgroup of Spy,,, »(R) by means
of the embedding

100
(2.1) SD9, (R) C Spapa(R): Ars (318

For the purpose of this paper, the symplectic group of rank 2n + 1 is the subgroup
SPast1() = {A € Spy,1o(R)| Aer = e1}
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of Spy,, 1o(R) fixing the first standard basis vector e;. This is the group of matrices

1 ¢ uypM
(22) (056"

Ou M
where 1) = 9, M € Sp,,,(R), u € R*, ¢ € R. The inclusions (2] refine to the
sequence of inclusions of groups

(2.3) 1 =Spy(R) C Spy(R) C Spy(R) C -+ C Sp,(R) CSppyy(R) C ...
where

100
SD2u(R) C g (R): M > (838 ), Spy 1 (R) € Spy(R) : Mo M,

In Theorem [[ Tl below we study homology stability for the sequence of groups (2.3)).
We shall denote the inclusions Sp,.(R) C Sp,(R) by €2, or simply by ¢ if source and
target group are understood, r < s. Small rank symplectic groups are as follows

Spo(R) = {1}, Spi(R) ={(§§)| c€ R}, Spy(R)=SLa(R).

Let 0 < ¢ be an integer. We denote by Skew,(R) the set of g x g skew symmetric
matrices with entries in R, that is those matrices A = (a;;) such that a;; = —a;i,
ai; =0, a5 € R, 1 <4,57 <q. We denote by

Skew, (R) C Skew,(R)

the subset of non-degenerate skew-symmetric matrices, that is those matrices A €
Skew, (R) such that for all subsets I C {1, ...,q} of even cardinality the matrix Ay,
obtained from A deleting all rows and columns not in I, is invertible.

The R-module R?" will aways be equipped with the standard symplectic bilinear
form (z,y) = > (T2i41Y2i12 — Tair2y2i+1) where @ = Y(z1,22,...,22,), Y =
YY1, Y2, -y y2n) € R*™. The Gram matriz T'(v) of a sequence v = (v1,...,v,) of ¢
vectors vy, ..., vy, € R?" is the skew symmetric ¢ x ¢ matrix

I'(v) = (<Ui7vj>)li1,j:1 =" Yon v

with (i,7) entry (v;,v;). A sequence v = (v1,...,v,) of ¢ vectors in R*" is called
unimodular if each subsequence of length r < min(g,2n) is a basis of a direct
summand of R*". A unimodular sequence v = (v, ..., v,) of vectors in R*" is called
non-degenerate if for all subsets I C {1,...q} of even cardinality |I| < min(g,2n),
the Gram matrix I'(vy) is invertible, where v; is the sequence of vectors obtained
from v by deleting all columns not in I. We denote by

U,(R*™) = {v = (v1, ..., v4)| v non-degenerate unimodular in R*"}

the set of non-degenerate unimodular sequences of length ¢ in R2™. The set
Uo(R?™) is the singleton set consisting of the empty sequence, and the set U,(R")
is the singleton set with unique element the sequence (0,0, ...,0) of length ¢. The
symplectic group Sp,,, (R) acts from the left on U,(R*") by matrix multiplication
Av = (Avy, ..., Avy) for A € Sp,,(R), v = (v1,...,v9) € Uy(R?>™). Note that the
Gram matrix of v and Av are the same for all A € Sp,,(R). The following was
proved in [SS21] §2].

Lemma 2.1. Let R be a local ring. Then for all integers 0 < ¢ < 2n+1 the Gram
matriz defines a bijection

I : Spy, (R)\Uy(R*™) = Skew, (R).
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Definition 2.2. Let R be a local ring and n,q > 1 be integers. A non-degenerate
unimodular sequence u = (u1, ..., u,) € Uy(R*") is said to be in normal form if for
r = min(2n, q), the matrix (u, ..., u,) is upper triangular, (u;); = 1 for ¢ odd and
(u;)i—1 =0 for i even, i =1,...,7.

In this paper, we will identify R? with the subspace of R?" sending the standard
basis vector e; of RY to the standard basis vector e; of R?", i = 1,...,q. Note that
if ¢ < 2n and u € Uy(R*") is in normal form then u spans R?.

Lemma 2.3. Let R be a local ring and n,q > 1 be integers with ¢ < 2n+1. Then for
every A € SkeW;'(R), there is a non-degenerate unimodular sequence u € U,(R*™)
which is in normal form and such that T'(u) = A.

In the situation of Lemma 23] we will call u a normal form of A.

Proof of Lemmal2.3. This is proved by induction on ¢ > 1. The case ¢ = 1 is
clear, choosing u; = e;. Assume we are given A € Skew,1(R) and u € U,(R*")
generating RY, for instance, v is in normal form, such that I'(u) = Ay, 41 where
for I C {1,...,q + 1} we write A; for the skew symmetric matrix obtained from
A by deleting all rows and columns not in I. Then w is a basis in R? and thus
defines an invertible ¢ x ¢ matrix. If ¢ is even, then there is a unique = € RY
such that I'(u,z) = Ay, 441}, namely, the solution to ‘ui,z = v where v is the
g + 1st column of A with last row removed. If ¢ = 2n, set uq41 = z. If ¢ < 2n, set
Ug41 = T + eq41. If ¢ is odd, then ¢ — 1 is even and we let z € RY~! be the unique
solution to I'(u1,...,uq—1,2) = A1, q-1,4,q+1} and set ugy1 =  + aeqr1 where a
is the (g, q + 1)-entry of A. O

For a set S, we denote by Z[S] the free abelian group with basis S. We make
the graded abelian group
(2.4) ZIUL(R*M)] = {Z[Uy(R*™)],q > 0}
into a chain complex with differential d : Z[U,(R*")] — Z[Uy—1(R?*")] defined on
basis elements (v1, ..., v4) by
q

dv = Z(—l)”ldiv
i=1

where d;v = v)> = (v1,...,0;, ..., Ug) is obtained from v by deleting the i-th vector

v;. The following was proved in [SS21] §2].

Lemma 2.4. Let R be a local ring with infinite residue field and n > 0 an integer.
Then the chain complex (Z[U.(R?")],d.) is acyclic. That is, for all p € Z we have

H,(Z[U.(R*™)]) = 0.

Similarly, we make the graded abelian group Z[Skew (R)] into a chain complex
with differential d : Z[Skew, (R)] — Z[Skew,_;(R)] defined on basis elements A €

Skew;(R) by
q
dA =) (—1)*'d;A
i=1

where d; A = A} is obtained from A by deleting the i-th row and column. The
following was again proved in [SS21] §2].



HOMOLOGY OF SYMPLECTIC GROUPS 5

Lemma 2.5. Let R be a local ring with infinite residue field. Then the chain
complex (Z[Skew (R)], d.) is acyclic. That is, for all p € Z we have

H,(Z[Skew[ (R)]) = 0.

3. THE SPECTRAL SEQUENCE AND ITS E'-PAGE

In this section we introduce the spectral sequence (B which leads to our ho-
mological stability range in Theorem [l and identify its E'-term.

For a complex M, of abelian groups and an integer r € Z, we denote by M<, C
M, the subcomplex which is (M<,); = M, for i < r and (M<,); = 0 for i > r.
We call the resulting filtration --- C M<,_1 C M<, C M<,41 C --- of M, the
filtration by degree. The filtration by degree

Cgo(RQn) C Cgl(R%l) c---C ngn_l(R%l) C ngn(R%l) =C, (R2n)
of the complex
C.(R*") = Z[U<2n (R*")]
of Sp,,, (R)-modules yields the exact sequence of complexes

0— OSqfl(R%) - OSq(Rzn) - OSq(R%)/OSqfl(R%) — 0.

Upon applying the functor H,(Sp,,, ) = TorP2r(Z, ), the exact sequences
yield the exact couple D;+17q71 — Dzl)ﬁq — E;yq — D;1q71 where

Dzln,q = Hp+q(Sp2n(R)v CSq(R2n))v E;;,q = Hp+q(Sp2n(R)v CSq(R%)/CSq—l(RM))
and hence the spectral sequence
(3.1) By = Hy(Spyn(R), Co(R*™)) = Hpq(Span(R), Cx(R*™))
with differential d, , of bidegree (r — 1, —r).

The following lemma shows that the abutment of the spectral sequence (B
vanishes in degrees p + g < 2n.
Lemma 3.1. Let R be a local ring with infinite residue field. Then

H;(Sp,,(R), C«(R?™)) =0, i< 2n.

Proof. Let M be the kernel of d : Ca,(R*") — Ca,_1(R*"). By Lemma 24} the
inclusion of complexes M[2n] — C.(R?*") is a quasi-isomorphism. In particular,

H;(Spay (R), Cx(R*")) = Hi(Spyy, (R), M[2n]) = H;—2n(Spyy (R), M).
The result follows since for all G-modules M, we have H;(G, M) =0for j <0. O

Remark 3.2. In [SS21], we studied the spectral sequence associated with the
complex Z[U<a,4+1(R?™)] and its filtration by degree.

