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ABSTRACT. We prove that hermitian K-theory is invariant under derived equiv-
alences when “2 is invertible” or, more generally, when “l is split”. This im-
plies a localization theorem extending an exact sequence of Walter to the left.
As corollary we obtain a new, algebraic, and more general proof of Karoubi’s
fundamental theorem in hermitian K-theory. The localization theorem also
implies various (Zariski, Nisnevich) descent theorems for hermitian K and G-
theory of (possibly singular) schemes. We also explain the relation of hermitian
K-theory to Ranicki’s L-groups and Balmer’s triangular Witt-grous.

INTRODUCTION

By a result of Thomason [TT90], algebraic K-theory is “invariant under derived
equivalences”. This is a tremedously powerful fact. Here is the bad news. We show
in Appendix C.5 that the corresponding statement is false for higher Grothendieck-
Witt groups, alias hermitian K-groups, introduced in [Sch10]. In fact, the examples
in Proposition C.5 show that this already fails in degree zero.

The good news is that as long as we restrict ourselves to schemes over Z[1] (or to
Z[%]—complicial exact categories, or, more generally, to complicial exact categories
in which “1 is split”; see condition (%)), hermitian K-theory is invariant under
derived equivalences. This is proved in Theorem 2.10. Combined with the results
of [Sch10], many statements about K-theory, Witt and Grothendieck-Witt groups
[TT90], [Gil02], [Wal03a] immediately yield the corresponding results regarding the
higher Grothendieck-Witt groups of schemes.

The following is Theorem 3.5 in the main body of the text.

Theorem (Localization). Let A — B — C be a sequence of complicial functors
between complicial exact categories with weak equivalences and duality satisfying
2.1 (%). Assume that the associated sequence of triangulated categories TA —
TB — TC is exact. Then the sequence of spectra

GW (A) — GW(B) — GW(C)

is a homotopy fibration.

An immediate consequence of our Localization Theorem is a version of Karoubi’s
fundamental theorem in hermitian K-theory though in the text, we will prove this
result before the Localization Theorem and deduce the latter theorem from it. A
complicial exact category with weak equivalences and duality (£, w, §,7) comes with
a family of dualities §;, i € Z. We obtain in Theorem 2.7 the following.
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Theorem (Periodicity Fibration). Let (£, w,,n) be a complicial exact category
with duality satisfying 2.1 (x). Then there is a homotopy fibration of spectra

GW (£, w,4n,) = K (€, w) & GW (E,w, fnr1,m),
where F' and H are the “forgetful” and “hyperbolic” functors, respectively.
With the easy identifications of Karoubi’s U and V-theories as
U(E) = GW(E, i), VI(E)=QGW(E 1) and .GW(E,81) ~ GW(E, 1),

we obtain a new proof and a generalization of the more familiar version of Karoubi’s
fundamental theorem

QLUE) = V()

see 3.6 and also Corollary A.3.

Under the assumption (x), we identify in section 5 the colimit of a sequence of
spectra GW(#) — Q7 '\GW(§_1) — Q2GW (4_2) — ... with Ranicki’s L-theory
spectrum [Ran92] whose homotopy groups ;L coincide with Balmer’s triangular
Witt-groups W% In particular, our main theorem also holds for L-theory in
place of higher Grothendieck-Witt theory — a fact proved some time ago in [Bal00]
(though not in the form of spectra) and in [Ran92, 77].

For a complicial exact category with weak equivalences and duality (€, w, *,7),
the K-theory spectrum K (&, w) carries a canonical action of the two element group
7/2. We denote by K(&,w)pz/2 the homotopy orbit spectrum. Generalizing a
result of Kobal [Kob99], we obtain the following as a consequence of our version of
Karoubi’s fundamental theorem; see Theorem 5.5.

Theorem. Let (£, w,#,n) be a complicial exact category with weak equivalences
and duality satisfying (%) (see 2.1). Then there is a homotopy fibration of spectra

K(ng)hZ/Z — GW(E,U}, ﬁﬂ?) — L(gaw7 ﬁﬂ?)

An analogous statement for the homotopy fixed point spectrum generalizing
[Wil05] and [Kob99] is also given in Theorem 5.5.

With all these abstract results at hand, we can now transport to the theory of
higher Grothendieck-Witt groups results known for algebraic K-theory and triangu-
lar Witt-theory among them Zariski-excision, Nisnevich excision (both for possibly
singular schemes), homotopy invariance for regular noetherian separated schemes,
projective bundle formulas, generalizations to quasi-separated and quasi-compact
schemes using perfect complexes... One can develop a theory of coherent higher
Grothendieck-Witt groups with its localization sequence, Poincare duality, homo-
topy invariance, Brown-Gersten spectral sequences etc. The proofs are now mutatis
mutandis the same as in K-theory and triangular Witt theory. We will describe
some of these applications in §9 and §10.

0.1. Avertissement. We freely use terminology and results from [Sch10] with the
exception that we write GWx¢ for the (—1)-connected specrtrum whose Q°°-space
was denoted by GW in [Sch10].
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0.2. Terminology. We say that a map of (n — 1)-connected spectra is an equiva-
lence up to m, if its cofibre has non-trivial homotopy groups only in degree n. We
say that a commutative square of (n — 1)-connected spectra is homotopy cartesian
up to m, if the total cofibre of the square has only non-trivial homotopy groups in
degree n. This is equivalent to the map on vertical (or horizontal) cofibres of the
square to be an equivalence up to .

CONTENTS
Introduction 1
1. Complicial exact categories 3
2. Karoubi-periodicity and invariance under derived equivalences 10
3. The Grothendieck-Witt spectrum 16
4. Negative Grothendieck-Witt groups are triangular Witt- and L-groups 18
5. Relation to Z/2-equivariant homotopy theory 20
6. Cofinality revisited 24
7. Product structures and the connecting map in the Periodicity Fibration 25
8. The Karoubi-Grothendieck-Witt spectrum 25
9. Vector bundle Grothendieck-Witt groups 25
10. Coherent Grothendieck-Witt groups 26
Appendix A. Homology of the infinite orthogonal group 26
Appendix B. Application: Classical Bott periodicity 35
Appendix C. A counterexample to invariance under derived equivalences 37
Appendix D. Tate spectra 40
References 45

1. COMPLICIAL EXACT CATEGORIES

All known proofs of the analog in algebraic K-theory of our abstract localization
theorem 3.5 need more structure than just that of an “exact category with weak
equivalences”. Usually one demands the existence of a “cylinder functor” ([Wal85],
[TT90]), which, in the cases of interest to us, amounts to giving an action of the
category Chb(Z) of bounded chain complexes of finitely generated free Z-modules.

In this section, we introduce the hermitian analog: complicial exact categories
with weak equivalences and duality. These are the exact categories with weak equiv-
alences and duality which carry an action of Chb(Z) compatible with involutions.

Many categories with duality carry an action by a closed symmetric monoidal
category. We start by reviewing the necessary concepts regarding such categories.

1.1. Closed symmetric monoidal categories. Recall that a symmetric monoidal
category is a category A equipped with a functor ® : A x A — A, an (unit) object
1 € A, and functorial isomorphisms a : (XQY)®Z 2 X®(Y®Z),[: 19X — X,
r: X®I1 - X,and c: X ®Y =2 Y ® X making certain “coherence” diagrams
commute []. In order to simplify formulas, we may assume that a, I, and r are
the identity morphisms. This is justified by the fact that any symmetric monoidal
category is equivalent to one where a, [, and r are the identity morphisms [May74].

A closed symmetric monoidal category is a symmetric monoidal category A to-
gether with a functor [, | : AP x A — A and functorial evaluation e : [X,Y]®@X —
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Y and coevaluation d : X — [Y, X ® Y] such that the compositions

4, X] 44,4, X0 A S A4, X] and XA A X004 5 X0A
are the identity maps. A natural transformation which is built out of iterated
application of ®, [, |, a,¢,d, e, [, r is called admissible. There is a coherence theorem
which roughly says, that two admissible natural transformations coincide provided
they have the same graph (defined in [KML71]) and no term [ , 1] occurs in the
formula. For details, the reader is referred to [KMLT71].

For every object A of A, we have a functor §4 : A? — A: X — [X, A]. The

composition X % [[X, A], X ® [X, A]] 57 [[x, A, [X, A] ® A] 5! [[x, A, A] defines
a natural transformation
(1) ny s X = X#E = [[X, A, A]

which satisfies (nf})“n}‘}m = 1ys, [KML71] so that (A, #a,n?) is a category with
duality. We may write ff and 7 for #y and n®.
There is a unique admissible natural transformation

(2) can: [A,B]®[X,E] - [A® X,B® EJ.
It is associative and unital in the obvious sense. Moreover, the diagram
Mg %

(3) E®X
nx On% i l [can,1]
[[E, Al, Al ® [[X, B], B] =2~ [[E, A] ® [X, B], A® B]

[E® X,A® B],A® B

commutes, since, by the coherence theorem, there is a unique admissible natural
transformation from the upper left corner to the lower right corner. In summary,

(4) (A fa) < (A t5) 2% (A faen)

defines a functor of categories with duality which is associative and unital (with

unit (1,1) — (A, 1)).

1.2. Remark. A map p: A® B — FE in a closed symmetric monoidal category
defines, by adjunction, a map

o AS B, A B B, E) = B

which satisfies gpff onE = puoc where poc: B® A 5 A® B C. In particular,
amap pt: A® A — E with g oc= p defines a symmetric form ¢, : A — At

1.3. The category of dg R-modules. Here is a well-known example of a closed
symmetric monoidal category. Let R be a commutative ring with unit, and let
dgR-Mod be the category of differential graded R-modules (and maps the closed
degree 0 morphisms) [Kel94]. This is the same as the category of complexes of
R-modules and chain maps as morphisms. Our convention is that differentials raise
the degree (by 1). Usual tensor product ® = ® g and internal hom functors [ , ]
of complexes make dgR-Mod into a closed symmetric monoidal category with unit
1 = R, the chain complex which is R concentrated in degree 0.
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More precisely, tensor product and internal homs are defined by

(A®B)": @ Ai®Bj

i+j=n
with differential dagp(z @ y) = daz @ y + (—1)1*l2 ® dpy, and
[A, B]" = Hi+j=n[A7i’ Bj]

with differential djs 5(f) = dp o f — (=1)//If o ds. Note that the differentials
are defined in such a way that evaluation e : [A,B]|® A - B : f®z — f(x),
coevaluation d: A — [B,A® B] : a = (b — a®b) and commutativity ¢: A® B —
B A:z®@y— (—1)*Wly ® 2 are maps of chain-complexes.

The double dual identification n§ : X — XFafa = [[X, 4], A] : © = nx(2)
of 1.1 (1) is the map satisfying n%(2)(f) = (—=1)I#I/lf(2) for f € X*#4. The
map can : [X; Al ®[Y,B] - [X ® Y, A® B] of 1.1 (2) is given by the formula
[can(f ® g)](z @ y) = (=) f () ® g(y).

As usual, a sequence (A,d) — (B,d) — (C,d) of dg R-modules is exact if
A — B — C is an exact sequence of (graded) R-modules (forgetting the differ-
entials). A map (A,d) — (B,d) of dg R-modules is called weak equivalence or
quasi-isomorphism if it induces an isomorphism of cohomology modules.

1.4. The category Chb(R) of finite, semi-free dg R-modules. A dg R-module
(A, d) is finite and semi-free if A is a finitely generated free graded R-module, that
is, A has a finite homogeneous R-basis. We denote by Chb(R) C dgR-Mod the full
subcategory of finite and semi-free dg R-modules. This is the same as the cate-
gory of bounded chain complexes of finitely generated free R-modules. The closed
symmetric monoidal structure of dgR-Mod respects finite, semi-free dg R-modules
so that it makes Ch’(R) into a closed symmetric monoidal category. The category

Ch®(R) inherits the notion of exact sequences and that of weak equivalences from
dgR-Mod.

1.5. Complicial exact categories. Fix a commutative ring with unit R, and
write ® for ®g. An exact category £ is called R-complicial if it is equipped with a
bi-exact tensor product

®:Ch’(R)x & = &

which defines an associative and unital left action of the monoidal category Ch®(R)
on £. The words “associative” and “unital” mean that there are natural isomor-
phisms A®(B®X) = (A®B)®X and 1® X = X making the usual pentagonal and
triangular diagrams [ML98, VII §1] commute (see also [Gra76] for the definition of
an action of a monoidal category on another category).

To simplify formulas, we may sometimes suppress the tensor product from the
notation, so that, for instance, the associativity isomorphism above will be written
as A(BX) = (AB)X.

1.6. The fundamental exact sequence. Let C be the dg-R-algebra freely gen-
erated in degree 0 by the unit € and in degree —1 by an element v subject to the
relations dv = €, v?2 = 0. Note that C is a commutative dg-R-algebra. We denote
by p: C — T the cokernel of the dg-R-module map i : 1 — C : 1 +— ¢. It is the
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dg-R-module T freely generated in degree —1 by the image vp of v. We denote by
I the fundamental exact sequence in Ch®(R)

(5) r I—>C—2>T

1.7. The Frobenius structure of a complicial exact category. Let £ be a
complicial exact category, and keep in mind that we agreed to write AX instead
of A X for A€ Ch® and X € £&. Amap i: X — Y in & which has a cokernel
in & is called Frobenius inflation if for all maps f : X — CU in & there is a map
f':Y — CU such that f'i = f. Dually, a map p:Y — Z in £ which has a kernel
in & is called Frobenius deflation if for all maps f : CU — Z in £ there is a map
f': CU =Y such that pf’ = f.

1.8. Lemma. Let £ be a complicial exact category. Then

(1) X — CX is a Frobenius inflation, C*X — X is a Frobenius deflation.

(2) Frobenius inflations (deflations) are inflations (deflations) in E.

(3) Frobenius inflations (deflations) are closed under composition.

(4) Frobenius inflations (deflations) are preserved under push-outs (pull-backs)
(5) Split injections (surjections) are Frobenius inflations (deflations).

Proof. Recall that C'is a commutative dg R-algebra with multiplication C®C — C'
and unit map € : 1 — C.

Given amap f : X — CU, let f' : CX — CU be the composition CX 187

cou "2 CU. We have f't = f since the composition C "% 0o B C s the
identity. Since the map X — CX has a cokernel, namely T X, it follows that it is
a Frobenius inflation. The proof that C*X — X is a Frobenius deflation is similar,
using the fact that C* = [C, 1] is a co-algebra.

