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1 Introduction and Notation

1.1 Introduction

This dissertation will prove vanishing theorems for the low dimensional mod p (where p is

prime) group homology of three classes of finite simple groups.

Usually, group homology is introduced with integral (integer) coefficients where it measures
the failure of a particular functor from Z[G]-modules to abelian groups. Group homology
with general coefficients in some module can then be defined via the previous construction
with a tensor functor applied [1, §III.1]. We take a different approach and define homology
with coefficients in the finite field of p elements in §2 (mod p homology) without reference
to integral homology. We reach these definitions from a homological algebra perspective,
rather than from a topological perspective which is briefly outlined at the end of §2.3. The

end of our second chapter is spent discussing the functoriality of group homology.

In [7, §11], Quillen proved that the mod p cohomology of the general linear groups over
finite fields of characteristic p vanishes in low positive dimensions. We translate this result
and corresponding proof into homology and also strengthen it to obtain an analogous
statement for the special linear groups. In §3 we establish some preliminaries for these
results, appealing to the aforementioned Quillen paper and [6, §7]. Then §4.1 is dedicated
to proving vanishing theorems for low dimensional mod p homology of the general and

special linear groups.

We adapt Quillen’s proof to other classical groups over our finite field. Namely, we prove
statements for the low dimensional mod p homology of the symplectic and orthogonal
groups (or more precisely, the even degree special orthogonal groups of plus type - for
these we only look at the case p # 2) in §4.2 and §4.3 respectively. The symplectic and
special orthogonal cases have been proven independently by Friedlander in [3, §4], but our
proofs are more elementary and much truer to Quillen’s original methods. We also go

further and explore the index 2 subgroup of the special orthogonal group.

The importance of the special linear, symplectic, and special orthogonal groups is that
they are a source of finite simple groups (as explained in [9, §3]) - each one of these
‘classical’ groups provides us with an infinite class of finite simple groups. In fact, they
give us three out of the four infinite classes of Chevalley groups (these can be thought of
as Lie groups over k rather than R, an good reference for these is given by [2]). Through
this correspondence we use the results of §4 to prove vanishing statements for the low

dimensional mod p homology of these finite simple groups in §5.



1.2 Background and notational conventions

As is usual in homological algebra, the notation C, will refer to a sequence of abelian groups
(Ci)i=0- A chain complex (Cy, 9), is a sequence of abelian groups C, with homomorphisms
0; : C; — Cy_1, satisfying 0;0;41 = 0 for each ¢ > 0 (the abelian group C_; is set to be
zero). The homology groups H,(C), of a chain complex (Cy, d) is given by the quotients
H;(C.) = ker(d;)/im(0;;1). We sometimes call H;(C,) the i*" dimensional homology

group of the chain complex.

A chain map 7, between chain complexes (Cy,d) and (C,d’), is a sequence of homo-
morphisms 7; : C; — C!, such that 7;0;41 = Oi7;41 for all i« > 0. A chain map induces
homomorphisms H;(C\) — H;(C%) for each i > 0.

Let (Cy,d) and (C%,d’) be chain complexes. A chain homotopy h, between chain maps
7,p : (Cs,0) — (C.,0'), is a sequence of homomorphisms h; : C; — Cj , satisfying
hi—10; + 0;,1hi = 7 — p. We say that 7 and p are chain homotopy equivalent, or simply

homotopic. Homotopic chain maps induce the same homomorphisms on homology.

Throughout this dissertation p is assumed to be a fixed prime. We denote the finite
field with p elements by IF,, and also write I, for the underlying abelian group. By the
homology of a group G' we will mean the group homology of G' with coefficients in I, as
defined in §2. This is also called the mod p group homology of G. We write H,(G) for
the homology of G, usually written H,(G,F,) in the literature. We will use the phrase

topological homology if we ever refer to the usual homology groups of a topological space.

If k is any field, then k* denotes the multiplicative group obtained from k by removing
zero. We denote by k%* the subgroup of k* consisting of squares in k*. As is usual, we
write I,, for the n x n idenity matrix over k. We denote the transpose of a matrix A over
k by AT.

2 Mod p Group Homology

Later in this essay we compute the homology of many finite groups. We first need to
understand what group homology is. Much like in [1], we opt for a homological algebra
point of view. None of the content in this section is new, although defining homology with
coefficients in I, without reference to integral coefficients first is my own approach - it is

more appropriate however, as mod p homology is all we will work with.