Let 0 < g < 2n be integers. Let v € U,(R?") be a non-degenerate unimodular
sequence which spans R?. Note that for every A € Skew,(R) there is such a v
with I'(v) = A, for instance a normal form of A will do; see Lemma As an
ordered basis of R?, v defines an element of GL,(R) and as such has a determinant
det(v) € R*. Using the standard functoriality of group homology as in [Bro94,
II1.8], we define a map

fo Hy(Spay—g(R); Z) — Hy(Spay (R); ZIUy(R*™)))
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; (e,0) 0<¢<2n, qeven

° (€0 Cdetv,v)s 0<gqg<2n, qodd
where ¢ : Sp,,,_,(R) — Spy,(R) is the standard embedding, v denotes the ho-
momorphism of abelian groups Z — Z[U,(R?*")] sending 1 to v, and for a € R*,
Ca : SPap_q(R) = Spy,_4(R) is conjugation A — DAD~! with the diagonal matrix

a 0 0
D= (0 a”t 0 ) € Spay—g41(R)
for 0 < g < 2n odd.

Lemma 3.3. Let ¢ be an integer such that 0 < q < 2n. Let u,v € Uy(R*") be
non-degenerate unimodular sequences that span RY. If T'(u) =T (v) then fi, = fy.

Proof. If q is even, then the R-linear automorphism B of R? sending u to v is an
isometry, since I'(u) = T'(v). We extend B to an isometry of R?" by requiring
Be; =¢; for i = ¢+ 1,...,2n. Since B € Sp,,,(R) commutes with every element of
SPan—q(R), we have f, = f,.

Assume now ¢ = 2r+1 odd, 0 < r < n. We consider u, v as elements in GL,(R).
There are unique vectors x,y € RIT! such that

tu |0 v |0
(0 1>1/1q+117—<0 1)¢q+1y—€q€Rq+l

since the (g+1) x (¢+1) matrices involved are invertible. Then I'(u, z) = I'(v, y), by
definition of z and y. We show that (v,y) is a basis of RT!. Indeed, let V C RI*!
be the R-span of vy, ...,v4—1. Then V equipped with the symplectic form {( , ) is
non-degenerate since the Gram matrix of vy, ...,v4—1 is invertible. Therefore, there
is a unique w € V such that (w, v;) = (v, v;) foralli =1,...,¢—1. In the orthogonal
decomposition V' L V1 = RIT1 of RI*1 | the vectors v,—w,y € V1 are a hyperbolic
basis of V+ since T'(v, —w, y) = 1a. It follows that (v1, ..., v4—1, v, — w, ) is a basis
of RIF hence (v1,...,04—1,0q, ) is a basis of RIT!. Similarly, (u,x) is also a basis
of R9Tt. The R-linear endomorphism B = (v,y) o (u,z)~! : RITt — RIT! sending
(u, ) to (v,y) is an isometry and thus has determinant 1 as Sp,;(R) C SLy11(R).
Since u,v € GL4(R), the matrices (u,x) and (v,y) have the form

(u,x)_<g ;O) and (v,y)—<%’y*—o).

Thus, xodet u = det(u, ) = det(v,y) = yo det v, and the matrix

( 1oy 0 0 B 12 O 0 g (R)
0 det™'v 0 ) ( 0 detu 0 ) € dOPya1
0 0 det v 0 0 det™'uw ot

~—

has last row equal to fe,1 = (0,0, ...,0,1). In particular, that matrix has the form

(#:%)
0

for some g,h € R171, go € R, and P € Sp,—1(R). Now we extend the isometry B
of Rt to all of R?" by requiring Be; = e; for i = ¢+ 2,...,2n. Then Bu = v,

o+
o~ o
»—IgiQ
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B € Sp,, (R), and for all M € Spy,, ,(R) we have cqetv(M) = B o cgetu(M) 0o B~
since

1o, O 0 0 1o, O 0 0 POy 0

0 det"'v 0 0 B 0 detu 0 0 =|‘hrlgo 0

0 0 detw 0 0 0 det'u 0 001 0 :
0 0 0 lon—g-1 0 0 0 lon—g—1 000 lapn_g—1

Any such matrix commutes with every matrix in Sp,,,_,(R) because

PO0Ogo 100 O PO g 0 100 0 PO0Ogo
th1go0 01bo ‘b ) — [ *h1gotbo® | — [ 01bo D th1go0
0010 001 0 00 1 0 0010 0010
0001 00 a N 00 a N 00 a N 000 1

for all a,b € R*"~971 by € R, N € Ma,_,_1(R). This finishes the proof. O

IS)

Corollary 3.4. For 0 < g < 2n, the following map, sending a ® A to f,(«), does
not depend on the choice of v and is an isomorphism

(32)  Hy(Sban_y() @2 Z[Skews ()] =5 Hy(Spa, (R); Z[U, (™))
provided v € Uy(R?") with T'(v) = A and v generates RY.

Proof. The map does not depend on the choice of v, by Lemma It is an
isomorphism, by Shapiro’s isomorphism in view of Lemma 2.1 (I

The following lemma identifies the E'-page of the spectral sequence ([B.1]) and
its d' differential.

Lemma 3.5. For 0 < q < 2n the following diagram commutes

@2
H.(Spyy—g—1;Z) ©z Z[Skew | ———2—> H.(Spay; Z[Ug1(R*™)])

E*®dl l(lvd)*

o2
H.(Spyyy—g; Z) @z Z[Skew | ———————> H..(Spa,; Z[Uy(R*™)]).

Proof. Recall that d = Y.%7'(~1)i*1d; where d; omits the i-th entry. We will
show that the diagram commutes with d; in place of d for i = 1,...,¢ + 1. On
the component of the upper left corner corresponding to A € Skewq++1(R) choose
u € Ugy1(R?") generating R such that I'(u) = A and d;u generates R?, for
instance, (d;u,u;) in normal form will do; see Lemma 233 Then I'(d;u) = d;A. In
view of Lemma we can use f, and fg,, for the horizontal maps.

If ¢ is even then ¢ + 1 is odd and going first right then down gives the map

(€3 —g—1 © Ca, dit)-

= (Bn_gdiuw)s o (caoernt 1) = (&, diu).
where ¢, is conjugation with the diagonal matrix D in Spy,,_,(R) whose diagonal
entries are (a,a™",13,_4—2) and a = det u. Conjugation with any D € Sp,,, . (R)
is the identity on H.(Spy,_,(R);Z). Thus, this map equals the map obtained by
going down then right.

If ¢ is odd, then ¢+ 1 is even and going right then down is (e, d;u) whereas going
down then right is (37, 0 cq 0 ean | du) = (32,1, d;u) since coeqn_t_| =
552:271 where ¢, is conjugation with the diagonal matrix (a,a™!,12,—q—1) of
SPap—g+1(R) and a = det d;u. O
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4. THE LiMiT THEOREM

The goal of this section is to prove the Limit Theorem .9 which is fundamental
in our proof of degeneration of the spectral sequence ([B.1) in Section

Let R be a commutative ring (which, for now, need not be local). An R-module
M carries a left action R x M — M : (a,z) — ax of the multiplicative monoid
(R,-,1) of R which is linear in M. In particular, it is a module over the associated
integral monoid ring Z[R] = Z[R,-,1]. We denote by (a) the element of Z[R]
corresponding to a € R and note that Z(0) C Z[R)] is an ideal. Since 0-M = 0, the
R-module M is naturally a module over the quotient ring

Zo[R] = Z[R]/Z(0) = Z[R, -, 1] /Z(0).

By functoriality, the multiplicative action of R on M induces a multiplicative action
on Hy(M), M®29, AIM, and M (q) where the latter is M with action through the
g-th power of its natural action. For ¢ > 1, all those modules are therefore Zg[R]-
modules. For instance, for ¢ > 1, the Zo[R]-module structure on

(4.1) M(q) is <Z ni<ai>> ST = Z n;al .

A Zy[R]-module M is an R-module if and only if the multiplicative left action of
Ron M is also linear in R, that is, if for all a, b € R, the element (a)+(b)—(a+b) acts
as zero on M. We may call such Zg[R]-modules linear. The criterion for linearity
is the m = 2-case of the following generalisation. For a sequence & = (z1,....,Zpm)
of m elements in R, and subset J C {1,...,m} we denote by x; the partial sum

Ty = Zl‘j € R.
jed
Then a Zg[R]-module M is linear if and only if the element
- > (=)Wlay) e ZoR]
0£JC{1,....m}

acts as zero on M for all m > 2 and all sequences x = (x1, ...., ., ) of m elements in
R. More generally, we have the following. Our convention is that 2° = 1 for x € R
even if x = 0.