Let X — Y be a Frobenius inflation, then there is a map ¥ — C'X such that the
composition X — Y — CX is the Frobenius inflation X — CX. Since X — CX
is an inflation in £, and X — Y has a cokernel, the map X — Y is an inflation,
too. The proof that Frobenius deflations are deflations is dual.

The rest follows easily from the definition of Frobenius inflations and deflations.
O

1.9. Lemma/Definition. Let X — Y — Z be a conflation in E. Then X —'Y
is a Frobenius inflation iff Y — Z is a Frobenius deflation. Such conflations are
called Frobenius conflations.

Proof. The map CX — TX is a Frobenius deflation because it is isomorphic to
C!TX — TX via the isomorphism C' — [C,T] = C*T which is adjoint to C @ C' &
C—T.

Let X — Y be a Frobenius inflation, then there is a map Y — C'X such that the
composition X — Y — CX is the canonical Frobenius inflation X — C'X. Passing
to quotients, we see that Y — Z is a pull-back of CX — T'X. Since the latter is a
Frobenius deflation, sois Y — Z.

The other direction is dual. (I

Recall that a Frobenius category is an exact category with enough projectives
and injectives, and the class of projectives and injectives coincide.
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1.10. Corollary. The category £ equipped with the Frobenius conflations is a Frobe-
nius exact category. An object is injective/projective iff it is a direct factor of an
object of the form CX. (]

The stable category £ of an R-linear Frobenius exact category £ is the cate-
gory which has the same objects as £, and whose morphisms are the morphisms
in £ modulo those which factor through some injective projective object. The sta-
ble category £ has a canonical structure of an R-linear triangulated category [?],
[Kel96]. In the case of the Frobenius structure associated with an R-complicial
exact category &, a sequence in the stable category £ is a distinguished triangle iff
it is isomorphic in £ to a sequence of the form

xLhy o) —Tx

where Y — C(f) is the pushout of X — CX along f, and C(f) — TX is the
induced map which is zero on Y and on CX it is the quotient map CX — T'X.

1.11. Definition. An exact category with weak equivalences (£,w) is called R-
complicial if £ is R-complicial, and the tensor product preserves weak equivalences
in both variables.

In this situation, the fully exact subcategory £“ C & of w-acyclic objects (that
is, of those objects X for which 0 — X is a weak equivalence) is an R-complicial
exact subcategory of £. In particular, (£,€") is a Frobenius pair in the sense of
[Sch04a]. The associated triangulated or derived category T (£, w) of (£,w) is the
category w~ '€, obtained from & by formally inverting the weak equivalences in &.
It is equivalent to the Verdier quotient £/EY of the stable category of & modulo
the stable category of £, and thus carries a canonical structure of an R-linear
triangulated category.

Now we add dualities to the picture.

1.12. Categories with dualities in a closed symmetric monoidal category.
Let A be a closed symmetric monoidal category. A category with dualities in A is
a category U together with functors

AxUBU: (A X)—»A®X and

ur x AV u (x,4) o [, A)
and natural transformations 7 and can as in 1.1 (1) and 1.1 (2) with X € U/ and
A,B,E € A. As usual, we write §4 for the functor U°? — U : X — [X,A].
We require that ® and can are associative and unital (from the left), 7 satisfies
(i)t o 773?’514 = 1y¢, and 1.1 (3) commutes where X is in & and A, B, E are in
A. In particular,

(6) (A ta) x Uy t5) 23 U, facp)

is a functor of categories with duality which defines an associative and unital left
action.

Of course, any closed symmetric monoidal category A defines a category with
dualities in A. Also, if A — B is a closed symmetric monoidal functor, then B is a
category with dualities in A via A — B.
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1.13. Example. Complexes of Ox-modules. Let X be a scheme over Spec R. The
category Ch(Ox -Mod) of complexes of Ox-modules is closed symmetric monoidal
via the same formulas as in 1.3. The map R — I'(X, Ox) defines a closed symmetric
monoidal functor ® zkOx : Ch’(R) — Ch(Ox -Mod). Let K be any complex of Ox-
modules, then, varying X € Ch(Ox -Mod) and A, B, E € Ch®’(R), the data AQz X,
(X, Alx = [X,A® K], n4®K and can : [A, B]® [X, F]x — [A® X, B® E] define
on Ch(Ox -Mod) the structure (®,[ , ]x,n’,can) of a category with dualities in
Ch®(R).

As usual, a sequence (4, d) — (B, d) — (C,d) of complexes of O x-modules is ex-
act if A — B — C'is an exact sequence of O x-modules (forgetting the differentials),
and a map (A, d) — (B, d) of chain complexes of Ox-modules is a weak equivalence
or quasi-isomorphism if it induces an isomorphism of cohomology sheaves.

1.14. Definition. Let R be a commutative ring with unit. An R-complicial ez-
act category with weak equivalences and duality is an exact category with weak
equivalences (A, w) together with a structure (®,[ , ],7,can) on A of a category
with dualities in the symmetric monoidal category Chb(R) of finite, semi-free dg
R-modules such that n' is a natural weak equivalence and such that the functors
®:Ch"(R)x A — Aand [ , |: A% x Ch®(R) — A are bi-exact and preserve
weak equivalences.

Its associated triangulated or derived category T A is the category w~!.A, obtained
from A by formally inverting weak equivalences. Since (A, w, ®) is an R-complicial
exact category with weak equivalences, T .4 has a canonical structure of a R-linear
triangulated category, see definition 1.11.

A complicial exact category with weak equivalences and duality is simply a Z-
complicial exact category with weak equivalences and duality.

1.15. Remark. If (A4, w,®,[ , ],n,can) is an R-complicial exact category with
duality. Then changing 7 into —n defines another R-complicial exact category with
duality (A, w,®,[ , ],—n,can).

1.16. Remark. Definition 1.14 implies that can : [A, B]® [X,E] = [A® X, B® E]
is an isomorphism for A, B, FE € Chb(R), X € A. We can see this as follows.
Using biexactness of ® and [ , ] one reduces the claim to showing that can is an
isomorphism when A = R[i] and B = RJ[j]. The fact that can is an isomorphism in
this case follows from the requirement that it be associative and unital.

1.17. Invertible objects. Recall that an object L in a closed symmetric monoidal
category is called invertible if the evaluation map e : [L,1] ® L — 1 is an isomor-
phism. For an invertible object, the map can : [B,A]® L = [B,A] ® [1,L] —
[B,A® L] is an isomorphism. The signature sgn; of L is the composition of the
isomorphisms sgn, : 1 % [L,L] 2 L @ L 5 1.

If eq1,...,e, is a homogeneous base of an object A of Chb(R), we denote by
eﬁ, ...,eb its dual base, the base of A* = [A, 1] defined by the requirements eg (e;) =
(—1)lel and eg(ej) =0 for i # j.

Let L be a dg R-module freely generated by an element v of degree |v|. Since
evaluation e : Lf @ L — 1 sends the generator vf @ v to vf(v) = (—1)!¢!, the object

can

L is invertible. Moreover, the sequence of maps sgn; : 1 4 [L,L] + L'*oLS1
is 1 — id — ¥ @ v+ (=1), so that the signature of L is (—1)"!.



HERMITIAN K-THEORY AND DERIVED EQUIVALENCES 9

1.18. Remark. The requirement in definition 1.14 that n' be a weak equivalence
implies that for any invertible object L € Ch’(R), the natural transformation n” :
X — [[X,L],L] is a weak equivalence. This follows from diagram 1.1 (3) with
A =1L, B=F = 1. and the fact that can is an isomorphism (1.16). The same
argument shows that if n' is an isomorphism then so is n’ for any invertible object
L of Ch®(R).

1.19. Remark. Let A be an R-complicial exact category, and A, B invertible ob-
jects in Ch(R). Let’s write as usual 4 for the functor [ , A]. Let € and § be 1 or
—1. Then we have a bi-exact functor

(7) (Chb R? qUiS7 ﬁA? 8’7A) X (“47 w, ﬁB7 5773) (%n) (A7 w, ﬁA@Ba 56WA®B)

of categories with weak equivalences and duality. Moreover, the tensor product
(®, can) is associative and unital.

1.20. Remark. Let A and B be invertible objects of Ch’(R). Any symmetric
space (E, ) in the (exact) category with duality (Ch” R, #4,en?) defines a functor
(E,p):pt — (Chb R,fa,en?) : pt = E of categories with (strong) duality, where
pt denotes the category with duality which has one object pt and one morphism
1pt. Composition with (7) defines an exact functor

(Ev 90) : (Av w, ﬁBa 677B) - (Aa w, HA@B, 56UA®B)

of categories with weak equivalences and duality which is “tensor product with
the symmetric space (E, ¢)”. Composition of such functors corresponds to tensor
product of symmetric spaces.

Now, let L be an invertible object of Ch’(R). As in 1.2, the identity map
idr2 : L ® L — L? defines, by adjunction, a map p;, = $id,, + L — [L, L?] = LFe2
which is easily seen to be an isomorphism. Since idy2 o ¢ = sgny idy2, the map
satisfies puLLQn = sgn; pr. In other words, the pair (L, pr) defines a symmetric
space in (Ch®(R),#2,sgny 77L2).

1.21. Lemma. Let A be an R-complicial exact category with weak equivalences and
duality, and let L, M be invertible objects in Chb(R). Then tensor product with the
symmetric space (L, pr) defined in 1.20 defines an equivalence of exact categories
with weak equivalences and duality

(La pL) : ("4’ w, ﬂM7 UM) — (-Aa w, ﬁL2®M7 sgnr 77L2®M)-

€

Proof. The map \ : (L%)? ® L? con @l (L?)* ® L? 5 1 defines an isomorphism
(id, ) : ($(Lty2@r2em,>n) — (Har,1) of exact categories with weak equivalences and
duality. One checks that the composition (id,\) o (L* pp¢) o (L, pr) is naturally
isometric to the identity functor of (#37,71). Similarly, there is an isomorphism (id, \)
of categories with duality such that (id, \) o (L, p) o (L, p) is naturally isometric to
the identity functor. This implies the claim. [
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1.22. Definition. A (complicial) functor of R-complicial exact categories with du-
ality from A to B, is a triple (F, ¢, p) with F': A — B an exact functor preserving
weak equivalences, p : A ® F(X) — F(A ® X) a natural transformation, and
¢ : F[X,A] — [FX, A] a natural weak equivalence. We require that p be asso-
ciative and unital from the left with respect to ® (this implies that p is a natural
isomorphism as in 1.16), and that the following two diagrams commute

(8) |4, B]® FIX,E| —2> F([4,B] ® [X, E]) o F[A X, B & E]

(A, B] ® [FX, E] - Y (FA@ X), B E]

[A® FX,B® E] <2~

o

9) FX —"" Fl[X, AL A

[[FX, Al 4] [F[X, A], A]

[,1]
_—

Composition of such functors is composition of the F’s, p’s and ¢’s, respectively,

1.23. An equivalent definition. By remark 1.19 with A= B =T ande=§ =1,

an R-complicial exact category with weak equivalences and duality (A, w, ®,[ , ],7,can)
induces an associative and unital biexact left action
3 (® can)
(10) (Ch"(R), quis, #,7) x (A,w,t,1) (A w, 8,7),
where § = [ , 1] and n = nt.
In fact, a left action of (Ch’(R),quis,4,n) on (A, w,4,n) already defines an R-
complicial exact category (A, ®,[ , ],n’, can’) which is isomorphic to (A, ®,[ , |,n,can).

Given such a left action (with can : A* ® X* — (A ® X)* a natural isomorphism,
and 77 : X — X a natural weak equivalence, A € Ch’(R) and X € A), we define
[X,A) = A® X* and 1’ and can’ as the compositions

X=10X B[4 Aex# 2 Ag Al o X# '™ Ag (Ae X! = [[X, A], 4],

[A, B][X, E] = [A, BJEX! ‘' BA'EX*® 'Y BEA'*X! 'S" BE(AX)! = [AX, BE],

where on the second line we suppressed the tensor product ® in the notation.
We leave it as an exercise for the reader to check that with these definitions,
(A,®,] , ',n,can’) is an R-complicial exact category with duality, and the func-
tor (id,id,can) : (A, ®,[ , ],7',can’) = (A,®,[ , ],n,can) is an isomorphism of
complicial exact categories with duality.

2. KAROUBI-PERIODICITY AND INVARIANCE UNDER DERIVED EQUIVALENCES

Let (A, w,®,[ , ],m,can) be a complicial exact category with duality. We write
4, and 0" for [ ,T"] and n”". Then (A,w, #,,n") is an exact category with weak
equivalences and duality carrying a left action by (Chb Z,quis, 4,7n). Note that by
lemma 1.21 (with L = T, and noting that sgnT = —1), the two categories with
weak equivalences and duality (A, w, t1,,17") and (A, w, f,, 42, —1™?) are equivalent,
so that GWxo (A, w, #,,n") = GW>o(A, w, 42, —n™ %) only depends on n modulo
4.
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2.1. Standing Assumption. Let (£, %) be a complicial exact category with weak
equivalences and duality. We say that £ satisfies the condition (x) if

(*) there is a natural transformation A : idg — idg such that
(1) for every object X of £ we have Ax~ + Ax™ = 1x~, and
(2) for A e Ch’Z, X € &€ we have Aox = 1a ® Ax.

Recall that £ is equipped with a family fi;, of dualities with % = fiy, where L ranges
over the invertible objects of Ch®Z. Since X#r = [X, L] is naturally isomorphic to
L®X* wehave Ays, + (Ax)* = Apgx + LNy =1L @ (Ax« + %) = 1ys.. In
other words, (£, w, 1) also satisfies (x).

2.2. Examples. Here are some examples of complicial categories satisfying (). If
& is a Z[§]-linear category (in which case we say “2 is invertible in £”) then we
can take as A the multiplication by %, that is, a Z[%]—complicial exact category
with weak equivalences and duality always satisfies (x). If £ is the hyperbolic
category HA of a complicial exact category with weak equivalences A, then we
can take A = (1,0) the natural transformation (1x,0) : (X,Y) = (X,Y). So
hyperbolic categories always satisfy (x). If A is an exact category with duality for
which there is a natural transformation X : id — id satisfying (1) above, then the
category € = Ch”(A) satisfies (%). For instance, we can take as A the category of
finitely generated projective modules over the hermitian ring R[z], where R is a
commutative ring with trivial involution, and & = 1 — . Here A is multiplication
with .

2.3. Lemma. Let (A,w,n, 1) be a complicial exact category with weak equivalences
and duality satisfying (). Then the functor (wA), — (iTA)n : (X, ) — (X, )
induces an isomorphism of abelian monoids of connected components

0 (’U)A)h — 7o (ZTA)]—L

Proof. We will show that the functor (11) below is full and essentially surjective
(11) w_l(wA)h — (ZT.A)h

This clearly implies the claim.