2.1 Constructing abelian groups from F,

If S is a finite set we write F,[S] for the abelian group underlying the vector space generated

by S over F,, we call F),[S] the abelian group generated by S over F,, accordingly. Explicitly,



we view [F,,[S] as formal sums of elements of S with coefficients in F:

F,[S] = {Zass tag € Fp} .

ses

Addition is defined termwise. As a group F,[S] = IFLSI.

If G is a finite group then F,[G] naturally has the structure of a ring with multiplication
determined completely by (1g)-(1h) = 1gh for all g, h € G. Thus in this case we may treat
F,[G] as a ring, allowing us to talk about F,[G]-modules (meaning left modules) without

issue. The ring [F,[G] is often called the group ring of G over F,,.

Recall that given abelian groups A and B, we can form the tensor product A ) B, by the
following steps: Let F' be the free abelian group on the elements of A@ B. Let R be the
subgroup of F' generated by elements

(CL + CL/, b) - (CL, b) - (alv b)? (CL, b+ b/) - (CL, b) - (av bl)v
where a,a’ ranges over A and b, b’ ranges over B. Then AQB=F/R. 1f0: F - AQ B

is the quotient map we write a ® b for 0(a, b).

There is a universal property for tensor products. Indeed suppose A, B and C are abelian

groups and there is a map of sets ¢ : A@ B — C satisfying

Pla+ad',b) =(a,b) +v(d,b), ¥(a,b+b)=1(a,b)+(a,b), (2.1)

for all a,a’ € A and b,b’ € B. Then there is a unique homomorphism of abelian groups
Y : AQ B — C such that ¢ = o6.

It is known that the tensor product is commutative and distributes over direct sum. In

other words if A, A" and B are abelian groups then

ARQB=BR A4, (A@A’) RB= (A@B)@ (A’®B>.

Both of the isomorphisms are natural - the first is given by ¢ ® b <+ b ® a and the second
is given by (a,d’) @ b <+ (a ® b,a’ ® b). One uses the universal property to check these

maps are well defined group homomorphisms.

As an example, suppose A is a finite abelian group. Let’s consider the tensor product

F, @ A. Since |A| < oo, the classification of finitely generated abelian groups implies that

t
A= Pz,
=1

where the p; are primes, the a; are positive integers and ¢t > 1. It is known that if m,n



are positive integers then Z/mZ Q) Z/nZ = 7Z/dZ, where d = ged(m, n). Since F), = Z/pZ
as a group, we deduce that F), Q) A is isomorphic to a direct sum of copies of [F,,, with one

copy for each p; equal to p.

If S is a finite set and A an abelian group, both F,[S] and F, Q) A are abelian groups
with each non-identity element having order p. Such groups are called elementary abelian
p-groups. We will make use of the following analogue of the universal property for free

abelian groups (recall that all abelian groups are Z-modules):

Proposition 2.1 Let S be a set and ¢ : S — Fp[S] be the map s — 1s. Let E be an
elementary abelian p-group. Then for any map of sets ¢ : § — FE, there is a unique

homomorphism of abelian groups ¢ : F,[S] — E such that ¢ ot = ¢.

Proof. Let Z[S] be the free abelian group generated by S. By the usual universal property
for free abelian groups, the map ¢ extends uniquely to a homomorphism ¢ : Z[S] — E.
Since F is an elementary abelian p group, ¢/'(p-x) = p- ¢'(x) = 0 for each z € Z[S]. In
other words the Z-submodule of Z[S] generated by p lies in the kernel of ¢/. We thus get a
well-defined homomorphism Z[S]/pZ[S] — E. It is easily checked that Z[S]/pZ[S] = F,[5]
and this homomorphism is the desired ¢. Uniqueness follows from the uniqueness of ¢'.
O

Suppose that S is a finite set and F is an elementary abelian p-group. The above propo-
sition allows us to define homomorphisms from [F,[S] to E just by stating the images of
the 1s for each s € §. We will often do this.

2.2 The homological algbra - defining H,(G)

We now begin to work towards the definition of group homology with coefficients in F,,.

To do this we develop a more general scenario. Our definition is then a special case.