Lemma 4.1. Let R be a ring, M an abelian group and let t > 1 be an integer. Let
[ ]: R = M : (ay,...,as) = [a1, ..., a]
be a Z-multilinear map. Let x = (x1,...,om) be a sequence of m > 1 elements

in R. Let p1(X),...,p:(X) € R[X] be polynomials of degrees y1,...,7:+ > 0 with
4+ <m. Then

(4-2) - Z (_1)“‘ [pl(xJ)v"' 7pt(xJ)] = [pl(o)v"'vpt(o)]'
0£JC{1,....,m}

Proof. We first prove the lemma for p;(X) = a; X", a; € R. f yy = =5 =0
then the left term in @2 is [a1, ..., at] = [p1(0),...,p:(0)] because

1+ Z (=)l = Z (-Dl=ag-1m=0
DAJC{1,....m} Jc{1,....m}
for m > 1.
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If 4 4+ -+ > 1 we write [n] for the set {1,...,n}. Then the left term in (£2)
is

Z (=) [ay(@s)", - ag(@ )]

0#£JC{1,....,m}

= ) (DY [arza, (1) - Zay ()5 -+ BT, 1) Ty ()
0£JIC[m],o4:[vi]—J,1<i<t

= > (1T 6, (1) Toy ()5 -+ UTo, (1) Ty ()] > (1)1
oi:[vi]—=[m],1<i<t t_ Im(v;)CJC[m]

= 0

since ) # J'_, Tm(;) € [m] as 1 <41 + -~ + 4 < m, and for S C [m] we have
S = (S = ()i 1yl <o
SCJC[m] JC[m]-S

Now we assume that pi(X),...,p:(X) € R[X] are arbitrary polynomials of de-
grees v, ..., v+ > 0 with v +- - -+ < m. Each polynomial p(X) is the sum of p(0)
and a Z-linear combination of polyomials a, X" with v > 1 and a, € R. It follows
that the left term of (£2) is the sum of

(4.3) - Y )Y pi(0),...,pe(0)]
0#JC{1,...,m}
and a Z-linear combination of terms
(4.4) - Y 0 @)™ an(w)]
0#£JC{1,...,m}

for some a; € R and where 0 < ¢; and 1 < 61 + -+ + §; < m. By the first part of
the proof, the terms (L4 are zero and therefore, the left term of (£2)) equals (£.3)
which is [p1(0),...p:(0)], again by the first part of the proof. O

For a sequence a = (aq, ..., ax,) of m elements in R and a polynomial p(X) € R[X]
with coefficients in R, we write s,(a) € Z[R] for the element

sl@)=— > D) € ZIRL.

0#JC{1,....,m}

Remark 4.2. For p(X) = X, the element s,(a) was first considered in [Schl7] to
prove optimal homology stability for special linear groups. Note that for m > 1

si=— > (-pl=1

0#JC{1,...,m}

Definition 4.3. Let R be a commutative ring. A Zo[R]-module M is called quasi-
linear if for every polynomial p € R[X] there is an integer mo > 0 such that for all
integers m > myg and all sequences a = (ay, ..., a;,) of m elements in R, we have

oM =0 where o = sp(a) — (p(0)) € Zo[R).
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Note that the category of quasi-linear Zo[R]-modules is a Serre abelian subcat-
egory of the abelian category of all Zg[R]-modules, that is, subobjects, quotients
and extensions of quasi-linear Zo[R]-modules in the category of Zy[R]-modules are
quasi-linear.

Example 4.4. By Lemma [l for all R-modules M the Zg[R]-modules M®29
AI M, and M(q) are quasi-linear for all ¢ > 1. We will see in Proposition 5.3 below
that Hs(M(q)), s > 1, and the relative integral homology groups Hs(M(q) X G, G)
are quasi-linear as well if G acts on M by means of R-module homomorphisms; see
Example (.41

Remark 4.5. Let (R,.#) be a local ring with infinite residue field R/.#, and
consider the ring homomorphism Zy[R] — Z sending R* to 1 and .# to 0. This
makes M = Z into a Zg[R]-module which is not quasi-linear, in particular, Zo[R)]
is not quasi-linear. Indeed, if p(X) = X then sp(a) acts as 1 on Z for all sequences
a = (ai,...,an,) of units a; € R* such that ay € R* for all § # J C {1...,m}, and
{p(0)) = 0 acts as 0. In particular c=*M = M for all o = s,(a) — (p(0)) and all
sequences a = (ay, ..., &y, ) of units in R as above. Since R has infinite residue field,
m can be chosen as large as we want.

In order to state our Limit Theorem [£.9] we need to introduce some terminology.

Definition 4.6. Let R be a local ring with infinite residue field k£ and denote by
7w : R — k the quotient map. A subset D C R of elements in R is called region if
D =7"1tn(D). A region D C R is called dense if k — 7(D) is finite.

Definition 4.7. Let R be a local ring, and D C R a dense region of R. A function
f : D — Zy[R] is called admissible if there are polynomials P € Z[Xj, ..., X,],
P;,Q; € R[X],i=1,...,n, such that Q;(t) € R* for all t € D and

0 r((B0).. (B cu

for all t € D. The polynomials P, P;, Q); are called presentation of f.

For a € R, we say that f is defined at a (relative to the presentation (P, P;, Q;))
if the elements Q;(a) € R are units in R. Clearly, f is defined at all elements of
D. Note that if f is defined at a € R then f(a) is a well-defined element in Zg[R],
given by (&3], though the value f(a) may depend on the presentation of f.

Definition 4.8. Let D C R be a region of a local ring R, and let f : D — Z|[R]
be an adimissible function represented by (P, P;,Q;) as in (£3). For a € RU {o0}
we say that the limit lim;_,, f(t) of f when t tends to a exists and write

lim f() =L € Zo[R]

if either of the following holds.

(1) If a € R, then we require f to be defined at a and set L = f(a).
(2) If a = oo, then we require deg P; < deg @; and the coeflicients of the highest
degree monomials of Q;(X) to be units, i = 1,...,n. Then

Qi(X) = X¥EUQ,(1/X), P(X)= XU P(1/X)
are polynomials with Q;(0) € R*, i = 1,...,n. We note that

== ({88} (50) <
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for 1/t € D, and that f is defined at 0 relative to the presentation (P, P;, Q;).
We set

L= Jim f(t)= lim £(1/0) = lim f(1) = F(0).

We do not know if lim; f(t) does or does not depend on the presentation of f.
For the purpose of this paper, the limit will always be calculated relative to a given
presentation of f.

Theorem 4.9 (Limit Theorem). Let R be a local ring with infinite residue field.
Let M be a quasi-linear Zo[R]-module, and let x € M. Let D C R be a dense region
of R, and let f : D — Zy|R] be an admissible function with given presentation.
Assume that f(t) € \/Ann(z) C Zo[R] for allt € D. Then for all a € RU {o0}, if
limy_,q f(t) exists in Zo[R] in the given presentation then that limit satisfies

tlgr(ll f(t) € v/ Ann(z).

Remark 4.10. The Limit Theorem does not hold for all Zy[R]-modules M. For
instance, let K be an infinite field, and consider the ring homomorphism Z[K] — Z
sending the elements of K* to 1 (and (0) to 0). This makes the target M = Z into a
Zo[K]-module. For f(t) = —(t) +1, presented by P(X) = —-X +1 and P;(X) = X,
Q1(X) =1, we have f(t)M =0 for all t € D = K*, but f(0) = 1 is not in the
radical of the annihilator of a generator of M. Therefore, some condition such as
7 quasi-linear” is required for the theorem to hold.

Proof of Theorem[].9 Let (P, P;,Q;) be the given presentation of f asin (£50]). We
first consider the case a = 0. Since lim;_,o f(t) exists, we have Q;(0) € R* for all
it =1,...,n. Let d; be the highest power of X; occurring in P(Xj,...,X,). Then
g(t) = (Q1(t) - Qn(t)%) f(t) is an integer linear combination of expressions
(p;(t))y with p;(X) € R[X] polynomials, j = 1, ..., ¢, for some £ € N:

g(t) = (Qi(t)" - - Qi( an Pyt

Since M is a quasi-linear Zo[R]-module, we can choose an integer mg such that
oj(a) = sp,(a) — (p;(0)) satisfies oj(a)"*M = 0 for all j = 1,...,£ and all sequences
a = (a1, ..., am) of m elements in R with m > my. In particular, o;(a) € 1/Ann(zx)
and hence

¢
(4.6) sg(a) —g(0) = anoj (a) € v/Ann(x)
j=1

where (abusing notation slightly)

s@i=— S (=) glay) anspj
0£JC{1,....,m}

Fix m > mg and choose a sequence a = (ay, ..., a,) of m elements in R such that
ay € D for all ) # J C {1,...,m}. This is possible for if we denote by 7= : R — k
the quotient map to the residue field of R, and if we have chosen (ay,...,a:) such
that ay € D for all § # J C {1,...,t}, then a;11 € R can be any element such
that 7(a¢+1) is not the solution = € k to one of the finitely many non-trivial linear
equations z + w(ay) =y, y € k —w(D), J C {1,...,t}. Such z € k exists since k
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is infinite. Since ay € D, we have f(ay) € \/Ann(z) for all § # J C {1,...,m},
by assumption. Then g(a;) € y/Ann(z for all 0 £ J C {1 .m}. As a Z- hnear
combination of the g(ay)’s we then have sg(a) € y/Ann(x). By (L0), we have
g(0) € v/Ann(z) and thus,

lim f(t) = f(0) = (@ (0)=% -+~ Qu(0)~") 9(0) € v/Ann(z)

since Q;(0) € R*,i=1,..,n
Now assume a € R arbitrary. Define P; (X) P(X +a), Qi(X) = Qi(X + a),
f(t)=f(t+a), P=P,D="D—a. Then f(t) € /Ann(z) for all t € D, and the
case of t — 0 treated above shows that lim;_,, f(¢) = hmt_,o f(t) € \/Ann(z).
Finally assume a = co. Set Pi(X), Qi(X), f(t) = f(1/t) as in Definition A8
@). Note that D = {t € R*| t7! € D} is a dense region of R since D is. Then
f(t) = f(1/t) € /Ann(z) for t € D. By the case a = 0 treated above, we have

Jim £(t) = lim 7(¢) € /Amn(o)
O

Remark 4.11. Let R be a local ring with infinite residue field. If the induced
action of R* on a quasi-linear Zo[R]-module M is trivial then M = 0. Indeed, the
admissible function f: D = R* — Zo[R] defined by f(t) = —(t) + 1 has f(t{)M =0
for all t € D but lim;_,o f(t) = 1 is in y/Ann(z) for x € M if and only if = 0. By
the Limit Theorem we must have M = 0.