The functor (11) is essentially surjective on objects by the following argument.
Let (A,a) be a symmetric space in w™'A. We can write a as a fraction a =
aos ! witha: B — A% and s : B - A € w weak equivalences in A. Let
© = Asta + Malns : B — B! Then (B, ) is a symmetric weak equivalence in A,
and s: B — A defines an isometry in 7.4 between (B, ¢) and (A, ).

To finish, we show that the functor (11) is full. Let (4, «) and (B, 8) be objects
of (wA), and let [fs~!] be an isometry in 7.4 from (A, ) to (B, 3). In particular,
f and s are weak equivalences in A. Using a calculus of fractions in 7.4, we can
assume the fraction fs~' with f : E — Band s : E — A, is such that oy = sfas and

a1 = fiBf are homotopic. Therefore, the difference oy — v factors as E = T 2, pt
where I is w-acyclic. Then the pair (E @ I, ) with

ay A
o= (i s ) E@I>E ol
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defines an object of (wA)p. The functor (11) sends the map

(40) & (Brao) S (BoLo) @ (B,a) 4 (B.5)
in wHwA)p to fs~!in (iTA)p. O

2.4. Lemma. Let (F,¢) : (A,w) = (B,w) be a map of exact categories with weak
equivalences and duality (p being a symmetric weak equivalence). Suppose that
there are a functor G : (B,w)—(A,w) of exact categories with weak equivalences
(no compatibility with dualities required) and zig-zags of natural weak equivalences
of functors between F'G and idg and between GF andid 4. If A and B are complicial
and satisfy (%), then (F, ) induces an equivalence of (—1)-connected Grothendieck-
Witt theory spectra

GWZO (.A, w) :> GWZo(B, w).

Proof. To simplify notation, we will write throughout this proof Fun(.A, B) for the
exact category with weak equivalences and duality ExFun(A,w;B,w). This is a
complicial exact category with weak equivalences and duality satisfifying (x) by the
following definitions. One uses the functoriality of ®, [ , ] and A in A to define
(AQF), [F,Aland Ap : F — F as (AQF)(X) = A F(X), [F, Al(X) = [F(X), A]
and Ap(X) = Ap(x) : F(X) = F(X) for F € Fun(€, A). In particular, Fun(B, A)
and Fun(A, B) are complicial exact categories with weak equivalences and duality
satisfying (x).

The hypothesis of the lemma imply that F' : Fun(B,A4) — Fun(B,B) : H —
F o H induces an equivalence 7 Fun(B, A) — T Fun(B, B) of derived categories
with inverse G. By lemma 2.3, (F, ) induces an isomorphism of abelian monoids

7o (wFun(B, A)), = mo (wFun(B, B))s.

So there is an object (H,v) € (wFun(B,.A));, which under this isomorphism goes
to idp € (wFun(B, B))p. This means that there is a zigzag of natural weak equiva-
lences between (F, ¢)o(H, ) and idg compatible with forms. By [Sch10, §2 Lemma
2], the functors (F, ) o (H,1) and idp induce homotopic maps on (—1)-connected
hermitian K-theory spectra. In particular, (F, ) is surjective, and (H, 1)) is injec-
tive as maps on higher Grothendieck-Witt groups GW;, ¢ > 0.

By construction of H and the existence of G, there are zig-zags of weak equiva-
lences of functors between H F' and id 4 and between F'H and idg. By the argument
above (with (H, ) in place of (F, ¢)), we see that (H, ) is also surjective and hence
bijective on higher Grothendieck-Witt groups. From the previous paragraph it fol-
lows that (F,¢) induces isomorphisms GW; (A, w) — GW;(B,w), i > 0.

O

2.5. The mapping cone. Let R be a commutative ring with unit. Recall that the
cone C' € Chb(R) is a commutative dg- R algebra with multiplication y : CRC — C
defined in 1.6. As in 1.2, the composition pp : C @ C' — T defines, by adjunction,
a form v = ¢,, : C — C*7 = [C,T] which is symmetric, that is, 7#7nT = v since
poc = pu (see remark 1.2). We obtain in this way a symmetric isomorphism of
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exact sequences

7 p

r: 1 C T
l” ld [p.1] l7 [4,1] lid
[, 7] : [T,T) [C,T) (1,7

from the fundamental exact sequence of 1.6 to its T-dual. In other words, the
pair (T',7) defines a symmetric space in the category (S Ch®(R), #7,n7) of exact
sequences of chain complexes with shifted duality 7.

For an exact category with weak equivalences and duality (A, w,,7n), we define
a functor

(A,0) : (SaMorA,f) — (A, 1)

of exact categories with weak equivalences and duality as follows. Any map f. :
A, — B, of exact sequences can be factored into a sequence of maps A(f) of exact
sequences as follows

0 A Ay Ay 0 A,
e
A(f) 0—> By —>=A(fi) —= Ay ——0 .
;oo
0 By B4 By 0 B,

where the upper left and lower right squares are bicartesian. This factorization is
unique up to unique isomorphism, and therefore defines a functor A from SoMorA
to such diagrams. In particular, we have a functor A : SsMorA — A which
is A composed with evaluation at the middle spot. The duality compatibility
isomorphism A(f*) — A(f)? is the unique map of diagrams inducing the identity
of ff on the composition. Its restriction to the middle spot of the diagram defines
the duality compatibility isomorphism & : A(f#) — A(f)*.

We define the cone functor Cone : (Mor A, w, #n,n") — (A, w, #,+1,7" ") as the
composition

(12) Cone : (Mord, ) "5 (SoMor A, 1) B (A, fsn).

For any exact category with duality and weak equivalences A we have a functor
(A, 8,) — (MorA,4,) : A — ida with duality compatibility isomorphism id :
idAnn = ZdA"

2.6. Theorem. Let (A, w) be a complicial exact category with weak equivalences
and duality satisfying (x). Then the commutative square

Arida

(13) (A, w, ,n") (MorA,w,#n,n")

| Jone

(Aw7 w, nnJrlv 77"+1) — (A7 w, ﬁn+1, 77"+1)
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induces a homotopy cartesian square up to mo of GW>q spectra and the lower left
corner’s hermitian K-theory is contractible. In particular, there is a homotopy
fibration up to m

GWZO(A7 w, ﬁn) — GWZO(MOTAa w, ﬁn) — GWZO(Av w, ﬁn"rl)'

Proof. As usual, the lower left corner’s hermitian K-theory is contractible by [Sch10,
§2 Lemma 2] in view of the natural weak equivalence 0 — X for X € AY.
Let v be the set of maps f in Mor A for which Cone(f) is a weak equivalence in
A. Then
((Mor A)Y,w, #,) = (Mor A, w, 4,) = (Mor A, v, #,)

induces a homotopy fibration up to my of GWx¢ spectra by [Schl0, §4 Theorem 6).
The functor (A, w,t,) — ((Mor A)?,w,#,) = (Mor,, A, w,t,) : A — ida induces
an equivalence of GWx¢ spectra by [Sch10, §2 Lemma 2].

The induced functor (F,¢) = Cone : (Mor A, v,#,) — (A, w,#,+1) induces an
equivalence of GW>¢ spectra by lemma 2.4, where G : (A, w) — (Mor A, v) sends
X to the object 0 — X of Mor.4. We have F'G = id 4 and a zigzag of natural weak
equivalences id — H < GF where H sends an object f: X — Y of Mor A to the
object Cone(idx) — Cone(f), and the natural weak equivalences are given by the
natural maps from f: X — Y to Cone(idx) — Cone(f) and from 0 — Cone(f) to
Cone(idx) — Cone(f). O

2.7. Theorem (Periodicity Fibration). Let £ be a complicial exact category with
weak equivalences and duality satisfying (x). Then forgetful and hyperbolic functors

(€ w, ) KN (HE, w) A (E,w,8n+1) induce a homotopy fibration up to

GWZ()(E, w, ﬁn) i) K(Ev ’LU) i GWZO(E? w, ﬁn-l-l)'

which is functorial for complicial exact categories with weak equivalences and dual-
ity.

Proof. This follows from theorem 2.6, additivity [Sch10, §3 Theorem 5] and the
observations that the composition (&,4,) — (Mor&,8,) — HE is the forgetful
functor and the composition

-1
gl

HE HE — (Mor&,t,) =5 (& fns1)

is naturally isometric to the hyperbolic functor. Since T~ '® is homotopic to —1 in
K-theory, the pair (F, —H), and hence, the pair (F, H), induce homotopy fibrations
of spectra. O

2.8. Karoubi’s fundamental theorem.

2.9. Lemma (Karoubi induction). Let G : A — B be a complicial functor between
complicial exact categories with weak equivalences and duality satisfying (x). Sup-
pose G induces an equivalence in K-theory and isomorphisms GWy( A, w,,) —
GWo(B,w, 1), n € Z/4. Then G induces an equivalence for n € Z/4

GWZO(-Au w, ﬁn) i> GWZO(B7 w, ﬁn)
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Proof. By the Periodicity Fibration Theorem 2.7, G induces a map of exact se-
quences for n € Z and © > 0

GWit1( A 8n) — Kip1(A) ——= GWip1 (A 1) ——= GWi(A, 8,) —— Ki(A)

i | | | |

GWit1 (B, ) —= Kip1(B) ——= GWit1 (B, fn+1) —= GWi(B, ) — Ki(A).

By a version of the 5-lemma, an isomorphism GW;(G,4,) implies a surjection
GW;11(G, $r+1). Moreover, an isomorphism GW; (G, £,,) and a surjection GW, 1 (G, 1)
imply an isomorphism GW;1(G, fn+1)- O

2.10. Theorem (Invariance under derived equivalences). Let G : A — B be a
complicial functor between complicial exact categories with weak equivalences and
duality satisfying (x). Suppose that G induces an equivalence TA — TB of associ-
ated triangulated categories. Then G induces an equivalence for n € Z./4

GWZO('Aa w, ﬁ’ﬂ) i> GWZO(B7 w, ﬁn)

Proof. For a complicial exact category with weak equivalences and duality (£, w),
the group K[(€,w) is the co-equalizer of a diagram

Ko w H(wS28)n = Ko w H(w)p,

where K((C) means “Grothendieck group of the abelian monoid of isomorphism
classes of objects in the symmetric monoidal category C”; see (8) in the proof of
[Sch10, §2 Proposition 3] The two maps are induced by the two ways of associating
symmetric weak equivalences in £ to a symmetric weak equivalence in S>€ as in
the definition of GW, given in [Sch10, §2 Definition 1].

It is easy to see that a functor G : A — B such that G : TA — TB is an
equivalence, also induces an equivalence 7 Ss A — T SoB of triangulated categories
associated with the categories of exact sequences in A and B. It follows from
lemma 2.3, that G induces isomorphisms on both terms in the diagram above, and
thus isomorphisms GWy( A, w,,) = GWo(B,w,,), n € Z. Since, by a theorem
of Thomason [TT90, ?7], G induces an equivalence in K-theory, we are done by
Lemma 2.9. ([l

2.11. Theorem. Let A — B — C be a sequence of complicial functors between
complicial exact categories with weak equivalences and duality satisfying (). As-
sume that the associated sequence of triangulated categories TA — TB — TC is
exact. Then the composition A — B — C factors through C* and the commutative
square of (—1)-connected Grothendieck-Witt theory spectra

GWZ()(.A, w, ﬁn) —— GWZ()(B, w, ﬂn)

l l

0~ GWZO(CU}7 w, ﬁn) —_— GWZO(C, w, ﬁn)

is homotopy cartesian up to my, and the lower left corner is contractible.



16 MARCO SCHLICHTING

Proof. This follows from the “change of weak equivalence theorem [Sch10, §4 The-
orem 6], and invariance under derived equivalences (theorem 2.10).
O

3. THE GROTHENDIECK-WITT SPECTRUM

Let (£,w) be a complicial exact category with weak equivalences and duality
satisfying (*). We will construct a spectrum GW (&, w) and a map

GWEQ((‘:, w) — GW((C:, w)

of spectra functorial in € such that 7,GW>o(€,w) — m;GW (€, w) is an isomor-
phism for ¢ > 0, and such that the fibration up to my of theorem 2.11 extends to an
honest fibration of Grothendieck-Witt theory spectra.

3.1. Definition. Define the Witt groups functors Wy(n) as Wy(n)(A,w,t,n) =
Wo (A, w,8,,n") and remark that Wy (n)(Mor A, w, §,n) = 0...

3.2. Construction. We will construct a sequence of functors from complicial exact
categories with weak equivalences and duality satisfying (%) to spectra

(14) GWZO — GWZ,1 — GWZ,Q — GWZ,;), —

such that for n <0

(1) GW>,, is n — 1 connected,

(2) forn < 0, the map GW>, 41 — GW>,, is an isomorphism in degrees > n+1,
and WnGWZn = Wo(n),

(3) theorem 2.11 holds with “up to m,” and GW>,, in place of “up to mg’
GWZ(),

(4) The map GWs>,41 Mor — GW>,, Mor is an equivalence for n < 0,

(5) [Schl0, §2 Lemma 2] holds for complicial functors F' and G, and GW>,, in
place of GW>y.

Note that (4) implies that GW>,,(A) ~ 0 for A = 0 the category consisting of only
a zero object, since in this case A = Mor A, and GW>((A) = 0.

We have seen that the functor GWs( satisfies (1) - (5); (1) holds by contruction
of GW>g, (2) is vacuous, (3) is theorem 2.11, (4) is vacuous, and (5) is [Sch10, §2
Lemma 2].