Let R be a ring and let M be an R-module. A resolution P,, of M over R is an exact
sequence
"'%Pgiplﬁpoi)M—)(), (2.2)

where the P; are all R-modules and the maps 9;,¢ are R-module homomorphisms. An
R-module P is called projective if there is an R-module @ such that P Q is a free
R-module. The above resolution is said to be projective if the P; are all projective. It is
shown in [1, §1.7] that there is exactly one projective resolution of M over R up to chain

homotopy equivalence.

Let € be the category of F),-modules and Z the category of abelian groups. Both 4 and
2 are preadditive categories. For ¢ this means that if M, N € Obj(%), then the set of
R-module homomorphisms from M to N, Homg(M, N), has the structure of an abelian



group, and that composition of morphisms is bilinear in the sense that

folg+h)=(fog)+(foh), (f+g)oh=(foh)+(goh),

wherever f, g and h are morphisms and the compositions are defined. The statements for
2 being preadditive are similar. A covariant functor F : € — Z is called additive if the
maps

Homp(M,N) — Hom(FM,FN),

determined by F' are homomorphisms of abelian groups for all M, N € Obj(¥%).

Suppose F' : ¢ — Z is a covariant functor. Applying F' termwise to (2.2) yields a chain
complex

o PP ER pp B ppy TS FA— 0. (2.3)

The homology groups of this complex, in general, can be thought of as measuring the
failure of F' to be exact - if F' were an exact functor then (2.3) would be an exact sequence

and all of its homology groups would be zero.

Assume further that F' is an additive functor. Then if f,g € Hompg(M, N), for objects
M, N of €, we have F(f+g) = F(f)+ F(g). It follows that F' preserves chain homotopies
and thus the uniqueness of projective resolutions up to chain homotopy passes to the chain
complexes (2.3) obtained by applying F'. The homology groups of (2.3) are thus uniquely
determined by F' and M (and R). In particular they are independent of Pi.

Now let G be any group. In the above we let R = F,[G], whose ring structure is explained
in §2.1. We let M = F,, with F,[G] action determined by (1g)-z = x for each g € G,z € F,
(so G acts trivially on Fp). Let F' be the ‘coinvariants’ functor sending an [F,[G]-module
to its largest quotient on which G acts trivially. Explicitly, given an object M of € we
have

FM = Mg = M/N €O0bj(%2), N={(m—-—g-m:9€G,meM).

If f € Homp(M, M’), for Fp[G]-modules M, M’', then f(m —g-m) = f(m)—g- f(m)
for any g € G,m € M. This implies that f induces a homomorphism of abelian groups
Mg — M{,. This induced homomorphism is precisely F'f. It follows that F is an additive
functor. We are now ready to define H,(G). Let

s P2 P2 Py S F, 0

be any projective resolution of F, over [F,[G]. Then the group homology of G with co-
efficients in F,,, H,(G), is the homology of the chain complex obtained by applying our

functor F' to the above resolution and dropping the augmentation map €. In other words



it is the homology of the complex
02 01
o= (P)g — (P1)g — (Py)g — 0.

Note we have slightly abused notation and written 0; for F'0;. We have already justified
that H,.(G) depends only on G and F,, and not P,. Notice that each P; is an elementary

abelian p group and hence each H;(G) is as well.

2.3 The standard resolution

The purpose of this section is to construct a projective resolution for F, over [F,[G] for a
finite group G. By definition, such a resolution can then be used to compute H,(G). This

resolution arises from a topological space constructed from G [1, §1.5].

Let X be the (|G| + 1)-simplex with vertex set given by G as a set. There is a natural
A-complex structure (see [5, §2.1]) on X with each finite subset H C G defining a (| H|+1)-
simplex in this structure. Let (A.(X),0) be the ordered simplicial chain complex of X
with coefficients in F,. In other words, for each i > 0, let A;(X) = F,[G'T!]. We are
viewing G'*! as a set, giving no attention to its structure as a group (so we are not

viewing A;(X) as a ring).

We make each A;(X) into a F,[G] module by defining

(19) : 1(907917 cee agz) = 1(99079917 cee >gi>a g, 395 €G.