5. QUASI-LINEAR MODULES AND GROUP HOMOLOGY

The goal of this section is to prove in Proposition 5.3 below that the relative ho-
mology groups Hy(G, K) are quasi-linear for certain (R, -, 1)-equivariant inclusions
of groups K C G. This will be applied to show that the relative homology groups
H,(Spg,;1(R),Spy,.(R)) are quasi-linear Zg[R]-modules. At the end of the section
we will give a few first applications of the Limit Theorem

For an integer t > 1, we consider the ring homomorphism
o1 Z[R,, 1] = R® :[a] » a®' =a®---®a

where a € R. Assume the multiplicative monoid (R,-,1) of R acts on a group
G from the left through group homomorphisms. By functoriality, (R, -, 1) acts on
the homology group H,(G) from the left through abelian group homomorphisms,
that is, Hy(G) is a left Z[R]-module. Recall from (4I]) the Zo[R]-module M (q)
associated with an R-module M and an integer g > 0.

Lemma 5.1. Let R be a commutative ring whose underlying abelian group (R, +,0)
is torsion free. Let A, B be R-modules, and let r,a, 8 > 1 be integers. Let

(5.1) 1= B(B) = N— Ala) =1

be a (R,-,1)-equivariant central extension of groups. Let o € Z[R] be such that
0i(0) =0 for1 <t <r. Then 0 1Hy(N) = 0 whenever 1 < s-max(a, 3) <.

Note that the group N in the lemma need not be abelian.
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Proof of Lemma[51l We will first prove the lemma when A is torsion-free as abelian
group. To do so we show that in this case

(5.2) o ! (Hp(Aa) ® Hq(Bg)) =0 for l1<ap+pq<r,

and then apply the Hochschild-Serre spectral sequence to (B.I). To prove (B.2) we
first also assume that B is torsion-free as abelian group. Then H,(A) ® Hy(B) =
AL (A) @ Al(B), functorial in A and B. In particular, the result of the action
ofa € RCZRlon (m1 A Axp) @ (y1 A+ Nyy) € Hy(A(a)) @ Hy(B(B)) is
(a®z1 A~ ANa“w,) @ (@Py; A--- AaPy,). This is the image of Yaptse(a) under the
Z-linear map

(5.3) R®°P @ R®P1 5 AP (A) @ AL(B)
which uniquely extends the Z-multilinear map

R°P x RP1 — A)(A) @ AL (B)
sending (M, N) € R®? x RP1 = M, ,(R) x Mg 4(R) to

a a B B
<(H M)z A A (H Mi,p)$p> ® <( Ny A - HN )
i=1 i=1 i=1 i=1

In particular, the result of the action of 0 € Z[R] on (x1 A+ Azp) @ (Y1 A+ - Ayq) is
the image of @ap+4(0) under the Z-linear map (B.3). But ¢ (0) =0for 1 <¢ <r.
Hence, o(A%(A) @ AL (B)) =0 for 1 < ap+ g < r. In particular, (5.2) holds when
A and B are torsion-free.

Now we prove (5.2) when A is torsion-free as abelian group and B is an ar-
bitrary R-module. Choose a surjective weak equivalence of simplicial R-modules
B, — B with B; a projective R-module for all ¢ € N. For instance, the simplicial
R-module corresponding to an R-projective resolution of B under the Dold-Kan
correspondence will do. Each B; is a torsion free abelian group since R is. The
classifying space functor B induces an (R, -, 1)-equivariant weak equivalence of sim-
plicial sets B(B.(5)) — BB(S). Tensoring the spectral sequence of the simplicial
space n — BB,

E., = Hy(BB,) = He+(BB,) = Hy1+(BB) = H,14(B),
with the flat Z-module H,(A) = A} A yields the spectral sequence of Z[R]-modules
Hy(A(a)) ® Bl , = Hy(A(a)) @ Hi(Bs(B)) = Hy(A() ® Het(B(B)).

Localising at o, this yields a spectral sequence with trivial Eslyt-term for 1 < ap+
St <r. Since t < s+t for 0 < s,t, the Eslyt—term of the localised spectral sequence
is trivial for 1 < ap + B(s +t) < r (and p,s,t > 0). This proves (B.2) when A is
torsion-free as abelian group.

Now we prove the lemma when A is torsion-free as abelian group. In this case,
the integral homology groups H,(A) = A} (A) are torsion free and the natural map
H,(A)®F — H,(A; F) is an isomorphism for any abelian group F', by the Universal
Coefficient Theorem. Since the extension (5.I)) is central, the group A acts trivially
on H,(B) and the Hochschild-Serre spectral sequence of the group extension has
the form

Eﬁ,q = H,(A; Hy(B)) = Hy(A) ® Hy(B) = Hpiq(N).
The spectral sequence is functorial in the exact sequence (5.1). In particular, it is
equivariant for the (R, -, 1)-action and thus a spectral sequence of Z[R]-modules.
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Localising the spectral sequence at o yields a spectral sequence with E2-term
o 'E}, =0for1 < ap+fq <r, by (62). This implies the lemma in case A
is torsion-free.

Finally, we prove the lemma for arbitrary R-modules A and B. As above, we
choose a surjective weak equivalence A, — A of simplicial R-modules with A,, a
projective R-module for all n. Then each A, is flat as abelian group since R is.
Let N = N X 4(a) An(a). The action of (R,-,1) on N, A(a), and A, () defines
an action of (R,-,1) on N,. We obtain a simplicial (R, -,1)-equivariant central
extension

1= B(f) = N. = Ay(a) = 1

with degree-wise torsion-free base A,,. The surjection N, — N of simplicial groups
has contractible kernel as it equals the kernel of the surjective weak equivalence
A, — A. In particular, the map on classifying spaces B|s — Ng| = |s — BN;| —
BN is an (R, -, 1)-equivariant weak equivalence. By the torsion free case treated
above, we have 0 7' H,(BN;) = 0 for 1 < ¢ -max(a,3) < r and for all s > 0.
Therefore, the spectral sequence of the simplicial space s — BNy,

B} o = mpls = Hy(BNy)| = Hpiq(BN.) = Hpiq(BN),

p.q

localised at o has trivial E;q—term for 1 < ¢-max(e,B8) < r and for all p. In
particular, 0~ E2 . = 0 whenever 1 < (p + ¢) - max(e, ) <7 (and 0 < p,q). This
proves the lemma. O

Lemma 5.2. Let a = (aq, ..., am) be a sequence of m elements in R, and let p(X) €
R[X] be a polynomial of degree d with coefficients in R. Then sp(a)— (p(0)) € Z[R]
is sent to zero under the map ¢ for 1 <td < m:

¢t (sp(a) — (p(0))) = 0 € R®".
Proof. The image of s,(a) in R®" is
- > Y@y
0#£JC{1,....m}

We apply Lemma]to the canonical Z-multilinear map R** — R®? : (z1,...,2¢) —
[‘T17 -.-,.Tt] =T (ORI Tt and find that

gat(sp(a)) = - Z@;&JC{I,...,m}(_l)|J| [p(as), - plas)]

O

Proposition 5.3. Let R be a commutative ring, let A, B be R-modules, and let
a,B > 1 be integers. Let G, K, N be groups with left (R,-,1)-actions which are
part of (R, -, 1)-equivariant exact sequences of groups

1= B(B) = N — Ala) = 1, 1 N-GALK—1

in which the first sequence is a central extension, the second sequence has an
(R, -, 1)-equivariant splitting i : K — G such that (0) : G — G is i o p, and the
action of (R,-,1) on K is trivial. Then for all s € Z the relative homology groups
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H,(G, K) are quasi-linear Zo[R]-modules where K is considered a subgroup of G by
means of the inclusion i.

Proof. The action of (0) on Hy(G, K) factors through H(K, K) = 0. Hence, the
Z[R])-module H,(G, K) is a Zo[R]-module. We will prove that for every sequence
a = (a1, ...,am) of m elements in R and every polynomial p(X) € R[X] of degree d
with coefficients in R, the element o = s,(a) — (p(0)) € Z[R] satisfies

(5.4) o 'H,(G,K) =0, provided sdmax(a, §) < m.