Assume we have constructed the functors GW>_; for [ = 0,...,n € N satisfying
(1) - (5). Let (A,w) be a complicial exact category with weak equivalences and
duality satisfying (x). Consider diagram 2.6 (13), and define F~_,, and G>_,_1
as the homotopy fibres (in the category of spectra) of GWx_,, of the left and right
vertical maps in that diagram. More precisely, F>_, (A, w,4,n) is the homotopy
fibre of

)

and

GWZ—W,(A7 w, ﬁ? 77) — GWZ—N(-Awa w, ﬁh 771)’
and G>_n—1(A,w,t,n) is the homotopy fibre of
GWZ,n(MOY A7 w, Ij7 77) — GWZ*H(Aa w, ﬁla 771)

The natural map F>_,, — GW>_,, is an equivalence since GW> _,, (A", w, #1,n")
is contractible, by (5) and the remark thereafter. The natural map F>, = G>pn_1,
induced by the commutativity of diagram 2.6 (13), is an equivalence up to m_,_1,
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by (3). Moreover, G>_,_1 is —n — 2-connected, by (1), and 7_,_1G>_p_1 is the
cokernel of
T—nGWs_p(Mor A, ) = m_,GW>_, (A, #h)
which is Wy (A, #1) = Wy (1)(A, ) for n = 0, and Wy(n)(A,41) = Wo(n+1)(A,§) for
n > 0 since Wy(n)(Mor, A, ) = 0. In particular, the map F>,, Mor — G>,_1 Mor
is an equivalence. Moreover, theorem 2.11 holds with “up to m,—1” and G>,_1
in place of “up to mp” and GWs, by (3) and (4), and the fact that the diagram
in theorem 2.11 is homotopy cartesian when GWx is replaced with GW>o Mor
which is (—1)-connected K-theory, by additivity. Finally, (5) holds for G>_,,_1 by
functoriality of its construction.
Now we define GW>_,,_1 as the homotopy colimit

GWZ,TL,1 = hOCOHm(GWZ,n «— FZ*” — sznfl).

It comes with a natural map GW>_,, — GWs>_,_;. Since the induced map
G>_n—1 — GW>_,,_1 is an equivalence (as F>_,, - GW>_, is), the properties (1)
- (5) for GW>_,_1 readily follow from the corresponding properties of G>_,_1.

3.3. Definition. Let (£,w,f,n) be a complicial exact category with weak equiv-
alences and duality satisfying (x). Its non-connective Grothendieck-Witt theory
spectrum GW (€, w, 1, 7n) is defined to be the colimit

GW(Ev ’LU, ﬁ? 77) = COhmTLGN GWZ—H(€7 U), ﬁ? 77)
of the sequence (14). It is functorial for complicial functors of such categories.

The following, proposition 3.4 and theorem 3.5, follow immediately from the
construction and discussion in 3.2.

3.4. Proposition. Let £ be a complicial exact category with weak equivalences and
duality satisfying (x). Then the natural map

GWZO((‘:, U)) — GW(g, ’LU)

is an isomorphism in degrees i > 0, and in negative degrees we have natural iso-
morphisms

GW_, (&, w, ) = Wo(E,w, 1), n > 0.
U

3.5. Theorem (Abstract Localization). Let A — B — C be a sequence of compli-
ctal functors between complicial exact categories with weak equivalences and dual-
ity satisfying (). Assume that the associated sequence of triangulated categories
TA— TB — TC is exact. Then the composition A — B — C factors through C*,
the commutative square of Grothendieck- Witt theory spectra

GW (A, w,t) GW (B, w,t)

l |

0~ GW(C¥ w,t) — GW(C,w,1)

is homotopy cartesian, and the lower left corner is contractible. [



18 MARCO SCHLICHTING

3.6. Karoubi periodicity (or the fundamental theorem of hermitian K-theory).
Let £ be a complicial exact category with weak equivalences and duality. It is easy
to see (and implicit in the proof of theorem 2.6) that the sequence

(&, w, tn) "2 (Mor &, w, #,) <28 (€, w, tn41)

induces an exact sequence of associated triangulated categories. Therefore, theorem
3.5 implies (in the same way as theorem 2.6 implies Theorem 2.7) a homotopy
fibration of Grothendieck-Witt theory spectra

(15) GW (€, w, b, ") == K(E,w0) 5 GW(E,w, Brgr, ™)

for (€, w,#,n) a complicial exact category with weak equivalences and duality sat-
isfying (x).

Fore € {£1}, write .GW (A, n) for GW (A, w, f,,en™), and .GW (A) for .GW (A, 0).
Following Karoubi, one defines new theories U (A) and .V (A) as the homotopy fi-
bres of hyperbolic and forgetful functors

K(A) B .GW(A4) and .GW(A) S K(A).
From the homotopy fibration (15), we see that
U(A) ~ .GW(A,-1) and V(A)~Q_.GW(A1).

It follows from lemma 1.21 with L = T (and sgny = —1) that . GW(A,—1) &
_.GW (A, 1) so that we obtain a homotopy equivalence

_V(A) = Q U(A).

For A the category of finitely generated projective R-modules (and the stable ver-
sion of higher Grothendieck-Witt theory as defined in section 8 instead of GW),
this is Karoubi’s fundamental theorem [Kar80].

4. NEGATIVE GROTHENDIECK-WITT GROUPS ARE TRIANGULAR WITT- AND
LL-GROUPS

4.1. The Balmer-Walter definition. Let A be a complicial exact category with
weak equivalences and duality. Recall from 2.5 (12) the cone functor whose associ-
ated form gives, for n = —1, a symmetric weak equivalence Cone(u) — Cone(uf-1)%.
If u = uf~1n~1, we obtain a symmetric weak equivalence ¢ : Cone(u) — (Cone(u))*.
If A is Z[%]-complicial, it is shown in [Bal00] that the isometry class of (Cone(u), ¢)
in (TA,£) only depends on the image of u in T.A, and that (Cone(u), ) can be
constructed entirely within the framework of a triangulated category with duality.

In [Wal03b], the Grothendieck-Witt group GW (T) of a Z[$]-linear triangulated
category with dualtiy 7 is defined to be the abelian group freely generated by
symmetric spaces [X, ¢] in 7 modulo the relations [ X, ¢]+[Y, ¢] = [(X, ¢) L (Y, )]
and [Cone(u), ] = [H(X)] for any symmetric map u : X — X*-1 in T. If T is the
triangulated category T .A associated with a Z[%]—complicial exact category with
duality A, we can assume u to be symmetric in (A, f§_1) as any symmetric map in
T A can be lifted (up to isometry in 7.4) to a symmetric map in A.

4.2. Lemma. Let A be a Z[%]—complz’cz’al ezact category with weak equivalences and
duality. Then the map of abelian groups is well-defined and an isomorphism

GWo(A,w) = GW(TA) : [X, 0] — [X,¢]
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Proof. Let (€, w) be a complicial exact category with strong duality. A symmetric
space (X, p) in &€ defines a symmetric space in TE. If L C X is a Lagrangian, then
[X,¢] = [H(L)] in GW(TE) ([Bal99, 2.11]). So we obtain a well-defined map
GWH(E) = GW(TE) : [X, ] — [X, ¢] which is obviously trivial on GWy(EY).

By the Simplicial Resolution Lemma [Sch10, §3 Lemma 5] the group GWy(A, w)
is the cokernel of GWq(AS*®%) — GWy(A). Therefore, we obtain a well-defined
map GWy(A,w) — GW(TA*) = GW(TA) : [X,¢] — [X,¢]. By lemma 2.3, this
map is surjective.

To see that this map is also injective, we construct its inverse. Consider a
symmetric map u : X — X% in (A4,4_1). The definition of the cone functor in 2.5
yields a symmetric weak equivalence of exact sequences

(X, T*] Cone(u) —TX

[X, T#>—— (Cone(u))# — T(X )

Using the isomorphism of lemma 2.3 we obtain a well-defined surjective map of
abelian groups GW (T A, 1) — GWy(A, w, ) such that the composition GWy (A, w) —
GW(TA) — GWy(A,w) is the identity map. O

4.3. Lemma. Let A be a Z[3]-complicial ezact category with weak equivalences and
duality. Then for all n < 0, there are natural isomorphisms

GWi (A, w) — W(TA).

Proof. This follows from Lemma 4.2 and the second part of Proposition 3.4. g

4.4. Remark (Extension of Walter’s exact sequence). Let A — B — C be a se-
quence of complicial functors between Z[%]—complicial exact categories with duality
such that the associated sequence of triangulated categories TA — TB — TC is
exact. In [Wal03b], Walter extends Balmer’s localization exact sequence of Witt-
groups [Bal00] to an exact sequence

GW(TA,8,) = GW(TB,t,) = GW(TC,t,) = W(TA,tnt1) = W(TB, fny1) = -

which continues to the right with triangular Witt groups. By theorem 3.5 and
lemma 4.2, this sequence now extends to the left with higher Grothendieck-Witt
groups. In fact, it is the negative degree part of the long exact sequence of homotopy
groups associated with the homotopy fibre square of theorem 3.5.

4.5. The functor F(), Let F be a functor from complicial exact categories with
weak equivalences and duality. Besides the Grothendieck-Witt theory functor GW
introduced in section 3, we have in mind the functors K}z, and Kh2/2 _ the
homotopy orbit and homotopy fixed point spectra of K-theory under a Z/2-action
explained below. Let F(!) be the homotopy cofibre of F Mor(—1) — F induced by
the cone map 12. This comes with a map F' — F(1). Now set F(»*1) = (F(n)(1)
and F(© = F. Then we have a sequence of functors

F=F9 5 O 5 p@ L p® ... F() = colim, F™

whose (homotopy) colimit is defined to be F(*°). We will calculate F(>) for F the
functors GW, Kj,z/2 and KM/,
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4.6. Reminder on L-theory.

4.7. Lemma. On the category of complicial exact categories with weak equivalences
and duality satisfying (%), there is a natural equivalence

GW(®) ~ T,

where I denotes Ranicki’s IL-theory spectrum.

5. RELATION TO Z/2-EQUIVARIANT HOMOTOPY THEORY

5.1. The Z/2-action on K-theory. Let (£, *,w) be an exact category with weak
equivalences and duality. Without loss of generality we may assume the duality to
be strict and to satisfy (X @Y )* =Y*@X* and 00 X = X = X &0 for all objects
X of £. This is because any exact category with weak equivalences and duality
can (functorially) be replaced by one of this sort without changing K-theory and
hermitian K-theory. Recall that the hyperbolic category HE = £ x £° is equipped
with the duality (X,Y) — (Y, X) (ignoring the duality % on £). The functor

o HE > HE  (X,Y) > (Y*, X7)

is duality preserving (as the duality on & is strict) and induces a Z/2 action on the
exact category with weak equivalences and duality HE. By functoriality, we obtain
an induced Z/2-action on the Grothendieck-Witt spectrum GW (HE, w). Since this
spectrum is naturally equivalent to the K-theory spectrum K (&, w), by [Sch10, §2
Proposition 1], we will write in what follows K (€, w) for GW (HE, w), and obtain
a Z/2-action on the K-theory spectrum K (&,w) = GW(HE,w). Of course, this
action depends on the duality on &£.

5.2. The hypernorm in K-theory. Let G be a finite group. For any spectrum
X with G-action its Tate spectrum H(Z/ 2, X)) is the homotopy cofibre of the hy-
pernorm map N : Xpe — X"C from the homotopy orbit spectrum X to the
homotopy fix point spectrum X"“; see Appendix D. In Lemma 5.3 we give an-
other description of this map for the Z/2-spectrum K (€, w) associated with an
exact category with weak equivalences and duality £ (where the action was defined
in §5.1).

Let (€, w, ) be an exact category with weak equivalences and strict duality. We
consider (&€, w, *) equipped with the trivial Z/2-action. Recall from §5.1 that the
hyperbolic category (HE,w, ) is equipped with a Z/2-action (in the category of
exact categories with weak equivalences and strict duality). We will construct a
sequence

(16) He g <=L ye

of Z/2 equivariant maps between exact categories with weak equivalences and strict
duality in which the backward arrow is an equivalence of categories (forgetting the
72 action).

Let & be the category whose objects are isomorphisms a : A = B in £ and whose
maps are commutative squares in £. We define a strict duality on £ on objects by
(a: A— B)* = ((a*)"! : A* — B*) and on morphisms by (f,9)* = (f*,g%).
The equivalence of categories £ — £ : X — (1 : X — X), f = (f, f) is duality
preserving. This allows us to equip £ with the structure of an exact category with
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weak equivalences and strict duality in such a way that the functor € — € becomes
an equivalence of such categories. The functor

E=E: (X =Y)= (1Y = X)

is duality preserving and induces a Z/2-action on (€, w, *,id). Note that the duality
preserving equivalence (£, w, ) — (€, w, *) is Z/2-equivariant. The functors H and
F in diagram (16) are defined as

T

H:HESE:(X,Y)» (XaY* 5Y*®X) and

F:&HE: X — (X, X7)

where 7 denotes the map switching the two factors. Both functors are duality
preserving, exact and Z/2-equivariant.
Applying Grothendieck-Witt spectra to diagram (16) yields a diagram

(17) K& w) — GW (E,w) <= GW (E,w) = K (£, w)

of G = Z/2 -equivariant spectra. Taking homotopy (co-) limits, we obtain a se-
quence of spectra

(18) Kne -5 CWhe <= GWig — GW — GWHE Ly ghe

where we have suppressed the entries (£, w) and where we wrote GW for GW (€, w).
The non-labelled maps in the diagram are the natural maps GWyre — GWg =
GW = GWE — GW"E,

5.3. Lemma. The map K(E,w)ng — K(E,w)" in (18) is naturally equivalent to
the hypernorm map D.8 (34) for the G = Z/2-spectrum K (€, w) defined in §5.1.

Proof. Let G1 = G = G = Z/2 and consider the sequence (17) as a sequence of
(G1 x Ga-spectra where G; X G2 acts on the left two spectra via the projection
G1 X G2 — G; on the first factor. The action on GW (€, w) is trivial and the
action on the last spectrum is via the projection G; x Go — G5 onto the second
factor. The map in (18) is the application of the functor X ~ (X"%2),4 to the
G x Ga-equivariant string (17) preceeded by (X$)ng — (X"92),q, and followed
by (X"%2),q, — (X"92)5,. We have to show that the sequence (17) is Gy x Go-
equivariantly weakly equivalent to the sequence D.8 (33) where X = GW (HE, w).

By naturality of the G-equivariant map & — &£ applied to the Gs-equivariant
map F : & — HE, we have a G; X Ga-equivariant commutative diagram of exact
categories with weak equivalences and duality

HE —>HE.

Define a functor J : HE x HE — HE by sending the object ((X,Y),(U,V)) to
object (7,7): (X@U,Y®V) — (U X,VaY) and on maps in the obvious way.
The functor is exact, duality preserving and G; x Ge-equivariant where (G; acts on
HE x HE by interchanging the two fators (z,y) — (y,z) and Ga acts on HE x HE



22 MARCO SCHLICHTING

via (z,y) — (oy,ox). We have the following G; x Gz-equivariant commutative
diagram of exact categories with weak equivalences and duality

HE T HE % HE <" HEV HE

T

E———HE~—""HE

where, strictly speaking, the upper right corner only makes sense after application
of the functor GW using the convention GW(AV B) = GW(A) v GW(B). Going
down then right is the G; x Ga-equivariant map (16) in view of the commutative
square (19). Going right then down is the map that defines the hypernorm map.
O

5.4. Lemma. Let (A,w) be an exact category with weak equivalences. Then all
maps in the sequence (18) are stable equivalences when applied to the hyperbolic
category (E,w,*) = H(A,w) with weak equivalences and duality:

K(HAw)pzs0 — GW(HAw) — K(HA, w)"?/2,

Proof. write something (]

For the next theorem recall that L(E, w, *) denotes the L-theory spectrum whose
homotopy groups are naturally isomorphic to Balmer’s higher Witt groups (see ?7?)
and H(Z/2, K (€, w, %)) denotes the Tate spectrum (D.10) of the K-theory spectrum
K(& w,*) = GW(HE,w) with Z/2-action ¢ : HE — HE : (X,Y) — (YV*, X*).