Each A;(X) is then a free (and hence projective) F,[G]-module with an F,[G]-basis given
by the elements of the form (1,g¢1,...,9i),9; € G. It is easily checked that these span
A;(X) and are F,[G]-linearly independent. The boundary maps 9; : A;j(X) — A;—1(X),
for ¢ > 1, are given by

i

ai = Z(_l)jdjv d] (1(907917 cee 791)) = 1(90791) s 95-1,954+1,5 - - - 791)
=0

The augmentation map ¢ : Ag(X) — F, is determined by ¢(1g) = 1 for each g € G. It is
easily seen from these formulae that the 0;, e are F),[G]-module homomorphisms. We thus

have a sequence
o Ap(X) 2 ALX) D Ag(X) - F, — 0. (2.4)

Using §4.3 in [8], we see that that the homology of this chain complex coincides with the
reduced topological homology of X with coefficients in IF,,. Since X is contractible (it is
just a (|G| + 1)-dimensional simplex), these homology groups are all zero implying that

(2.4) is exact and therefore gives a projective resolution of F,, over F),[G]. This resolution



is called the standard resolution.

We now apply the coinvariants functor F', as in §2.2; to the standard resolution and perform
some computations. In particular we will obtain descriptions of Hy(G) and H;(G). We

shall use the following proposition:

Proposition 2.2. Suppose P is a free F)[G]-module with F,[G]-basis B = {b1,...,b;}.
Let N be the subgroup of P such that FP = P; = P/N. Write b; for the coset b; + N in
Pg and let B = {by,...,b;}. Then Py is the abelian group generated by B over F,, i.e.
Pg = F,[B].

Proof. Define a group homomorphism ¢ : P — F,[B] by

7 7

O D | Do | 0 | =2 | D asbs

j=1 \g€qG J=1 \geG

It can be seen from this formula that b; — gb; € ker(¢) for all j, 1 < j <4, and all g € G.
Hence as N is generated by these elements, ¢ induces a homomorphism ¢ : Py — Fp [B].
The homomorphism ¢ : F,[B] — Pg defined by l_)j > l_)j is an inverse to ¢, finishing the
proof. O

We’ve already pointed out that for ¢ > 0, A;(X) is a free F,[G] module. Its basis is given
by the set S; where

Si:{(l,gl,...,gi): ngG}.

Proposition 2.2 tells us that A;(X)g = F,[S;]. We write (1 : g1 : --- : g;) for the image
of (1,g1,...,9;) in A(X)g (one may notice the analogy with homogeneous coordinates in

projective geometry) and identify F,[So] with [, in the obvious way. The sequence
0 0
e — AQ(X)G —2> Al(X)G —1> Ao(X)G — 0
defining group homology becomes the sequence

o F[S] B F ] 2 F, — 0.

Notice that if g € G then 01(1:¢g) = (9) — (1) =0 € Aog(X)¢, implying that 9; = 0. This
gives us Ho(G) = Fp,. If g1, g2 € G we have

dr(1:91:92) = (g1:92) = (Liga) +(1:g1) = (1:97"92) = (1:g2) + (1: 1)

Recall that the abelianisation of G, Gy, is the largest quotient of G which is abelian.
Explicitly, define [g1, g2] = g7 ‘95 "g192 for each pair g1, gs € G, then

Gap = G/[G,G], [G, G] = <[91792] 101,92 € G>



The element [g1, g2] is called the commutator of g; and g2 and [G,G] is called the com-

mutator subgroup of G.
Proposition 2.3. We have H{(G) = F, Q Ggp.

Proof. By definition we have

H\(G) =Fy[S1]/R, R={((1:97"g2) — (1, 92) + (L, q1)).

Hence in H;(G) we can deduce the following identities for each g € G:

These can in turn be used to obtain

(L:giga)=(1:g2) —(L:igi")=(L:g1) + (1: ga),

(2.5)
(1:97%95 g192) = (1: g1g2) — (1 : g2g1) = 0

whenever ¢g1,92 € G. If ¢1|G,G] = ¢2[G, G] then one can write go = ¢1...crg1 where
the ¢; are commutators. This is because g1y lis in [G,G], and is hence a product of
commutators and their inverses, but the inverse of a commutator is another commutator.

Using (2.5) we get

l:g1)=0:cr...c092) =(L:er)+--+ Qi) +(L:g2) =(1: g2).