This establishes that H,(G, K) is quasi-linear with mo = sd max(«, 3) in Definition
43l

To prove (B.4), assume first that the underlying abelian group (R, +,0) of R is
torsion-free. By functoriality, the Hochschild-Serre spectral sequence

(5.5) Ef;.,q = Hp(K; Hq(N)) = Hp-‘rq(G)

of the extension 1 - N — G — K — 1 carries an action of the monoid (R, -,1)
induced from the action of that monoid on the extension. Section i : K — G
and projection p : G — K make the extension 1 - 1 - K — K — 1 of groups
with (trivial) (R, -, 1)-action a direct factor of 1 - N — G — K — 1, hence its
Hochschild-Serre spectral sequence of (trivial) Z[R]-modules (which degenerates at
E?) is a direct factor of that of (5.5]). Its complement yields the strongly convergent
spectral sequence
Ezaq = Hp(K; Hy(N)) = Hp14(G, K)

where H,(N) = H,(N) for ¢ > 1 and 0 otherwise. The action of g € K on H,(N)
is induced by conjugation with i(g) on N. Since (R,-,1) acts trivially on K and
i is equivariant, the action of (R,-,1) on N and the action of K on N commute.
It follows that o 'E2 = o H,(K; Hy(N)) = Hy(K;0 ' Hy(N)) = 0 for 0 <
gmax(a, ) < r and any p, by Lemmas 51 and 5.2l Hence, 0! H,(G, K) = 0 for
0 <s-max(a, ) <.

Now we prove (0.4]) when (R, +,0) is not assumed torsion-free. Choose a surjec-
tion of commutative rings 7 : R — R such that the abelian group (R, +,0) of R is
torsion free, for instance, Z[R] — R : {a) — a. Choose a sequence @ = (@y, ..., Gm)
in R and a polynomial p(X) € R[X] such that 7(a) = a and 7(p(X)) = p(X). The
ring homomorphism 7 makes A and B into R-modules, and the action of (R, -, 1)
on Hy(G, K) is induced from the (R, -, 1)-action via the map w. Therefore, mul-
tiplication by the element & = s5(a) — p(0) on Hy(G, K) equals multiplication by
the element o = s,(a) — p(0). In particular, 6 1 Hs(G, K) = 0 'Hs(G, K). By
the torsion-free case above, we have 6 1 Hy (G, K) = 0 for sd max(«, 8) < m. This
finishes the proof of (54]) and hence that of the proposition. O

Example 5.4. Let G be a group that acts from the left on an R-module M through
R-module homomorphisms. Then for all ¢ > 0, the semi-direct product M(q) x
G carries an action of (R,-,1) defined by a(z,g) = (a%x,g) such that the exact
sequence

1= M(q) =M@ xG—-G—1
is (R, -, 1)-equivariant with trivial action on the base G and equivariant section
G — M(q) xG : g+ (0,9). By Proposition B3 with B =0, « = ¢, A = M,
N = M(q), the relative homology groups H(M(q) X G,G) are quasi-linear Zy[R]-
modules whenever ¢ > 1.
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Example 5.5. Continuing example 5.4 assume moreover that there is an integer
g > 1 and a group homomorphism p : R* — Z(G) into the center Z(G) of G
such that p(a)r = a%z. Then the (R,-,1) action of a € R* on M(q) X G equals
the conjugation action on M(q) x G by (0, p(a)). In particular, the quasi-linear
Zo[R]-module Hs(M(q) x G, Q) yields the trivial action when restricted to R* C
Zo[R]. By Remark ILTT] if R is local with infinite residue field, we must have
Hy(M(q) x G,G) = 0. This has been used many times, for instance for G =
GL,(R) acting diagonally on M = R™ X --- x R™ via its natural action on R™ and
p:R* = GL,(R):a~ a-I,, we obtain [NS89, Theorem 1.11] for local rings with
infinite residue fields.

Example 5.6. Continuing example 5.4, we have s xr(a) ' Hy(M(q) x G,G) =0
for all sequences a = (ay, ..., ) in R with m > mq. This was used in [Sch17] for
G=SL,(R), M =R" x ---x R" and r and ¢ powers of n.

Now comes the most relevant example for this paper.

Example 5.7. Let n > 0 be an integer. For a € R*, the conjugation action c,
of the (2n + 2) x (2n + 2) diagonal matrix D, € Sp,,, o(R) with diagonal entries
(a,a™*,1,1,...,1) on the group Spy,,,(R) induces an action

1ctuyM\ ¢ a 0 O 1ctuypM a oo 1 a?c t(au)wM
01 0 Floato)lo1l o 0 a0) =10 1 0
Ou M 0 0 1 Ou M 0 01 0 au M

on the subgroup Sp,,, 1 (R) which extends to an action

1ctupM\ (a) [ 1a?ct(au)pM
(0 1 0 ) = {o1 0
Ou M 0 au M

of the monoid (R,-,1) on Spy,,;(R), a € R. Denote by N C Sp,, ;(R) the
subgroup of matrices with M = 1, by A C Sp,,,,;(R) the subgroup of matrices
with M =1 and ¢ = 0, and by B C Spy,,;1(R) the subgroup with M =1, u = 0,
then (A,-,1) = (R*™,+,0), (B,-,1) = (R,+,0), and we have (R,-,1) equivariant
exact sequences

1— B(2)—> N = A(1) — 1, 1= N = Spy,y1(R) = Spy,(R) — 1

with left sequence central and (0) : Spy,,;(R) — Spy, 1(R) the projection p :
SPa,41(R) — Spy, (R) followed by the inclusion € : Spy,(R) — Spy,,;(R). By
Proposition 5.3} the image of the projector 1 — (ep), of H,(Sps,,,(R)) which is the
relative homology group

Hy(Spp 41(R)) 1= Hy(SPay1(R), Spay (R)) = Im(1 = (ep).)

is a quasi-linear Zo[R]-module for all p € Z. We have a canonical decomposition
Hy,(Spa,11(R)) = Im((ep).) @ Im(1 = (£p)+) = Hp(Spa,,(R)) & Hp(Spa,, i1 (R)).
LNemma 5.8. Let R be a local ring with infinite residue field. Then the Zo[R]-module
Hy,(Spany1(R)) = Hy(Spay,41(R), Spa, (R)) is quasi-linear, and the composition
Hp(Spay41(R)) C Hy(Spans1(R)) = Hy(Spaysa(R))

is zero. Moreover, the map H,(Spg,1(R)) = H,(Spa, 2(R)) is surjective if and
only if the map Hy(Spy, (R)) = Hp(Spa,2(R)) is surjective.
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Proof. Quasi-linearity is Example 5.7

Note that the composition H,(Spay,41(R)) = Hp(Spay,42(R)) is R*-equivariant
where R* acts through conjugation with D, € Sp,,, 5 and thus acts trivially on the
target. Since the source is quasi-linear, there is an integer mgo > 1 such that for all
sequences a = (ay, ..., a,) of m > mg elements in R we have 5" (a) H,(Spa,.1 R) =
0. If R is local with infinite residue field, we can find a sequence a = (aq, ..., am)
such that a; € R* for all ) # J C {1,...,m}. Since R* acts on H,(Spy, 5(R))
trivially, for such an a, sx(a) acts as the identity on Hy,(Spy, 2(R)) and thus
sx (@) Hp(Spanya B) = Hp(Spanio(R)). In particular, the R*-equvariant map
ﬁp(Sp%H(R)) — H,p(Spyy,42(R)) factors through sy (LL)HP(szn_|r1 R) =0, hence
that map is zero. For the last statement we note that H,(Spy, (R)) = Hp(Spa,42(R))
is the localisation of Hj(Spg,41(R)) = Hp(Spa,42(R)) at sx(a). In particular,
surjectivity of the second map implies surjectivity of the first. The converse is
obvious. (]

Corollary 5.9. Let R be a local ring with infinite residue field. Under the de-
composition Hyp(Spa,,1) = Hp(Spa,) ® Hyp(Spa,y1) of Example [577, the maps
Hp(Spa,(R)) = Hp(Spapy1(R)) = Hp(Spyy,42(R)) become

(5) - (e-,0)
H,(Spy, (R)) — Hy,(Spa, (R)) & Hp(Spayi1(R)) — Hp(Spon42(R)).
Proof. This follows from Lemma 5.8 O

6. DEGENERATION AT E?

In this section we will prove that the spectral sequence (B degenerates at
E?. Our strategy for degeneration is to construct a map of spectral sequences
E — E from a spectral sequence E to (3.1). The spectral sequence E will trivially
degenerate at E2, and the main point will be to show that E? 5 E?is surjective in
all bidegrees. That will ensure that (3.I)) degenerates at E? as well. The spectral
sequence E will be a direct sum of spectral sequences E(r), 7 = 0, ..., n, which we
will introduce now.