5.5. Theorem. On the category of complicial exact categories with weak equiva-
lences and duality satisfying (x) the sequence of functors (18) can be completed to
a commutative diagram of spectra

Khzo GW Khe/2
* L H(Z/2,K)

in which all squares are homotopy cartesian.

Proof. For a functor F' from complicial exact categories with duality write F(n)
for the n-th twisted functor F'(n)(€,w, ) = F(E,w,,). All functors in (18) satisfy
localization and so do their twisted versions. Therefore, they send the sequence
(&, w,tn) = (Mor&,w,t,) — (€, w,4,+1) to a homotopy fibration of spectra for
every complicial (£, w,#). Also, all functors in (18) satisfy additivity (and so do
their twisted versions). Therefore, they induce stable equivalences when applied to

the functor HE — Mor & : (X,Y) — (X 2 Y™*). It follows that for every n € Z we
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have a commutative diagram of functors
KhZ/2(n) oH——GW((n)oH —— KhZ/2(n) oH
Kpzja(n+1) —— GW(n+1) —— K"/?(n 4 1)

l | |

SYA Kpz o(n) —— ST A GW (n) — S' A K2/2(n)

in which the columns are homotopy fibrations. By lemma 5.4 all maps in the top
row are stable equivalences. It follows that the lower two squares are homotopy
cartesian. Therefore, the composition

F — F>* =colim(F — S' AF(—=1) = S2AF(—=2) = ---)
induces a diagram
Kyz/o GW KhZ/2

L]

(Knz/2)™ —— GW ™ —— (K"%/2)>°

of homotopy cartesian squares. Since K (€, w) is (—1)-connected (that is, has trivial
negative homotopy groups), so is Kjz/, and all its twisted versions. Therefore
S"ANKpz/2(—n) is n—1-connected and the colimit (K}z/2)> is contractible. In view

of Lemma 5.3 it follows that (K}z/2)> is the Tate spectrum H(Z/2,K). Finally,
the spectrum GW was identified with the L-theory spectrum in ?7. [

5.6. Lemma. Let F be a functor from complicial exact categories with weak equiv-
alences and duality satisfying (*) to spectra. Assume that F' satisfies localization
and additivity. Then:

(1) The functor F>° also satisfies localization and additivity.

(2) The functor F is trivial on hyperbolic categories, that is, for any exact
category with weak equivalences (A, w) we have F*(HA, w) ~ 0.

(3) The natural map F>(n) — S*AF>(n—4) = S*AF>°(n) is an equivalence.

Proof. The first item is clear. The second item holds because for &€ = H.A the
sequence (&£,8,) — (Mor&,4,) — (€,4n+1) splits as it is equivalent to HA —
HAXxHA — HA. Therefore, the functor F sends this sequence to a split homotopy
fibration and the associated boundary map F(n) — S' A F(n — 1) is zero on
hyperbolic categories. In the limit we obtain F*°(H.A) ~ 0. For the third item,
in the homotopy fibration F*H — F>(n) — S* A F*°(n — 1) the second map is
an equivalence because the left hand side is contractible. Finally, recall that there
is a natural equivalence (£,w,l,) = (£, w,#,—4) which induces the equivalence
F>*(n) 2 F>(n—4). O

5.7. Remark. In particular, for every complicial exact category (€, w, ) with weak
equivalences and duality satisfying (*) we have a natural isomorphism

T F®(E w, 1) 2 s F(E, w, 1).
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5.8. Remark. It follows from Lemma 5.6 that the spectra GW (€, w, ) = L(&, w, §)
and (K2/2)*(& w, ) = H(Z/2, K)(£,w, ) are 4-periodic and that in the diagram
of Theorem 5.5 the map L. — H(Z/2, K) is 4-pediodic, too.

6. COFINALITY REVISITED

6.1. Cofinality in K-theory. Let A — B be a map of complicial exact categories
with weak equivalences such that the induced map on associated triangulated cat-
egories T.A — T B is cofinal, that is, it is fully faithful and every object of 7B is a
direct factor of an object of T.A. Let Ky(5,.A) be the monoid of isomorphism classes
in 7B under direct sum operation, modulo the submonoid of isomorphisms classes
of objects in T.A. There is a canonical map Ko (B, w) — Ko(B,.A) : [B] — [B] which
induces an isomorphism of the cokernel of Ko(A,w) — Ko(B,w) with Ky(B,.A).
By a theorem of Thomason [TT90, 1.10.1], there is a homotopy fibration

(20) K(A) — K(B) = Ko(B, A)
where Ky(B,.A) denotes the Eilenberg-MacLane spectrum whose only homotopy
group is in degree 0 where it is Ko (B,.A).

6.2. Theorem (Cofinality). Let A — B be a map of complicial exact categories
with weak equivalences and duality satisfying (x). If TA — TB is cofinal, then
there are homotopy fibrations of spectra

GW(A,w) — GW(B,w) — H*(Z/2,K))
L(A, w) — L(B,w) — H(Z/2, Ko)

where Ko denotes the Z/2-module Ko(TB, T A) with action induced by the duality
functor on B.

Proof. Write GW* and L’ for the homotopy cofibres of GW (A, w) — GW (B, w)
and L(A, w) — L(B,w). By cofinality in algebraic K-theory (20) and theorem 5.5,
we have a homotopy cartesian square

Gw' ——H*(Z/2, Ko)

|

L? H(Z/2, Ky).

By Cofinality for higher Grothendieck-Witt groups [Sch10, Theorem 7] and invari-
ance under derived equivalences (Theorems 2.10 and 3.5), the upper horizontal
map is an isomorphism on homotopy groups in positive degrees since in this range
both groups are zero. It follows that the lower horizontal map is an isomorphism
on homotopy groups in degrees > 2. Since the lower horizontal map is periodic,
by Remark 5.8, it induces an isomorphism in all degrees. It is therefore a stable

equivalence. It follows that the upper horizontal map is also a stable equivalence.
|

6.3. Remark. The L-theory fibration of theorem 6.2 is of course not new. It is
called “Rothenberg sequence” and is proved, for instance, in [?].
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7. PRODUCT STRUCTURES AND THE CONNECTING MAP IN THE PERIODICITY
FIBRATION

7.1. Theorem. Letn = 2k be an even integer, and let £ be an exact category with
duality (no assumption on the characteristic!). Then the following sequence is a
homotopy fibration of spaces

awn(E) L k(&) L gwrtie).

Proof. Additivity

7.2. Remark. In general, the sequences in Theorem 7.1 are not homotopy fibra-
tions for n odd, by appendix C.

7.3. Theorem. The boundary map GW — G'Wi":l1 in the periodicity fibration
of Theorem 2.7 is given by the cup-product with the element n € GW:l1 (Z') corre-
sponding to 1 € W(Z') under the isomorphism GW ~{ (Z') = W (Z').

8. THE KAROUBI-GROTHENDIECK-WITT SPECTRUM

Define the spectrum GW (€, w, ) via suspensions. Then we have

8.1. Proposition. The canonical map of spectra GW (E,w) — GW (E,w) is an
equivalence if K;(E,w) =0 for all i <0.

8.2. Theorem (Localization). Let A — B — C be a sequence of complicial functors
between complicial exact categories with weak equivalences and duality satisfying 2.1
(). Assume that the associated sequence of triangulated categories TA — TB —
TC is exact up to factors. Then the sequence of spectra

GW(A) — GW (B) — GW(C)

is a homotopy fibration.

9. VECTOR BUNDLE GROTHENDIECK-WITT GROUPS

Here we list immediate consequences of our main theorems. The implications
are well-known from K-theory and Witt-theory. All our schemes here are assusmed
to be over Z[1]. Note that for smooth schemes, we have GW™(X, L) = GW"(X, L)
since smooth schemes have trivial negative K-groups.

9.1. Theorem (Nisnevich descent). Given an elementary Nisnevich square of Z[5]-
schemes

V—Y
U——X
that is, the square is cartesian, the horizontal maps are open inclusions, the vertical

maps are etale, and the map Y —V — X — U on reduced induced subschemes is an
isomorphism. Assume that X has an ample family of line-bundles. Then, for any

)
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line-bundle L on X and any integer n € Z, the square of Karoubi- Grothendieck- Witt
spectra

GW"™(X,L) —= GW™(U, L)

i |

GW™(Y,L) ——=GW"™(V,L)
is homotopy cartesian.

Proof. This follows from Theorem 8.2 in view of Thomason’s results in [TT90] O

9.2. Remark. In case the vertical maps in the square of schemes are also open
immersions, the theorem was proved in [Sch10] more generally for any scheme
(admitting an ample family of line bundles).

projective bundle theorem, homotopy invariance, rigidity, obstruction to excision
in triangular Witt theory

10. COHERENT GROTHENDIECK-WITT GROUPS

Dfn, localization, Poincare duality, homotopy invariance, Brown-Gersten spec-
tral sequence, Gersten-conjecture and oriented Chow groups

APPENDIX A. HOMOLOGY OF THE INFINITE ORTHOGONAL GROUP

A.1. Group completions. Let X be a homotopy commutative H-space. A group
completion of X is an H-space map f : X — Y into a homotopy commutative
H-spaces Y such that moY is a group and such that the map

(o X)'H.(X,Z) — H.(Y,7Z)

induced by f is an isomorphism. If (S,®,0) is a symmetric monoidal category
such that all translations @B : § — § : A — A ® B are faithful, Quillen con-
structs a symmetric monoidal category S~'S and a monoidal map S — S~!S
which induces a group completion of associated classifying spaces [Gra76, Theo-
rem, p.221]. If (S, @, 0) is a symmetric strict monoidal category (up to equivalence
of categories, this can always be achieved [May74]), a group completion is also the
map BS — QBS where BS is the Bar construction (classifying space) of the topo-
logical monoid BS [?]. The two group completions are equivalent via the zigzag
OBS = QOBS~1S <~ BS~LS of homotopy equivalences.

Let (A, x,17) be an additive category with duality. Inclusion of degree zero sim-
plices yields a map (iA)p, — (iSEA)p, such that its composition with (iS¢A), —
1SeA is the zero map. Therefore, we obtain an induced map into the homotopy
fibre of the last map

(21) (iA)n, — GW(A).

In [Sch04b], we have shown that this map is a group completion if 2 is invertible in 4.
Our proof in [Sch04b] uses Karoubi’s fundamental theorem [Kar80]. The purpose of
this section is to give a direct proof of that fact avoiding the fundamental theorem,
so that our proof of theorem 2.7 (see also §3.6) gives not only a generalization but
also a new proof of Karoubi’s theorem and its topological counterpart, classical
Bott periodicity; cf. §B.
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A.2. Theorem. Let (A, *,n) be a split exact category with duality such that % € A.
Then the natural map (21) is a group completion. In particular, there is a natural
homotopy equivalence

(iAR) " (iA) =~ GW(A).

The proof of theorem A.2 occupies most of this section. Before going into the
details we derive the statement that makes the link between the homology of the
infinite orthogonal group and higher Grothendieck-Witt groups. For that, let R be
a ring with involution r — 7 and € = +1. We denote by

cP(R) = (P(R), *,e can).

the additive category with duality, where P(R) is the category of finitely generated
projective right R-modules, the dual P* of a right R-module P is the left R-module
P* = Hompg(P, R) considered as a right module via the involution, and canp :
P — P** is the double dual identification with canp(z)(f) = f(z). The associated
category (i.P(R))y is the usual category of non-degenerated e-symmetric bilinear

forms on finitely generated projective R-modules with isometries as morphisms.
We denote by .GW (R), the Grothendieck-Witt space

GW(R) = GW(P(R), *, e can).
By theorem A.2, this space is a group completion of (ieP(R))s. Let
cO(R) = colim,, Aut(.H(R"))

denote the infinite e-orthogonal group of R, where Aut(.H(P)) denotes the group
of isometries of the e-hyperbolic space . H(P) = (P& P*, (.2 })) and the inclusion

gcan 0

Aut(.H(R™)) — Aut(.H(R"*1)) is induced by the functor L .H(R).

A.3. Corollary. For any ring with involution R such that % € R, there is a natural
homotopy equivalence

BsO(R)Jr L> EGW(R)O

where .GW (R),, denotes the connected component of O of the space .GW (R) and
B:O(R)™ is Quillen’s plus construction applied to B:O(R).

Proof. By theorem A.2, the space .GW (R) is a group completion of (i.P(R))p.
The proof now is the same as in [Gra76, Theorem, p.224]. The main point is that
if % € R then every non-degenerated e-symmetric bilinear form is a direct factor of
the hyperbolic form . H(R™) for some n, see also [Wei81, Proposition 3]. O

The proof of theorem A.2 is based on the following proposition. We introduce
some notation. For an exact category with duality (€, *,n), the category E(E) of
exact sequences in £ is an exact category with duality where the dual (E,)* of an
exact sequence Fq = (E_; — Ey — Ep) in £ is the exact sequence Ef — Ef —
E*, and the double dual identification ng, is (ng_,,ME,, 18, )-

A.4. Proposition. Let A be a split exact category with duality such that % € A.
Then the map F : (iEA), — iA : (Ee, ) — E_1 of symmetric monoidal categories
induces a homotopy equivalence after group completion.



28 MARCO SCHLICHTING

Proof. The functor F' has a section, the hyperbolic functor

1
H:id o (EA,: A o H(A):(A@A@A*(‘LE)A,(U,(%)J))

g = H(9)=(g,(g(gf)fl),(g*)*l)

which is symmetric monoidal and thus induces an action of iA on (iEA)p in the
sense of [Gra76]. In view of the lemma A.6 3 below, the hyperbolic functor induces
on T an isomorphism of abelian monoids

To(H) : S = moiA — mo(iEA),.