We define a homomorphism (using Proposition 2.1) ¢ : F,[S1] = F, @ Gap by 1(1 : g) —
1 ® g[G,G]. Notice that R C ker(¢) since g; 'g2[G, G] — ¢2[G, G] + 1[G, G] = 0 € Gop.
Hence ¢ induces a homomorphism ¢ : Hi(G) — F, @ Gap.

Now define a map of sets ¢ : F, @ Gy — H1(G) by ¢(a,g|G,G]) = a(l : g). This is
well defined because we have already seen that ¢1|G,G] = ¢@2[G,G] = (1 : g1) = (1 :
g2). We can also check the equations (2.1) hold for ¢ and hence we get a unique group
homomorphism v : F, @ Gap — H1(G) satisfying ¢(a ® g[G,G]) = a(1 : g). One can see

that ¢ and 1) are inverse to each other so we are done. [l

The construction of projective resolutions from topological spaces isn’t a coincidence -
group homology was initially motivated from topology. In fact, a topologist may define
mod p homology to be the topological homology groups of a K (G, 1) space with coefficients
in F,, ([1, §11.2-4] [5, §1.B & p. 153])



2.4 Induced maps on homology - functoriality

We have seen that group homology assigns to each group G a sequence of abelian groups
H,.(G). We now look at how group homology assigns certain maps of groups G — G’
(not just homomorphisms) to induced homomorphisms on homology H;(G) — H;(G’). In
particular group homomorphisms G' — G’, satisfy this construction. The map sending a
group G to its i*" homology group H;(G) can then be viewed as a covariant functor from

the category of groups to the category of abelian groups for each i > 0.

Let G,G" be groups and ¢ : G — G’ a map of sets. Let X be the topological space
constructed from G as in §2.3 and let X’ be the equivalent space for G’. For each i > 0,

suppose we have an abelian group homomorphism
7 Ai(X) — Ay(X') satisfying  7;(g-2) = ¢(9) - Ti(x), g€ Gxe A(X). (2.6)
Suppose the 7; also make the following diagram commute:

o)) 01 €
C—— Ao(X) —— A(X) —— Ag(X) Fp 0
L L N P

- — AQ(XI) E— Al(X/) E— Ao(X/) Em— Fp — 0
a, o o

The 7; then form a chain map 7, between the standard resolution of G and the stan-
dard resolution of G’, compatible with ¢. Since the standard resolutions are projective
and exact chain complexes, we can use [1, Lemma 1.7.4] to state that 7 is unique up to
chain homotopy. The fact that 7;(x — g - x) = 7i(x) — ¢(g) - Ti(x) for each i > 0,9 € G
and x € A;(X) implies that the 7; induce homomorphisms 7; : Aj(X)g — Ai(X)g.
We can therefore apply the coinvariants functor F' to the above diagram, discarding the

augmentation maps ¢,¢’, to yield the following commutative diagram:

82 81
- — Ao(X)g A1(X)a Ao(X)g ——0
J T2 71 70 (2.8)
C— AQ(X/)G/ Al(X,)G/ Ao(X/)G/ — 0
9 7

The 7; form a chain map 7, from the chain complex (A,(X)g,d), to the chain complex
(A« (X")gr,d"). This chain map induces homomorphisms on homology. The uniqueness of
the chain map 7 up to homotopy implies that these homomorphisms are independent of

the choice of 7 and thus depend only on ¢. We write ¢, for these induced homomorphisms.



It is easy to see that

(¢ o 1;[})* - ¢* ] w*, (ldG’)* == ldHZ(G)v
whenever ¢ : G — G’, 1 : G’ — G" are so that ¢, and v, are defined.

Now suppose that ¢ : G — G’ is a group homomorphism. Then we define our chain map
T by
7i(1(90, 91, - - - 9i)) = H(#(90), D(91), - - -, 9(95))-

This satisfies (2.6) and makes the diagram (2.7) commute. We obtain homomorphisms
és : Hi(G) — H;(G'). In light of the composition identities above, we deduce the promised

functoriality of group homology.

Proposition 2.4. Suppose that GG is a group and g € G. The conjugation homomorphism
¢ =g '(-)g : G — G induces the identity homomorphisms on the homology of G.