For 0 <r <mnandi=1,..,2r + 2, consider the Sp,,,_,,(R)-set

Usha(B") = (1) € Manors2(R)| w € Uzyia(RPT), w; € Uy(RP"7), djw = 0}

where N € Sp,,,_o,-(R) acts by N - () = (), that is, via its natural inclusion
Spa,_a.(R) C Sp,y,(R). Note that d;w = (w1, ..., W;, ..., w2r42) = 0 means that
w = (0,..0,w;,0..,0) only has potentially non-zero entry in the i-th column. We
have the bijection

SDan—or (RNU3 2 (B2") = Urga(R¥) : (1) 1 .
The stabiliser of the action on U2(i)+2(R) at ((e1): ) S SPap_or_1(R) where (e1);
(0,..,0,e1,0...,0) with e; € R?"~2" in the i-th column. Note that if v = (%)
U, then djv € Uspyq(R2M) for all 1 < j < 2r + 2 with j # 4, and dyv
Uszr+1(R?"). We define the complex C,(R*";7) as

2r—4+2

i —dy,da,—ds,...,d2r
00— @D Z[UL), ,(R2m)) — )
=1

Z[Uar41(R*")] —0
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with Z[Uz,+1(R?")] placed in degree 2r, and the i-th component of the differential is
(—1)%d;. This is a complex of Sp,,, _s,.(R)-modules where Sp,,,_»,.(R) acts trivially
on the degree 2r piece Z[Us,+1(R?")]. Since d o d = 0, the diagram

02U (8] — s g (B2) 0
ldﬁ\ ld
ZUzr42(R*")] — Z[Uz 11 (R*")] ————— Z[U2 (R*")] ——= Z[U2, 1 (R*")]

commutes where the second to left vertical map d}* : Z[Uz(i)JrQ(R2")] — Z[Uszy42(R?™)]
is defined on basis elements w € Z[Ué?ﬂL2 (R*)] by

2r+2 ]
di(w)= Y (=1)"djw
j=1,j#i

and can informally be thought of as d} = d + (—1)*d;. This defines the map
of complexes ¢ : C.(R?";r) — C.(R*") of Spy,_»,(R)-modules (where we have
suppressed some of the entries R*")

2r+2 igy.
0——— @z, ] — L U (R ———0
=1
l(df)i d
oo ZUsp 0] Z[Uspi1] Z[Ua, (R?™))] Z[Ugp 1] — - -

d

For r = n, we let C,(R*",n) be the complex Z[Ua,+1(R*")][2n] concentrated in
degree 2n and define the map of complexes ¢ : C\,(R?",n) — C.(R?") in degree n
as the map d : Z[Uzp11(R*")] — Z[Uan(R?*™)]. For 0 < r < n, the pair

(,9) : (SPan—2p(R), Cx(R*";7)) — (Spay (R), Cx(R*"))
defines a map of associated group homology spectral sequences
(6.1) Es (R*™;r) — E5 (R™)

resulting from the filtrations by degree C<,(R?*";r) and C<,(R?") of the coefficient
complexes C (R?";r) and C,(R?*"). By definition, we have

s 2n, —
By (R™r) =0, q#2r2r+1.

In particular, the spectral sequences E(R?";r) degenerate at the E%-page.
The following result shows that the spectral sequence ([B.1) degenerates at E2.

Proposition 6.1. Let R be a local ring with infinite residue field. For all integers
0<r<n,s=2,q¢q=2r2r+1 and all p € Z, the map (61) is surjective:

E2 (R*™;r) > E2 (R*), q=2r2r+1.

In particular, the spectral sequence (3.1)) degenerates at E>.



HOMOLOGY OF SYMPLECTIC GROUPS 19
Proof of Proposition 61 for ¢ = 2r. The map E}, . (R*";r) — E} ,.(R*") is the
first map in the complex

O Hy(SPyn_sy) @ Z[Skews,]

la*@)d

HP(Sp2n—2r+1) ® Z[Skewérr—l];

HP(Sp2n72T) ® Z[U27‘+1 (R2T)]

see Corollary B4 In view of Lemma [3.5 the second map in that complex is
dp 2r p2r(R2n) — El 2r— I(RQH)' Since Ex 1 HP(Sp2n—2r) — HP(SPQn—QT—i-l)
is (spht) injective, Lemmas 2 and imply that this complex is exact. It follows
that E} ,,.(R**;r) surjects onto the kernel of the right vertical map which which
surJects onto EZ, (R®"). In particular, its quotient EZ, (R*";r) surjects onto
(R*"). O
p 2r

The case ¢ = 2r + 1 of Proposition [1is somewhat more involved except when
r = n in which case the map 0 = p2n+1 (R "in) = E} o, (R*™) = 0 is clearly

surjective. So assume 0 < r <n. Fori=1,. 2r + 2, consider the map

(6.2) i : Hy(Spay_o,_1) @ ZUsri2(R?")] —— Hp,(Spay, o, 1) ® Z[Skewy, , 1]

which for u € Us,42(R?*") and o € Hp(Spy,,_o,_1) is defined by
waeu) = 3 P (0 ), (@) © 4T
1<j£i<2r42 o

where u7; is obtained from u by omitting the i-th and j-th columns, ¢, is conjugation

with the diagonal matrix (a,a™',1,...,1) € Sp,,,_o,(R) for a € R*, and d;; is defined

(=1 i<y ettt
. . ——0
5ij: 0 , =7 : (5ij): +++-(i)_t...i—
(—1)1 ) t> ]
Lemma 6.2. The commutative diagram
n dl n
E;z];,2r+l(R2 ;7) —>E;,2T(R2 ;7)
Ep},2r+1(R2n) Ep} 2r (RQn)

is isomorphic to the commutative diagram

2r+2

” ((=1)’e.®d;)s
P H,(Span_or1) ® ZUnrs2(R*)]

H,(SPay,_o,) @ LUy 1 (R?")]

=1
’Y_(’Y1,V27~-~7’72r+2)l 1®0(d)

HP(Sp2n—2r—l) 0 Z[SkeW;FTJrl] HP(Sp2n—27‘) 0 Z[Skewgr]

£+Qd
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Proof. The right vertical and the lower horizontal map have already been identified
in Lemmas [3.4] and For the other two maps, we note that

2r—4+2
B} g1 (R?"57) = @D Hy(Spa_ars ZIUS 5 (RZ™))).

i=1
By Shapiro’s Lemma, we obtain the isomorphism
S (@) D HySpan o 1) > Hy(Spa o ZIUS o (R™))
u u€Uzpq2(R?T)

This yields the identification of the top horizontal map. Composing with the map
E} 9,1 1(R?" 1) = Ej 5,41 (R?") yields the map

(6.3) @ Hy(SPap—2,—1) — Hy(SPay, Z[Uar41(R*")])
u€Uszy42(R3T)

which is

> WM (Edi (),

1<j#i<2r42

on the component corresponding to u € U2T+2(R2T). We recall the isomorphism

(6.4) P Hy(Span_or 1) —> Hyp(Spop, Z[Uzs41 (R*™)))

A€eSkew], |

from Lemma B4 which is (€ o ¢detv, V)« on the component corresponding to A €
Skews, .1 (R) where v € U 41(R?") satisfies I'(v) = A and generates R*"*+!. For
u € Uzyo(R*) and j # i, the unimodular sequence w = d; ((e?)i) generates
R?+1. Since

det w = det (d; ((ey), )) = 0ij det ugy,

the diagram

(8’((8?)1'))* i
Hp(szn—zr—l) HP(Sp2n—2T7Z[U2(r)+2])

—1
(Csij det u.A,)*L ldj
ij

Hp(Sp2n—2r—1) Hp(Spay, Z[U2r41])

(E0Cdet w,W)«

commutes. Since
P(w) =T (d; ((er). ) = T(dju)
we apply Lemma B3] to identifies the left vertical map in the lemma with ~. (Il

Proof of Proposition [6.1] for ¢ = 2r + 1. We need to show that the map of horizon-
tal complexes

1
0 —— El g 1 (R 7) 4> B}

p,27r (RQn; ’I")

| | |

E;,2r+2(R2n) T> ;,27‘+1(R2n) d—1> E;,QT(R%)
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is surjective on homology (at the middle term). By Corollary 5.9 and Lemma [62]
this map of complexes is isomorphic to the direct sum of

2r—4+2
(65  0—> €D Hy(Span_2,-1) @ LU 12(R*)] —=0
=1
0 E[P(SPQn—Qr—l) ® Z[Skewgr-l-l] —0 and
(6.6)
2r+2 (C1)er@ds
0 P A& 2V s2(R) 2" B& ZfUs i1 ()
=1
l1®(1‘(d)+(1)i1‘(di))i 19T (d)
A ® Z[Skews, 1] —o - A4® Z[Skew3, 4] — B ® Z[Skews, ]

where A = H,(Spg,,_o,_2) and B = H,(Sp,,,_o,). For the latter, we use that ¢, is
the identity on A. Proposition [G.Ilnow follows from Lemmas[6.3] and [6.4] below. [

Lemma 6.3. The map of complexes (6.0) is surjective in homology.