To abbreviate, we write S for this monoid. The actions of the symmetric monoidal
category iA on (iEA); and on iA induce actions of the abelian monoid S on the
homology groups of (iEA), and of 7.4 compatible with F'. We will show that the
localized map

(22) F:ST'H((iEA),, k) — ST H,(iA, k)

is an isomorphism when the coefficient group is k = F,,, Q. This implies that (22)
is an isomorphism for k = Z, that is, the functor F : (iEA);, — iA induces a
homology (hence homotopy) equivalence after group completion.

In order to prove that (22) is an isomorphism, we will analize the spectral se-
quence associated with the functor F' : (iEA), — i A. We first review some elemen-
tary properties of that spectral sequence in the more general context of an arbitrary
functor F : B — C of small categories. For that, we fix an abelian group k& (which
we will suppress in most formulas), and write H,(C) = H,(C, k) for the homology
of the category C with coefficients in k. More generally, we write H,(C, A) for the
homology of C with coefficients in a functor A : C — (ab gps) from C to abelian
groups. This is the homology of the chain complex associated with the simplicial
abelian group

p— P A

Cop—...—C)p

of chains on NC with coefficients in A.

A.5. Lemma.
(1) Let F : B — C be a functor between small categories. There is a strongly
convergent first quadrant spectral sequence
Ef;,q(F) = Hp(Cqu(F l_ )) = Hp+q(B)
with differentials dy; .« E} , — EJ_, ., 1 and edge morphism
Hy(B) — By C Ep g = Hy(C, Ho(F | _)) — H,(C)

the map Hp,(F) induced by F' on homology. Here, the last map is the
change-of-coefficient map sending (F' | __ ) to the constant one-object-one-
morphism category.

(2) If F' : B — (' is another functor, and b : B — B and ¢ : C — C' are
functors such that F'b = cF, then there is a map of spectral sequences
E(b,c): E(F) — E(F') compatible with edge-maps and which, on E?-term
and abuttment, is the usual maps on homology induced by b and c.
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(3) Given two pairs of functors b; : B — B', ¢; : C — C' such that F'b; = ¢;F,
i = 0,1. If there are natural transformations B : by = by and v : cg = c1
such that F'Bg = vrp for all objects B of B, then the two induced maps of
spectral sequences agree from the E?-page on:

E;L,q(b(hCQ) = E;L’q(bhcl) : E;lyq(F) — E;;’q(FI), n>2

Proof (sketch). The spectral sequence is obtained by filtering the bicomplex K, , =
&b Xy k associated with the bisimplicial set X, o whose p, ¢ simplices is the set

Xpq={Bo—..— By, FB,—Cy— ...—C, | BieB, C;eC}.

The filtration is by subcomplexes K<p o C K<nii1,e C K with (K<pe)p,q = Kpg
if p<nand (K<ne)pg = 01if p > n. As in the proof of Quillen’s theorem A
[Qui73, §1], the bisimplicial set X, o is homotopy equivalent to the bisimplicial set
which is constant in the p-direction and is the nerve NoB of B in the g-direction.
In particular, the abuttment of the spectral sequence computes the homology of B.
It is straight forward to identify the E2-term as in 1. Functoriality as in 2 is clear
since the pair (b, ¢) induces a map of the corresponding bicomplexes. The edge map
for the spectral sequence of the identity functor idc of C is the identity map, so
that the functoriality in 2, applied to the map (F,id¢) : F — idc of functors, yields
the description of the edge map in 1. For the somewhat extended functoriality in
3, one constructs an explicit homotopy between the two maps

(bic:): P Hi(FLC)— @ Hi(F 1Cy), i=0,1,

Co—...—Cp Co—...—=Cy,

of simplicial abelian groups which compute the E2-terms of the spectral sequences.
Again this is straight forward, and we omit the details. O

We apply the lemma to the functor F : (iEA), — iA and obtain the spectral
sequence

(23) E;Z,q = Hp(i-Av Hq(F 1 )) = Hp+q((iEA)h)-

Every object A of iA induces functors @H(A) : (iEA), — (iEA), and A :
1A — iA compatible with F'. By lemma A.5 2, these functors induce a map of
spectral sequences. Every map A — A’ in iA induces natural transformations
OH(A) = OH(A') and A = DA’ compatible with F. By lemma A.5 3, the
objects A and A’ induce the same map of spectral sequences from E? on. In other
words, we obtain an induced action of the monoid S on the spectral sequence (23)
from E? on. Since localization w.r.t. a commutative monoid is exact, we obtain a
strongly convergent first quadrant spectral sequence

(24) STE = ST HR(iA, Hy(F | _)) = S™ " Hpiq((iEA)p).

In order to analize this spectral sequence, we will employ the symmetric monoidal
automorphism

Y:(BEA)L = (EA)L : (M, ) — (M, %gp),g —g.

Note that F'o X = F| so that ¥ induces an action of the spectral sequence (23).
For every object A in iA, there is a natural transformation of functors

Lo (0H(A)) = (DH(A)) o %
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compatible with F. It is induced by the isometry H(A) = H(A) given by the map

(20): A A" —» A A™.

Therefore, the action of S on the sectral sequence (23) commutes with the action
of ¥ on it from the E2-page on. In particular, ¥ induces an action on the spectral
sequence (24).

A.6. Lemma.

(1) For every object A of i A, there is an equivalence of categories between the
comma category (F | A) and the one-object category whose endomorphism
set is the set

{a: A" - Al na+a" =0} C Hom(A*, A)

with addition as composition. This is a uniquely 2-divisible abelian group.
(2) Under the equivalence in 1, the automorphism ¥ : (F | A) — (F | A)
corresponds to a — 2a.
(3) The functor F induces an isomorphism of abelian monoids

Wo(iEA)h i 7T0iA.
Proof. Choose for every inflation M_4 s My in A a retraction 7 : My — M_1, so

that we have ri = 1. For the inflation (}): A — A® A* we choose 7 = (10). The
choice of these retractions defines for every object

g P
(25) M_y— My — My, (p-1,%0,¢1), M_15 A
of the comma category (F' | A) an isomorphism to the object
(6) L(01) 1
(26) A aea ' 4 (. (80).), aba

of that category given by the maps

(27) qg: M71 — A, <(g%3t?i11p) : MO — A A*, (g*)71LP1 : M1 — A*,
where the map r : My — M_1 is the chosen retraction of ¢ : M_; — M, the map
§: My — M_y is defined as § = (¢in)~'8, and B : My — M7 is the unique map
satisfying p*Bp = 1 for the symmetric map ¢ = o — p*inr — r*p1p : Mo — M,
the existence of 3 being assured since ¥i = 0. Note that the map just defined is an
isomorphism in F A since it is an isomorphism on subobject and quotient object. All
these isomorphisms together define an equivalence of categories between (F' | A)
and the full subcategory of (F | A) consisting of the single object (26). The
endomorphism set of (26) is the set consisting of the maps

(28) 1A= A, (J9)ABA" 5 A@A*, 1: A" — A"

where na + a* = 0. Composition corresponds to matrix multiplication, hence to
addition of the a’s. By our assumption % € A, the group Hom(A*, A) is uniquely
2-divisible, so is the kernel of the map a — na + a*. This proves part 1 of the
lemma.

The existence of the isomorphism from (25) to (26) above (with g = 1) shows
that every object of (¢EA), is (up to isomorphism) in the image of the hyperbolic
functor H : iA — (iEA)p. Since F o H = id, this proves 3.
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For part 2, we note that ¥ sends the object (26) to the object

() (01)

(29) A Ap A = A% < (n,(98),1), A A

N =

for which, according to our choice of r = (10) (implying ¢» = 0 and § = 0), the
isomorphism (27) is given by the maps

1:A— A ((1)2)  ASA" 5 A A", 1/2: A" = A",

The functor ¥ sends the endomorphism (28) of (26) to the endomorphism of (29)
given by the same maps as in (28). Under the equivalence of categories, this corre-
sponds to the endomorphism of (26) given by the maps

A=A, (32 =(19%) (B9 (5.%)  tAea 5 Ae A", 1:A4" = A%
This proves the lemma. O

Let k = Z/2. Then lemma A.6 1 implies that the spectral sequences (23) and
(24) degenerate at the E2-page to yield the isomorphism (22) since for a uniquely
2-divisible abelian group G, we have H,(G,Z/2) =0, ¢ > 0.

From now on we will assume k£ = F,,, p prime # 2, or £k = Q.

A.7. Lemma. Letk be one of the fieldsFp, p # 2, or Q. Let G be an abelian group
andt:G— G:awr 2a. Then for all ¢ > 0,

H(G.k)= P v

q/2<i<gq, i€N

where H,(t) acts on the k-vector space V; as multiplication by 2°.

Proof. This follows from the explicit description of H,(G) given, for instance, in
[Bro94, Theorem 6.4 (ii), Theorem 6.6]. Alternatively, it can be proved as follows.
The statement is clearly true for ¢ = 0 and ¢ = 1 (for the latter use the natural
isomorphism G = m;BG = H;(BG,Z)), hence it is true for G = Z (as BZ = S*1).
Using the Serre spectral sequence associated with the fibration BZ — BZ — B(Z/1)
we see that the statement is true for G = Z/I. Using the Kiinneth formula, if the
statement is true for G; and G5 then it is true for Gy x G5. Therefore, the lemma
holds for finitely generated abelian groups. Passing to limits, we conclude that it
is true for all abelian groups. O

Lemma A.7 applies to the endomorphism ¥ of the k-module H,(F | A), in view
of lemma A.6 2. We obtain a direct sum decomposition of the spectral sequences
(23) and (24) into the eigen-space spectral sequences of ¥. Note that the eigen-
space spectral sequence of (24) corresponding to the eigen-value 1 has E2 -term
S7YH,(iA, Ho(F | _)) = Hy(iA k) if ¢ = 0 and E;q = 0 for ¢ # 0. In particular,
it degenerates completely at the E2-page.

The next lemma shows that X acts as the identity on the abuttment of (24), so
that the eigen-space spectral sequence of (24) corresponding to the eigen-value 1
has abuttment the abuttment of (24). Degeneration of this spectral sequence at the
EZ%-page shows that its edge map (A.5 1) is an isomorphism, that is, (22) is also an
isomorphism for k = [, p prime # 2 and Q.
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A8. Lemma. Let k be one of the fields Fp, p prime # 2, or Q.

(1) Let (C,®,0) be a unital symmetric monoidal category with moC = 0. Then
the map id®id:C — C: A— AP A induces an isomorphism on homology

H,(C,k) = H.(C, k).

(2) The functor ¥ : (iEA), — (iEA)y, induces the identity map on the abutt-
ment STYH,(iEA);, of the spectral sequence (24).

Proof. For part 1, consider X =Y = BC as pointed spaces with base-point 0 € C,
and write f : X — Y for the map on classifying spaces induced by id & id :
C — C. Note that f preserves base points and that m.(f) is multiplication by
2, so that m.(f) ® Z[§] is an isomorphism. Let G be the cokernel of the map
71(f) : mX — mY and write Y — Y for the covering of Y corresponding to the
quotient map mY — G, that is, Y is the pullback of EG along Y — BmY — BG.
By construction, the map f : X — Y factors through ¥ — Y, and the induced
map X — Y is surjective on 7. Let F be the homotopy fibre of X — Y. By
construction, F' is a connected nilpotent space (in fact an infinite loop space as all
maps X — Y — Y — BG are infinite loop space maps) with 7, F ® Z[%] =0. It
follows that Hq(F,Z[%]) = 0, hence H,(F,k) = 0, ¢ > 0. By the Serre spectral
sequence, X — Y induces an isomorphism in homology with coefficients in k.
Finally, the principal G-fibration Y — Y induces an isomorphism in homology
with coefficients in k, since every element in G has order invertible in k.

For part 2, write S = (iEA)j,. The abuttment of (24) is the homology of the
symmetric monoidal category C = SIS, in view of A.6 3 and [Gra76, ??7], see
also A.1. Note that oY : mpS — mS is the identity because F o ¥ = F and
moF' is an isomorphism, by A.6 3. In particular, > induces the identity on 7yC.
Let Cy C C be the connected component of 0. In view of the natural isomorphism
H.(Co) ®y kmoC = H,C, it suffices to show that the restriction 3o of ¥ : C — C to Cy
induces the identity on homology with coefficients in k. To that end, we consider
the functor T'=id & id : S — S and the natural transformation 37T = T given by

(D) O/ L (M, p/2) =5 (M) L (M),
The functors T' and ¥ and the natural transformation induce functors T' and ¥ on
C = 8718 and a natural transformation ©7 22 T of endofunctors of C. Restricted to
the connected component Cy of C, we obtain functors Ty, Sy : Co — Cp and a natural
transformation 07Ty = Ty. By part 1, Ty induces an isomorphism on homology
with coefficients in k. Since H,(Xo, k) o H.(Ty, k) = H.(To, k), by the existence of
the natural transformation 0Ty = Ty, we have H, (X, k) = id. O

This finishes the proof of proposition A.4. [

For the statement of the next proposition, recall that for an exact category with
duality (A, *,7), the category S, A is an exact category with duality, where the dual
A* of an object A of S, Ais (A*); ; = (An—jn—i)* and the double dual identification
na satisfies (na)i; = na, ;-
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A.9. Proposition. Let A be an additive category with duality. Assume % € A
Then the symmetric monoidal functors

(iSQHA)h — (Z.A)n : (14.7 QO.) — (Ao,l, ALQ, ceny An—l,n)
(iSQHJrlA)h — ('L-A)n X (ZA)h : (An QO.) = (AO,la A1,27 ceey Anfl,n)a (An,nJrlv Lpn,n+1)
are homotopy equivalences after group completion.

Before we give the proof, we note the following corollary of proposition A.4.

A.10. Corollary (of proposition A.4). Let (A,x*,n), (B,*,n) be additive categories
with duality such that § € A, B.

(1) Given a non-singular exact form functor (Fe, ) : A — EB, that is, a com-
mutative diagram of additive functors F; : (A,w) — (B,w), i = —1,0,1,

F,: Y%,
Zitp- :\L@l Z\LQ’JO 2i‘ﬂ1
;. ¢ ; ;
F F_lT Fy T‘i»Fl

with exact rows and (p1,p0,0—-1) = (ap'iln,@gn,gogn) an isomorphism.
Then the two non-singular exact form functors

(F(),QD()) and HOF1

induce homotopic maps (iA)n, — (iB)y, after group completions.
(2) Given a non-singular exact form functor (Fs,pe) : A — S3B, then the two
non-singular exact form functors

(Fos, p03) and  (Fia,p12) L Ho Fy

induce homotopic maps (i.A), — (iB)n after group completions.