Proof. Let I be the image of the map I'(d) : Z[Usy+1(R?*")] — Z[Skews,]. This is
a free Z-module, and it is also the image of d : Z[Skew3, ;] — Z[Skews,]. In the
diagram (6.0), we can replace Z[Skewy, ] with F and the lower left horizontal arrow
1 ® d with its cokernel 0 — coker(1 ® d) without changing homology since that
cokernel is A® F', by Lemma[2ZH Thus, we can replace the diagram (G.6]) with the
diagram

2r+2 .
—1)'e.®d;
(6.7) 0—— @A®ZU2T+2(R T)]LB®Z[U2T+1(R2T)]
| il@(l“(d)—i—(—l)il“(di))i ‘1@1‘((1)
0 AR F — B®F

without changing homology. The right hand square is obtained by tensoring the
diagram of free abelian groups

2r+2 X
r (=1)'dsi r
(6.8) D ZlUzr12(R™)] Z{Uszr 1 (R*7)]
1=1
<F<d>+<—1>ir<di>>ii LF(d)
F F

1

with the map e, : A — B. The top horizontal arrow in (8] is surjective because
the maps d; : Uy 2(R?*") — Uspy1(R?") are surjective. Since all abelian groups in
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diagram (6.8]) are free, that diagram is isomorphic to

(1,0)
Me®&N—M

(f,O)i if

F—1>F

where M = Z[Uz,+1(R?")] and N is the kernel of the top horizontal arrow. It
follows that diagram (G.7)) is isomorphic to

£.®(1,0)

0—=A®(M®N) BoM

l 1®(f,0)i ll@f

0 AQF B®F.

Ex
Hence the map on homology (kernels of right horizontal maps) is
(1® f,0): (ker(ex) @ M) @ (A® N) — ker(e,) ® F

which is surjective since f is. O

For a Zo[R]-module H, define the map of Zg[R]-modules, generalising (6.2]),

2r+4+2
(6.9) 7= (172 72r42) 1 @) H @z Z[Uny12(R*)] — H @z Z[Skews, | (R)]
=1
by
(6.10) vith@u)= > (=1)T5;det  uf)) - h @ T(dju)
1<j#4i<2r42

for u € Us,12(R?") and h € H. Recall from Lemma [5.8 that the relative homology
groups H,(Spg,1(R)) = Hp(Spa,11(R), Spy, (R)) are quasi-linear Zo[R]-modules.

Lemma 6.4. Let R be a local ring with infinite residue field, and let r > 0 be an
integer. Then for all quasi-linear Zo[R]-modules H, the map (6.9) is surjective. In
particular, the map of complexes (6.0) is surjective in homology.

Proof. We may write h[B] in place of h ® B. Denote by N = coker(v) the cokernel
of 7. We have to show that N = 0. As a cokernel of a Zy[R]-linear map of quasi-
linear modules, N is also quasi-linear. In N, the expressions on the right hand side
of (@I0) are zero. In matrix form, the system of equations, expressing the right
hand side of (G.I0) as zero, can be written as M (U)- X (U) = 0 for U € Usy12(R*")
and h € H where
M(U) = ((6;5det ™ U,))

is the (2r + 2) x (2r + 2) matrix with entries in Zo[R] which has 0’s on the diagonal
and <5ijdet71Uﬁj> at the i, j-spot, and X (U) = ((—1)’*'z [[(U}")]) is the column
vector with (=1)7+1z [[(U}")] at its j-th entry. Multiplying with the adjugate of
M(U) yields the equation (det M(U)) h [[(U})] = 0 € N. Thus, for h € H and
B € Skewy, ,(R) we have

(6.11) (det M(U,z))-h-[B]=0€ N
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for all U € Uzy1(R?"), © € R?*" such that T'(U) = B and (U,z) € Ua,42(R?").
The following Lemma therefore shows that h[B] = 0 € N for all h € H and
B € Skews, .1 (R), that is, the map v in Lemma [6.4] is surjective. O

Lemma 6.5. For all B € Skews, . ,(R) and h € H, the radical of the annihilator
ideal

Ann(h[B]) C Zo[R]
of h[B] € N = coker(7) is the unit ideal.

Proof. Denote by F' the residue field of R, and by T € F'® the reduction modulo
the maximal ideal of the element x € R?.

For B € Skews,,(R), choose a normal form U = (u1, ..., uz,41) € Uzry1(R?")
of B, that is, I'(U) = B, (u1,...,us,-) is upper triangular, (ug;—1)2;—1 = 1 and
(ug)2i—1 =0 for i = 1,...,7; see Lemma 23] For £ = 1,...,r, the matrix U({) ob-
tained from U by deleting the first 2r — 2¢ rows and columns is in Ugg.:,_l(R%).
Indeed, the sequence U(f) is unimodular in R2?* because (up,...,us,) is upper
triangular and (w1, ..., ugy, ugr+1) is unimodular. It is non-generate as for I C
{2r — 20+ 1,...,2r + 1} of even cardinality, the sequence U(¢);_o,12¢ generates
the orthogonal complement of w4, ..., us¢ in the non-degenerate space generated by
(u1, ..., u2¢, Ur) and is thus non-degenerate.

We will show by descending induction on £ = 1,...,r that

(6.12) det M(U(¢),z) € v/Ann(h[B])
for all x € R?¢ such that (U(¢),z) € Uzpso(R?Y).

The case ¢ = r is (611). Let £ € {1,...,7 — 1} and assume (G.I2)) holds for £+ 1
in place of £. We want to show that (6I2) holds for ¢. Fix # € R?* such that
(U(l),x) € Ugpy2(R?). For € = (s,t,2) € R x R x R?**, the matrix

1 0. x -] s

0 al--- * t

U(+1),6)=1 0 0 Z1
U(e)

0 0 Top

is in Uppyq(R%+2) if and only if for all 1 < i < j < 2¢ 4+ 3, the square matrix
UE+1)7,6)

ij°
is invertible, and for all I C {1, ...,2¢+4 3} of odd cardinality < 2¢+ 2, the subspace
spanned by (U (£ +1)r,£) is non-degenerate. This happens if and only if 5,7 € F is

not a solution to any of the equations in F

(6.13) Lij(s,t) :=det(U(£ 4+ 1);,€) = 0 and PE(C(U(L+1)7,£)) =0
where 1 < i < j < 20+3and I C {1,...,20 + 3} of odd cardinality < 2¢ + 2.
Here, Pf(A) denotes the Pfaffian of a skew-symmetric matrix A. The equations in
(E13) are linear and homogeneous in &, hence, linear (possibly inhomogeneous) in
(s,t) € R?.

We check that every equation in (GI3]) is non-trivial in (s,t), that is, that for
each equation in (6.I3)), there is (s,t) € R? for which the left-hand side of that
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equation does not vanish in F. We start by investigating the Pfaffian equations.
Let I C {1,...,2¢+ 3} be a subset of odd cardinality < 2¢+ 2. By abuse of notation
I will label the columns of U(¢) by (Us(¥), ..., Uzr43(¢)) so that U(£); is obtained
from U (¢ 4 1) by deleting the first two rows provided J C {3,4,...,2¢ + 3}. If
1,2 € I, then the subspace spanned by (U(£+ 1), €) is non-degenerate as it equals
the subspace generated by

1 0 0 0
0 « 0 0
0 0 U(f)l—{l,z} x

which is non-degenerate since (U(f),x) € Uapio(R?**). Hence, Pf(U(L + 1);,&) is
a unit in R for all s,t € R. If 1 € I but 2 ¢ T then the subspace spanned by
(U +1)1,€) equals the subspace spanned by

0|z U(f)l,{l}
which has Gram matrix

0 t Y
—t 0 (z,U(0)1—q1y)
=y | Y2, UO)1-(1y) | TUO)r-113)

with Pfaffian ¢ Pf(T'(U (€) {1y ))+c where ¢ does not depend on ¢. Since Pf(T'(U(£);_¢1y)) #
0 € F, for all s € R there is a ¢ € R such that Pf(U(£ + 1);,£) is a unit in R. If
2 € I but 1 ¢ I then the subspace spanned by (U(¢ + 1)1,£) equals the subspace
spanned by

01|s Y

al|0 0

0 X U(f)l,{Q}

since v € R*. This has Gram matrix
0 —as —ay
as 0 (z,U()1—12y)
oty | =Ko, U(l)—q23) | TWU0)1-{2})

with Pfaffian —asPf(I'(U(¢);—{23)) + ¢ where ¢ does not depend on s. Since
aPfT(U(l);—¢2y)) # 0 € F, for all t there is s such that Pf(U(¢ 4 1)1,§) is a
unit in R. If 1,2 ¢ I, assume first that |I| # 20+ 1, hence 1 < |I] < 2¢ — 1. Let
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J C I be the subset obtained from I by deleting its maximal element. Then

(6.14) (U0 +1)1,6) = w ||t
U, ‘ y ‘ T

We need to find s,t € R such that the Pfaffian of (6I4) is a unit in R, that is, such
that the columns of (6.14) span a non-degenerate subspace of R2*2. Since U (f),
spans a non-degenerate subspace of R?¢, there are unique aj,bj € R, j € J, such
that

(Ui0),2) =Y a(Ui(6),U;(0),  (Uill),y) =D bi(Ui(£),U;(0))

jeJ jeJ
for all 7 € J. Set
(EO:Z@J‘UJ‘(E), Sozzajvja tO:Za’jwju
jeJ jed jed
Yo = ZbJUJ(é), ag = ijvj, bo = ijwj.
jeJ jed jed

Then the columns of (614 and those of

v a — ap S — 80

(6.15) w b—bo | t—to

Uy |y |z—a0

span the same subspace of R?*2. Moreover, y — 3o, — x¢ is a basis of the orthog-
onal complement of U(f); inside the non-degenerate subspace of R% generated
by (UW)s,y,z) = (U¥)r,z). In particular, ¢ := (y — yo,z — x9) € R*. For
(s,t) = (s0,to), the Gram-matrix of (615 is