Proof. Part 1 is a formal consequence of Proposition A.4. In a more general context,
the implication is explained, for instance, in [Sch10, 3.10. Proof of theorem 3.3].

For 2, write ~ for “homotopic after group completion”. For any additive form
functor (F, ) : A — B, we have a form functor A — EB given by

(1) (1-1) 0
FY FaF - F  (5(8%).9),

so that H(F) ~ (F,¢) L (F,—¢), by 1.

Now consider the given non-singular exact form functor (Fs, @) : A — S3B. Tt
induces the non-singular exact form functor A — EB given by

(?02§12)

< (—Fi2<23 Fos<as) _

Fop =0 Fla@ Fg — 500 (po2, (757 w?)a) ,p23),
so that H(Fpe) ~ (Fi2,—p12) L (Fos,po3), by 1. By additivity in K-theory and
the remark above, we have H(FQQ) ~ H(F()l) 1 H(Flg) ~ H(FOl) L (F127(,012) 1
(F12, —p12). Cancelling (Fi2, —p12), the claim follows. O
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Proof of proposition A.9. The cases Sy and S; are trivial, and the case S9 is
proposition A.4 since EA = S3A. Recall that the assignement [n] — S,A is
a simplicial category, where a monotonic map ¢ : [n] — [p] induces the functor
0 S A — S A A 9 A with (9'A); ;= Aygyeg). If 9(n—i) = p— 9(i), then
¥ preserves dualities.

We consider the following monotonic maps:

0 1=0
O:n—2—=n:i—i+l, p:n]on—-2:i—= i-1 1<i<n-1
n—2 1=n,

Note that #' and p' preserve dualities whereas, ¢' and 7' don’t. We will show that
the functor

F = (6" (iSpA)p — 1A X (iSn_2A) : (A, @) — 1'A,0'(A, p)
is a homotopy equivalence after group completion with inverse the functor
G=p" LHT A X (iSy_2A)n = (1S, A)p - A, (B, @) — p'(B,¢) L H(x'A),

where H : iS, A — (iS,.A), denotes the hyperbolic functor A — A & A*, (2 (1])
One readily verifies F o G = id. For the other composition, consider the following
monotonic maps

. ) 0<i1<n-—1
oo1 = : [n] = [n], oo2: [n] = [n]: i )
n—1 i1=mn,

1 =0
=1id: — i1 : — A
oo3 = id : [n] [n] :i—1d, o13: [n] [n] : 4 { i 1<i<n,

012 =0p: [n] = [n], 023 ¢ [”]%[n}:i’%{nl e

n i =n,

and note that (,7) — Ui,j defines a duality preserving functor o' : S,, A — S35,,.A.
By corollary A.10 2, the functors G o ' = o}, | Ho}b, and oj; = id induce
homotopic maps after taking group completions. O

Proof of theorem A.2. This is the same as the proof of [Sch04b, Theorem 4.2], or
its version [Sch04b, Corollary 4.6]. The only place where Karoubi’s fundamental
theorem was used in [Sch04b] was in [Sch04b, Lemma 4.4] which asserts that a cer-
tain monoidal functor 8, : (i.4)" x (¢A)r — (iS2,+1.4), is a homotopy equivalence
after group completion. But this functor has a retraction which is a homotopy
equivalence after group completion, by proposition A.9. Thus S, is a homotopy
equivalence after group completion. O
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APPENDIX B. APPLICATION: CLASSICAL BOTT PERIODICITY

This section is independent of the rest of the article and can safely be skipped.
Here, we show how the Periodicity Fibration 2.7 implies classical Bott periodicity.

Let A be a Banach algebra with involution. For a compact topological space K,
we denote by AK the Banach algebra of continuous functions K — A. It inherits
an involution from A.

B.1. Lemma. Let K be a contractible compact topological space. Then the map of
Banach algebras A — AK induced by K — pt yields isomorphisms

Ko(A) = Ko(AK),
GWI(A) = GW™(AK).

Proof. classical, insert reference.

Let A7

top
topological space. Varying n yields a cosimplicial space n — A

Banach algebra AAZ, . We set
Ktop(A) = |K(AAIOP)|

be the standard topological n simplex. This is a contractible compact

top» hience a simplicial

GWiop(A) = [GWT(AAG, ).
Recall that for e = 41, we may write .GW (A) instead of GWe~1T4F(A).

B.2. Lemma. There are canonical homotopy fibrations of spaces
BGI"PA — Kyop(A) — Ko(A)
B.OWP (A) = .GW ,,(A) = .GW(A),

where G¥°P denotes the group G with its usual Euclidian topology. In particular,
Kiop(A) and .GWiop(A) are the usual topological K -theory and e-hermitian K-
theory spaces of A.

Proof. We only explain the hermitian K-theory case, the K-theory case being sim-
ilar. By Corollary A.3, Lemma B.1 and the Bousfield-Friedlander Theorem [BF78],
the homotopy fibre of cGWip(A) = :GWo(A) is |B:Ooo 0o (AA*)F|. In the zigzag
of maps

B.O (A) + |BSing, Eoggfoo(An = |B:Ooo,00 (AA,

top

)| = [BeOoo 00 (AA™) T,

the left map is the usual homotopy equivalence between a space (of the homotopy
type of a CW complex) and the topological realization of its simplicial complex and
the right map is a homology isomorphism of nilpotent spaces (in fact of H-spaces),
hence it is also a homotopy equivalence. ([l

B.3. Proposition. Let A be a Banach algebra with involution, and let n € 7 be
an integer. Then there are homotopy fibrations

GW

top

(A) 5 Kiop(A) 5 GWH(A)

top

induced by the respective forgetful and hyperbolic functors.
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Proof. Let n € Z. By the Periodicity Theorem 2.7, we have a sequence of simplicial
spaces

) 25 K(AA?

top

GW"(AA;,

top

) L GWH(AAY,,)
which is a homotopy fibration in each degree. In view of Lemma B.1, the Bousfield-
Friedlander Theorem [BF78] implies that its topological realization is still a homo-

topy fibration.
O

B.4. Classical Bott periodicity. As in §2.8, Proposition B.3 implies the topo-
logical version of Karoubi’s fundamental theorem

(30) —svtop(A) = QsUtop(A)

where V;,, and Uy, are the homotopy fibres of the topological forgetful and hyper-
bolic functors F': .GW 4, (A) = Kiop(A) and H : Kiop(A) = .GW o, (A).

Consider R and C as Banach algebras with trivial involution, and consider
the quaternions H as Banach algebra with its usual involution sending i, j, k to
—i,—j, —k, respectively. Then we obtain

V(R)~Zx BO V(C)~U/O  V(H)~Zx BSp
UR) ~ O U(C) ~0/U U(H) ~ Sp
V(R)~O0/U _V(C)~U/Sp _V(H)~Zx Sp/U
_UR)~U/O _U(C)~Sp/U  _U(H) ~U/Sp

in view of the classical homotopy equivalences

On < Gl (R) U, < Gl,,(C) Spn < G, (H)
Om X 0n = Oppn(R) O = O (C) Spm X Spr < Oy (H)
Un & Sp,(R) Spn < Spn(C) U, < Sp,(H)

induced by the polar decompositions of GI,,(R), Gl,(C) and Gi,,(H). Using the
topological version of Karoubi-periodicity (30), we obtain the following table of
homotopy equivalences
O~ Q(Z x BO)
_V(R) ~Q,U(R) 0/U ~ Q0
_V(C)~Q, U(C) U/Sp ~QO/U
LVH)~Q_UM) Zx BSp~QU/Sp
Sp ~ Q(Z x BSp)

2

_V(H) ~ QL U(H) Sp/U ~ QSp
+V(C) ~Q_U(C) U/O ~QSp/U
V(R) ~Q_UR) Zx BO ~QU/O

which yields the homotopy equivalence
Z x BO ~ Q8%(Z x BO).

Using the complex numbers C with its usual involution ¢ — —i, the topological
version of Karoubi periodicity yields

7 x BU ~ Q*(Z x BU).
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APPENDIX C. A COUNTEREXAMPLE TO INVARIANCE UNDER DERIVED
EQUIVALENCES

We recall from [Sch10] the definition of the Grothendieck-Witt group of an exact
category with weak equivalences and duality.

C.1. Definition. The Grothendieck- Witt group
GWO(gv w, *, 77)

of an exact category with weak equivalences and duality (£, w,*,n) is the free
abelian group generated by isomorphism classes [X, ] of symmetric spaces (X, ¢)
in (€, w,*,n), subject to the following relations
(1) X+ Yy =[X@Y, o0
(2) if g: X — Y is a weak equivalence, then [Y; 9] = [X, g*tg], and
(3) if (E,, pe) is a symmetric space in the category of exact sequences in &,
that is, a map

B, : E_1>i—> Ey 4;0)) F1

Zl@. Ziwl Zitpo Zlﬂol

E;: Ef>——Ej — E*
K3

of exact sequences with (¢_1,p0,91) = (©in, ©4n, ¢*1n) a weak equiva-
lence, then

[Eo, po] = {E—l ® En, (cp(il %1)] .

C.2. Definition. The Witt group
WO((g? w, *, 77)

of an exact category with weak equivalences and duality (£, w,*,n) is the free
abelian group generated by isomorphism classes [X, ¢]| of symmetric spaces (X, )
in (€, w, x,7n), subject to the relations C.1 1, 2 and

(¢”) if (E,,ps) is a symmetric space in the category of exact sequences in
(&wa*ﬂ?)» then [E(h(p()] =0.

C.3. Lemma. Let (£,w,*,7n) be an exact category with weak equivalences and du-
ality. The natural quotient map GWy(E,w,*,m) — Wo(E,w,*,n) : [X] — [X] and
the hyperbolic map H : Ko(E,w) — GWo(E,w,,n) : [X] — [X DX, (9 §)] fit into
an exact sequence

Ko(E,w) -5 GWo(E,w,%,1m) — Wo(E,w,*,1) — 0.

Proof.
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C.4. Context for the counter example. Let R be commutative ring, and write
(sPerf(R), quis, f,,) for the exact category of bounded chain complexes of finitely
generated projective R-modules with weak equivalences the quasi-isomorphisms,
and equipped with the n-th shifted duality E** = [E, R[n]] and canonical double
dual identification. Further, let (MorsPerf(R),t,) be the exact category of mor-
phisms in sPerf(R) with duality (a : X — Y) + (af» : Y¥» — X)), Call a map
f:a — bin MorCh’ & a weak equivalence of its cone C(f) : C(a) — C(b) is a
quasi-isomorphism in sPerf(R). The cone functor

(31) cone : (MorsPerf(R), w, #,_1) — (sPerf(R), quis, )

can be made into a non-singular exact form functor (?7?)

C.5. Proposition. Let R be a commutative ring.

(1) The cone functor (31) induces an equivalence of triangulated categories
w~ ! MorsPerf(R) = quis ™' sPerf(R)

(2) The cone functor (31) satisfies the hypothesis of Waldhausen’s approzima-
tion theorem.
(3) If 2 is not a unit in R, then the map

GWy(Mor sPerf(R), w, 1) — GWy(sPerf(R), quis, fi)

induced by the cone functor (31) is not surjective.

Proof. For part 1, one constructs an explicit inverse, or uses (2). For 2, let a : X —
Y be an object of MorsPerf(R), and « : cone(a) — Z a map in sPerf(R). Write
C for the cone of Z in sPerf(Z) and CX = C ® X for the cone of X € sPerf(R).
It is easy to check that C' is a dga over Z (with unique multiplication). We denote
by 1 : Z — C the unit map. Write a : CX — cone(a) for the push-out of a along
the inflation n ® 1x : X — CX. Consider the following commutative diagram in
sPerf(R)

1 1 1
x P ox Bt oay P oy

P TN

Y ——= 7 —cone(aa) —> 7

in which the right two squares are cocartesian, the map p : C ® C — C is the
multiplication in C', so that the composition CX — CCX — CX is the identity on
CX, and thus, the composition Z — cone(aa) — Z is also the identity. It follows
that we have the identity o = 8 o cone(fo, f1), and 8 is a homotopy equivalence
since j is, and foj = 1.

For part 3, recall that GWy(sPerf(R), quis, fip) is the usual Grothendieck-Witt
group GWy(R) via the map that sends a finitely generated projective R-module
equipped with a non-degenerated symmetric bilinear form to the complex concen-
trated in degree zero where it is that R-module together with the induced form
on the complex. Let m C R be a maximal ideal containing 2 which exists since
2 is not a unit in R. Then k = R/m is a field of characteristic 2. The com-
position rk,, : GWy(R) — GWy(k) K7 [M,¢] — dim(M ®g k) is surjective
since [R,1] is sent to 1. We will show that for every symmetric space (M, ) in
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(Mor sPerf(R),w,_1), the rank rk,,(cone M) of cone M at m is even. For that, we
can assume R = k and it suffices to show that the composition

(32) Wo(Mor sPerf (), w, §_1) <25 Wy (k) - Z,/2

is zero. Since k has characteristic 2, we will ignore all signs. As mentioned
above, inclusion as complexes concentrated in degree zero induces an isomorphism
Wo(k) — Wy(sPerf(k), quis,fo). The inverse Wy (sPerf(k), quis, o) — Wo(k) is
given by the zero-homology functor [M, ] — [HoM, Hyp] (exercise!). Let (M, ¢) =

(P 4 Q, ", p%) be a symmetric space in (Mor sPerf(R),w,_1). We have to show
that the symmetric space

(N,v¢) = Hoy cone(M, )

in (Vecty, *) has even rank. Symmetry of the map (o, o) : (P,Q) — (Q*[-1], P*[-1])
means that QDZQ = (p4_;)*nq,. The cone symmetric space of (M, ) in degree zero
is the symmetric map of k-vector spaces

(%agn)!Qo@PlﬁprBQS, where o = .

The particular shape of the symmetric map shows that Qo ® P; has a basis vy, ..., vy,
n = dim Qg + dim P;, of isotropic vectors, that is, of vectors v; for which the
(possibly singular) associated symmetric bilinear form satisfies (v;,v;) = 0, i =
1,...,n. The field k has characteristic 2 which implies that every vector v € Qo & P,
has to be isotropic. As a subquotient, the (non-singular) symmetric space (N, )
also consists of isotropic vectors, so that its Gram-matrix (with respect to any basis)
has diagonal entries all zero. Since the symmetric form on (N, 1)) is non-singular,
its Gram-matrix is invertible, so that the dimension of N has to be even, by the
following well-known lemma. In particular, the map (32) is the zero map. (I

C.6. Lemma. Let A = (a;;) be a symmetric n x n matriz with entries in a com-
mutative ring R. If n is odd and a; =0 fori=1,...,n, then det A € 2R.