* 0 |c

0 —c |0

which has Pfaffian ¢ P{(U(¢+1) ) € R*. In particular, the Pfaffian of (614) is a unit
for (s,t) = (so,t0). If [I| = 2¢+1 (and 1,2 ¢ I) then the space generated by (U (€ -+
1)1,&) is non-degenerate if and only if the determinant Lis(s,t) of (U({+1)1,§) is
a unit. This is a special case of the linear equations L;;(s,t), 1 <i < j < 20+ 3,
which we investigate now. We have

Lis(s,t) = det(U(l+1),8)7, = as + bt + ¢

for some ¢ € R where a = —det(A), b = det B, A is obtained from U (¢ + 1)}, by
deleting the first row, and B is obtained from U (£+1)7, by deleting the second row.
The matrices A and B are invertible because U ({+1) € Uapy3(R2F2), U ((+1) = e;
and U (€+1) = aes, a € R*. In particular, a and b are units, and there is (s, t) € R?
such that Lia(s,t) € R*. Fori =1,2 and 3 < j < 2¢+ 3, we have

Llj(S, t) = a15S + C1j, and LQj(S,t) = bgjt + C2i,
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where a1; = —adetU({)} and by; = detU(¢)} are units in R, and ¢y, c; € R.
In particular, for i = 1,2 and 3 < j < 2¢ + 3, there is (s,t) € R? such that

Lij(s,t)e R*. For 3<i<j<2r+1,

Lij (S, t) = O[Ll'_’j(U(é), x)

does not depend on s,t € R and is a unit since (U(¢),z) € Uapy2(R?*). Summaris-
ing, for every equation in (6.13)), there is (s,t) € R? for which the left-hand side of
that equation does not vanish in F'.

From the computation of L;;(s,t) above, the matrix M(U(¢+ 1),¢) is

0

(as + bt +c)™*

{as + bt +c)™*

0

(1) (args + )t {e)!

(825) (bojt + cog) " - -

(c1)™?

(:1){aris + Cli>71

(8i2) (bait + c24) "

()™t

By assumption, it has determinant g(s,t) = det M(U(£ +1),£) in v/Ann(h[B]) for
all (5,f) € F? — S where S is a finite union of affine subspaces of dimension < 1
defined by the equations ([GI3]). For v € R*, consider the equation v = as+ bt + ¢

and note that for all but finitely many 7 € F* the hyperplane ¥ = a5 + bt + ¢ in
F? is not entirely in S. Then s = a~(y —c—bt) and M (U (£ + 1),€) becomes

0 (= (1)@t +éig) - {ea)™!
= 0 (B25) (bojt + c25) 1o+ (—c2)7!
(8i1)(anit + é13) " (8s2) (bast + c2i) 7t
()™t - M(U(0),z)
(e1)™! (ca)™!
where a1; = —aijb/a and é; = c1j + a;(y — ¢)/a. Its determinant f(¢,7y) =

gla=t(y —c—bt),t) is in \/Ann(z[B]) for all £ € F — S’ for a finite set S’ C F (for
fixed ). Since the coefficients a;; and by, of ¢ are units in R, we can apply the
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Limit Theorem X9 and find that lim; o f(t,7) € v/Ann(h[B]) where

0 <7>*1 0--- 0---0 <C1>71
(m= 0 o 0---0 (—c2)7!
0 0

f(v) = tli)ngo f(t,y) = det

0 0

(c1)™" (e2)™!

for all but finitely many 4 € F'. Then

0 1 o 0---0 {c1) M)
1 0 |0 0---0 (—e2) )
0 0

(7)?f(7) = det

0 0

(c1)™" {er)™?

is in y/Ann(h[B]) for all but finitely an 4 € F. By the Limit Theorem [L9] the

element

0 1 0 0---0 0
1 0 0 0---0 0
0 0

lim (7)* f () = det

~—0

0 0

()™ Ae)™!

is also in /Ann(h[B]). Hence, —(a)~2‘det M (U({),z) € \/Ann(z[B]) which im-
plies det M (U (¢),z) € \/Ann(h[B]) since —(a)~2 is a unit in Zo[R]. This finishes
the proof of (6.12) for ¢ = 1,...,r. In particular, it holds for £ = 1.

Finally, we investigate what (G12]) means for £ = 1. The given matrix

-3 )
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has a,b,c € R* since it is in U3(R?). For x = (s,t) € R?, the matrix

vo- (0 1)

is in Uy (R?) if and only if s, ¢, bt—cs € R*. Then M(U(1),z) = ((6;;det (U (1), z)7%))
has determinant

oS O

e 2) — de t—cs)~ —t)” —C)

Fls,t) = det M(U(1), x) = det | T, (—t)~1 0 (a)7!
(—ab)~? (o~ (@)~ 0

in \/Ann(h[B]) for all s,t,€ R* such that bt — cs € R*. Setting s = 1 then every
t € R such that ¢ # 0,¢/b € F has

AT P S

t—c) 1 —#)1 _c) 1

f(1,t) = det <£L>71 <_t>71 0 <a>71
(—ab)~! ()t (@) 0

in /Ann(h[B]). Since the coefficients b an and —1 of ¢ are units in R, we can apply
the Limit Theorem and find that the element

0 0 (—a)~' (—ab)~!
, B 0 0 0 (—o |
tlggo f(1,1) = det (a)~! 0 0 (a)~! = (ac)
(=ab)™t (7" (o) 0
is in y/Ann(h[B]). Since {ac)~? is a unit in Z[R], the ideal \/Ann(h[B]) is the
unit ideal. g

7. HOMOLOGY STABILITY

In this section we prove the results announced in the Introduction. The following
proves Theorem [T1]

Theorem 7.1. Let R be a commutative local ring with infinite residue field and
n > 0 an integer. Then in the following sequence of integral homology groups, all
maps are tsomorphisms

Hs,(Sps,, R) = H2n(Sp2n+1 R) = H2n(Sp2n+2 R) —

and in the following sequence of integral homology groups, the first map is a sur-
jection and all other maps are isomorphisms

Ho41(SPaps1 R) = Han1 (SDagya R) — Hang1(Spop s R) — -
Moreover, inclusion of groups induces a surjection
Hap11(Spon(R)) = Hant1(Span2(R)).
In particular, H;(Spy, (R), Spay,_o(R)) = 0 for all i < 2n.

Proof. The case n = 0 is clear, so assume n > 1. The spectral sequence (B.))
degenerates at the E?-page (Proposition[6.I). By LemmaBT] we have E2 (R*") =

0 for p+q < 2n. Moreover, 0 = d : Z[Skewy (R)] — Z[Skew{ (R)] forcing dy, 5 = 0 for
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all p € Z (Lemma[3.5). Therefore, d} , : E} | (R*") — E} ;(R*") is an isomorphism
for p < 2n — 2 and a surjection for p = 2n — 1. Hence,

Hy(Spay, o) @ Hp(San,l) = H,(Spa,,—1) — Hp(Spay,)

is an isomorphism for p < 2n — 2 and a surjection for p = 2n — 1. By Lemma 5.8
the map is zero on the second summand. In particular,

Hy(Spa,—1) =0 for p<2n—2
and
H,(Spsy,—2) = Hy(Spy,) for p<2n-—2.

This proves the first string of isomorphisms and the second string of a surjec-
tion followed by isomorphisms in the theorem. Using Lemma [5.8 the surjectiv-
ity of Hap—1(Spas,—1) — Han—1(Sps,) implies surjectivity of Hay,—1(Spy,_ o) —
Hgnfl(sp%l). |:|

Let KMW(R) be the Milnor-Witt K-theory ring of R [Mor12, Definition 3.1],
[Sch17, Definition 4.10]. The following proves Theorem [[.2] from the Introduction.

Theorem 7.2. Let R be a local ring with infinite residue field and n > 1 an integer.
Then the inclusions of groups Spy, C SLa, C SLayy1 induce a surjection

Hy (SPan (R), SP2y—2(R)) — Hzn(SLan(R), SLzn-1(R)) = K3," (R).
Proof. Consider the string of maps
Ha(Spy(R)®™ = Han(Spy,, (R)) = Han(SPay (R), SPay_2(R)) = Han(SLan(R), SL2n-1(R))

in which the first map is induced by the block sum of matrices. By [Sch17, Theorem
5.37 and proof], the composition is the surjective multiplication map

K" (R)®" — K3,V (R).
It follows that the last map in the composition is surjective. O

Remark 7.3. Let k be an infinite perfect field of characteristic not 2 which is
finitely generated over its prime field. Then neither of the two surjective maps

(7.1)  Hs(Spa(k)) — Hs(Spy(k)), and  Ha(Spy(k),Spy(k)) — K" (k)

is injective. For the first map, this follows from [HWT5l Theorem 7.4] since that
map factors through Hs(B Sp,(k[A®])) in view of the isomorphisms

H3(BSpy(k)) = H3(BSp(k)) = H3(BSp(k[A®]))

resulting from Theorem [Z.1] and homotopy invariance of symplectic K-theory for
regular rings containing 1/2.
If the second map in () was an isomorphism, then the map

Hy(Spy(k)) — Ha(Sp4(k), Spy(k))

would be surjective (see proof of Theorem [.2]), and the long homology exact se-
quence for the pair (Sp4(k), Spy(k)) would force the first map in ([TI]) to be injective.
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