Proof. Let S, be the permutation group on n letters, that is, the group of bijections
of the set {1,...,n}. Let S;' C S, be the subset of fix point free permutations o,
that is, of those o € S,, for which o(i) # i for all i = 1,...,n. The two element
group Z/2 acts on S, via o — o~1. This action is free because we assume n odd
(if o = 071, then 0% = id, so that all cycles in ¢ have length one or two, but o is
a fix point free permutation, thus no cycle of length one occurs, and n has to be
even). Let S;” C S be a set of representatives for the factor set S} /(Z/2). Then
we have

detA = Z SENO A1g(1) " Gno(n)
Uesn

= Z SgN O A15(1) ** * Ano(n)
oesy

= 2 Z SgN O A15(1) " " Ano(n)
aeéi

€ 2R.
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APPENDIX D. TATE SPECTRA

D.1. Spectra. In this article we shall work with spectra in the sense of Bousfield
and Friedlander [BF78]. Recall [BF78] that a spectrum is a sequence X,,, n € N, of
pointed simplicial sets together with pointed simplicial maps e, : S* A X,, — X, 41
called bonding maps. A map of spectra X — Y is a sequence of pointed simplicial
maps X,, — Y, commuting with the bonding maps. The category of spectra is
denoted by Sp*. A spectrum X is called Q-spectrum if the simplicial sets X,
are Kan sets and if the adjoints X,, — QX1 of the bonding maps e,, are weak
equivalences.

The category of spectra is a simplicial category. Let K be a pointed simplicial
set and X a spectrum. Their smash-product is the spectrum X A K with n-th
space X,, A K and bonding maps e, AK : S'AX, ANK — X,4.1 A K. The
mapping (or power) spectrum from K to X is the spectrum Sp*(K, X) with n-th
space the mapping space (a simplicial set) in the category of pointed simplicial sets
Map(K, X,,) and bonding maps

S A Map(K,X,) — Map(K,S'AX,11) =% Map(K, X, ;1)
t A f — (x = tA fx))

If X is an Q-spectrum then so is Sp* (K, X).
The homotopy groups m, X, n € Z, of a spectrum X are the groups

T X = colimy mp 11 (| Xk|)
where the colimit is taken over the system

T (| Xkl) = Tms1 (| Xng1) : f = ex o (STA ).

A map of spectra X — Y is called stable equivalence if it induces an isomorphism
X — m,Y for all n € Z.

Define CX = X A1, Z(f) and cones of zigzag of maps (functorial in the zigzag
of fixed length). (this avoids the lengthy dfn of a functorial Tate spectrum) The
htpy cat of spectra is triangulated ...

There are several simplicial model category structures on the category of spectra
with stable equivalences as the weak equivalences. In the injective model structure
[?] cofibrations are the monomorphisms of spectra and thus, every spectrum is
cofibrant in that model structure. In the projective model structure [BF78], the
fibrant spectra are precisely the 2-spectra and the fibrations X — Y between -
spectra are precisely the maps of spectra for which X,, — Y, is a Kan fibration of
simplicial sets for all n € N.

D.2. Homotopy Orbit spectra. Let G be a group and let EG be the usual
contractible simplicial set on which G acts freely on the left. If Ob[n| denotes the
set of objects of the category [n] then E,G = G"*! = Mapg,,,(0b[n],G) with
simplicial structure induced by the cosimplicial set n — Ob[n]. The left action is
given by gf(z) = g(f(z)) for g € G, f : Obln] — G and z € Ob[n].

Let X be a spectrum with right G-action. The homotopy orbit spectrum Xpq is
the spectrum

Xne =X Ng EG4
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where for a pointed simplicial set K with left G-action the spectrum X Ag K is
defined by the coequalizer diagram

1Ag
VXANE —= XANK—> XK
gea gnAl

There is a string of maps
X=XAS" 5 XANEG, — X ANg EGy, — X NgS° =X/G

induced by the non-equivariant map pt - G = EgG — EG : pt — 1 and the G-
equivariant EG — pt where pt denotes the one point space. Thus, the homotopy
orbit spectrum is equipped with natural maps

X—)th—>X/G

whose composition is the quotient map X — X/G. By the coequalizer definition
of homotopy orbits, the two compositions

1Ag
XASY T/ XANEG, —— X Ng EG,
gAl
are equal for all g € G. The two maps 1A g, 1A1: X = X AS° - X A EG, are
homotopic, by contractibility of EG. It follows that the diagram

X — Xia

)

X

is homotopy commutative for all ¢ € G. In particular, for all n € Z the map
n(X) = 7 (Xne) factors through 7, (X)/G — 7,(Xne). In general, this map is
far from being an isomorphism.

D.3. Proposition.

(1) If X = Y is a G-equivariant map of spectra which, forgetting the G-action,
18 a stable equivalence, then Xpa — Yra s also a stable equivalence.

(2) If X is a non-equivariant spectrum then X A G is a spectrum with right
G-action and the natural map (X NAGi)pe — (X ANGL)/G = X is a stable
equivalence.

(3) For a spectrum X with right G-action there is a homological spectral se-
quence

E;z27,q = HP(Gvﬂ—qX) = 7Tp+q(XhG)
with differentials d" : E, . — E}_ . .. 1. The spectral sequence converges
strongly if m; X =0 for i << 0.

Proof. In any simplicial model category M, the functor ? A EG, preserves weak
equivalences between point-wise cofibrant objects [Hir03, Theorem 18.5.3.(1)]. In
the injective model structure on Sp™ every spectrum is cofibrant. This proves part
(1). For (2), we note that the functor XA? sends weak equivalences of simplicial
sets to stable equivalences. It follows that

(XANG)A¢EGy =XANEG, - XANS" =X
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is a stable equivalence. The spectral sequence in part (3) is the spectral sequence
of a filtered spectrum obtained by applying the functor X Ag ( )+ to the sekeletal
filtration of EG. O

D.4. Remark. If X is a spectrum with m;X = 0 for ¢ < 0, then the spectral
sequence shows that the natural map 7o(X)/G — mo(Xne) = Ho(G,mX) is an
isomorphism. If X is an Eilenberg-MacLane spectrum, that is, m; X = 0 for i # 0,
then the spectral sequence in D.3 (3) collapses and yields an isomorphism for all
1€

mi(Xne) = Hi(G, mo X).

D.5. Homotopy fix point spectra. Whereas in the injective model structure
every spectrum is cofibrant, not every spectrum is fibrant in the projective model
structure (nor in any other known model structure on the category of spectra based
on simplicial sets). Therefore, we will have to choose a functorial fibrant replace-
ment X — X, for the projective model structure. That is, X is an Q-spectrum
and X — X is a natural stable equivalence. In particular, if X has a right G-action
then so has Xy and the map X — Xy is G-equivariant.

In the definition of homotopy fix points below we consider the simplicial set
EG equipped with the free right G-action defined by fg(z) = f(z)g for g € G,
f : Obln] — G and = € Ob[n]. Let X be a spectrum with right G-action. The
homotopy fix point spectrum X" is the spectrum
“(

X"C = Sp " (EG,, X;)

where for a pointed simplicial set K and a spectrum Y both with right G-actions
the spectrum SpZG(K ,Y) is defined by the equalizer diagram

(9,1)
SPEG(K, Y) Hspg(Kv Y) T)> HSpZ(K’Y)
g =t

The G-equivariant map EG — pt and the non-equivariant map pt — EG : pt — 1
induce a string of maps

G G
XC = (X5) =8p™ (8%, Xy) = Sp™ (BG4, Xg) = Sp™ (BEG+, Xy) — Sp™(8%, Xy) = X

such that the diagram

L

X4>Xf

commutes.
According to the equalizer definition of the homotopy fix point spectrum, the
two compositions

(9:1)
Xh6 = $p=%(EG,, X;) — Sp”(EG, Xy) Hﬁ Sp=(S°, X;) = X
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are equal. By contractibility of EG, the map (g,1) in the diagram is homotopic to
(1,1). Therefore, for all g € G the diagram

XhG — X

N

Xy

homotopy commutes. In particular, the map 7, (X"%) — 7, (X;) = m,(X) factors
through the fix points 7,(X)“ and we obtain a natural map 7, (X"%) — 7, (X)¢
for all n € Z. Of course, this map is far from being an isomorphism, in general.

D.6. Proposition.

(1) If X = Y is a G-equivariant map of spectra which, forgetting the G-action,
is a stable equivalence, then X"G — YhC s a stable equivalence.

(2) If X is (non-equivariant) spectrum then the spectrum Sp*(G4,X) has a
right G-action and the map X = Sp> (G4, X)¢ — Sp*(G, X)"Y is a stable
equivalence.

3) For a spectrum X with right G-action there is a spectral sequence

( P g /2 q

Ep? = HP(G,m_¢X) = 7T*pfq(XhG)
which converges strongly if ;X =0 for i >> 0.

Proof. The proof is dual to the proof of D.3 using the projective model structure
on the category of spectra. We omit the details. O

D.7. Remark. If X is a spectrum with m;X = 0 for ¢ > 0 then the spectral
sequence shows that H(G, moX) = mo(X"%), and the map mo(X"%) — (10 X)% is
an isomorphism. If X is an Eilenberg-MacLane spectrum (m; X = 0, i # 0) with a
G-action, then the spectral sequence in D.6 (3) collapses and yields an isomorphism
foralli e Z

7_i(X"Y) = H(G, 1 X).

D.8. The hypernorm map. Let G be a finite group acting on a spectrum X.
The Tate spectrum H(G, X) is the homotopy cofibre of the hyper norm map N :
Xng — XhC: see [ACDS89], [WW89)], [Gre01], [Jar97]. In case of a right G-module
A, the Tate spectrum H(G7 A) of the Eilenberg-MacLane spectrum associated with
A has n-th homotopy group naturally isomorphic to ordinary Tate cohomology
H~"(G, A) of G with coefficients in A. We review the relevant definitions and facts
in case G = Z/2.

Let G = Z/2 = {1,0} where 0 € G is the unique element of order 2, and
let X be a spectrum with a G-action. We consider X x X as a spectrum with
G x Gy-action where G; = Go = G and (0,1) € G x G2 acts as the switch map
(z,y) — (y,z) and (1,0) acts as (z,y) — (oy,oz). This also induces a G x Ga-
action on X VX C X x X. There is a string of G; x Gs-equivariant spectra

(1,0) ~ 1v1
(33) X—XxX<~—XVX—X
where G x G acts on the source X via the projection G; X Go — G onto the
first factor and G; x G2 acts on the target X of the map via the second projection
G1 X G2 — G4. The arrow in the wrong direction is a stable equivalence. We write
N : X — X for this string of maps and call it norm map. The norm map is an
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honest map in the homotopy category of spectra and induces 1+ o : 7, X — 7, X
on homortopy groups.

For a spectrum Y with G; x Gs-action, we can consider Y as a G;-spectrum
via the group homomorphisms G; — G; X Gg : z — (z,1) and G — G X
G2 :  — (1,z), and the two actions commute. In particular, the homotopy fix
point spectrum Y% is a G-spectrum and thus has a homotopy orbit spectrum
(Y"G2),4,. To abbreviate we write FY = (Y"%2);, 5, for this spectrum. Note that
the functor F' preserves stable equivalences, and comes equipped with natural maps
(Y9)q, = FY — (Y92)5, . Since G5 acts trivially on the sourse of (33) and G4
acts trivially on the target of (33), we obtain the hyper norm map

(34) N:Xpe = (X9)e —» FX 28 FX 5 (X9 g, = XhC.
More precisely, the hypernorm map is the string of maps N:
Xng = (X))o, = FX 5 F(X x X) & F(XVX) = FX — (X'92)g, = XhC

where the arrow in the wrong direction is a stable equivalence.

D.9. Lemma. The two maps maps X — Xpg = X" — Xy and X Nx o Xy
are equal in the homotopy category of spectra.

Proof. For clarity of exposition, write X and Y for source and target of (33) with
their respective GG; X G2 actions. So, the norn map is a G X Go-equivariant string of
maps X — Y with the arrow pointing in the wrong direction a stable equivalence.
By functoriality, we have a commutative diagram

X4>Xf<;XhGQ —FX

lN lN \LN l/N
Y ——= Y <—— yhG: — > FY

where the vertical maps are actually strings of maps with the arrows in the wrong
direction being stable equivalences. Every spectrum in the top row receives a
natural map from X2 such that all triangles commute. Similarly, every spectrum
in the bottom row naturally maps to (Y¥)q, such that all triangles commute. The
resuting composition X¢2 — FX — FY — (Y})g, is the first map in the lemma,
and the map X% — X — Y — (Yf)g, is the second map in the lemma. By the
commutativity of the diagram, these two maps are equal. O

D.10. Definition. The Tate spectrum
H(Z/2, X)

of a spectrum X with G = Z/2 action is the homotopy cofibre of the hypernorm
map N : X, — X"@. Since N involves a stable weak equivalence in the wrong
direction, we give the following more precise and functorial version on the level of
spectra. The Tate spectrum is defined to be the lower right corner in the diagram

Xpg —— F(X x X) <=~ F(XVX) ——> xhG

N

Xno A P — Z(f) H(Z/2, X)
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where left and right squares are push-outs, all vertical arrows are cofibrations, the
left vertical map is the inclusion X — X AT : 2z~ x Al of X into its cone (0 being
the base-point of I = A!), and where for a map f : X — Y the factorization via
the mapping cylinder X — Z(f) > Y isgiven by X - Y x (X AT) > Y..

The functor H(Z/ 2, ) preserves stable equivalences and it sends sequences of
Z/2-spectra which (forgetting the action) are homotopy fibre sequences to homo-
topy fibre sequences.

D.11. Example. If X is an Eilenberg-McLane spectrum (m;X = 0 for i # 0)
equipped with a Z/2-action, then the long exact sequence associated with the ho-
motopy fibration X, — X"¢ — H(G,X ) together with the calculations of the
homotopy groups of X and X*¢ in Remarks D.4 and D.7 yield isomorphisms

mH(Z)2, X) =~ ‘
H (Z)2,mX) i< —1

and an exact sequence

0 = (G, X) = m0(Xna) 5 70(X ) = moH(G, X) — 0.

By Remarks D.4, D.7 and Lemma D.9 the middle map moN is the usual norm
map 1+ o : (moX)/G — (moX)Y. These properties characterize Tate cohomology
of G = Z/2 with coefficients in the G-module myX. Therefore, we have natural
isomorphisms for i € Z

mH(Z)2, X) =~ H HZ/)2,7X)
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