Proof. Let X be the space constructed for the standard resolution for G. For each ¢ > 0,
define T; . Al(X) — AZ(X) by

Ti(l(g(]:gb v 791)) = 1(9_19079_1917 ce 7.g_1gi)'

One checks that (2.6) is satisfied and that these make (2.7) commute. The chain map
defined by the 7; can then be used to construct the induced homomorphisms ¢,. If F is
the coinvariants functor then clearly 7, = F'r; = id for each ¢ > 0, and so the induced

homomorphisms ¢ are the identity homomorphisms. O

Now suppose that G is a group and T is a group which acts on G via group homomor-
phisms. That is to say the map t : G — G, g — t - g is a group homomorphism for
each t € T. Then each t in T induces homomorphisms t, : H;(G) — H;(G). Using the
functoriality, 7" acts on each H;(G) via group homomorphisms with ¢ - z = ¢.(z) for each
t €T,z € Hi(G). We can then talk of the fixed points of H;(G) under the action of T,
i.e. the subgroup

Hi(G) ={2€ Hi(G) :t-z=zforall t € T} < Hi(G).
This allows us to construct representations of 1" over any field. In §3 we explore these

constructions in order to use them later.

3 Constructing Representations from Homology

Let G and T be groups. At the end of the previous section, we discussed how an action of
T on G via group homomorphisms induced an action of 7' on homology. If we also have a

field k& then for any fixed i > 0, H;(G) @ k is a representation of T" over k, or equivalently

10



a k[T]-module. This representation is determined by
M- (z@x) =t (2) @Az, Nzek, teT, ze€ Hi(G).

The purpose of this section is to prove some results for this construction in the case that

T is abelian with order prime to p. None of the results in this section are my own.

Let k be the finite field of size p? for some d > 1. Let k be an algebraic closure of k. The
characteristic of k, char(k), is equal to char(k) = p. Suppose that 7 is a finite abelian group
with p 1 |T|. Let M = Mz(T) be the semiring of isomorphism classes of representations
over k. The addition operation in M is the direct sum and the product operation is the
tensor product. As T is abelian with order prime to char(k), all irreducible representations
of T over k have dimension one. Note that this uses the fact & is algebraically closed. The
condition p 1 |T'| is also necessary to invoke Maschke’s theorem. We can then identify M

with Zso(Hom (T, k*)). Indeed if V is a representation of T over k we can identify

V1= ny(V)x € Zoo(Hom(T, k¥)). (3.1)
X

Here [V] represents the isomorphism class of V in M. The index x ranges over the

irreducible characters, and n, (V') is the multiplicity of the character x in V.

Suppose G is a group on which T acts by group homomorphisms. We have already
established that H;(G) & k is a representation of T over k for each i > 0. We can then
define the Poincaré series of H.(G) to be

o(H.(G)) = S IH(G) R F= € M][2].

0
This clearly depends on T and k, but these will always be clear in context.

Given any homomorphism a : T' — k*, let k, denote the abelian group k with T acting via
a. That is, t - © = a(t)z for each x € k,t € T. As k C k, the homomorphism a defines a
one-dimensional representation of T' over k, which we will denote by V,. In the following,
A(V) and I'(V') will denote the exterior and symmetric algebras of a vector space V', over

k respectively.

The proof of the following lemma is the dual to Quillen’s proof of Lemma 15 in [7] for the
group cohomology of k,. The method below is adapted to group homology and is written

more accessibly.

Lemma 3.1 Let a : T — k* be a homomorphism, and let k, and V,, be defined as in the

11



previous paragraphs. Then

d—1 d—1 1+ apr
o(Hy(kq)) = H (14 a2 Za’p QZ:HW-
b=0 i>0 b=0 - ¥ %

Proof. By the classification of finite fields, k, is isomorphic as a group to K = (Z/pZ)°.
It is known that the homology of K is given by

H(K) = { NE) QT (K) ifp#2 52)

I' (Kp) ifp=2

where K, = K Q Z/pZ is canonically isomorphic to H;(K) and ,K = {k € K : pk = 0} is
canonically isomorphic to a subgroup of Ha(K) (see §V.6 in [1] for details). From Galois

theory, there is a ring isomorphism

— — b _
k®k ~ k), zey— (2P y)g:é.

This becom(is an isomorphism of representations k, ®Fp k=~ Z;é V e, sinceift € T, o €
ke and y € k then

Combining this with (3.2), and using that for general representations V' and W we have

AVEW) = AV)QAW) and (VW) =T'(V) QT'(W), we get

o A ((Ve)s) T (o(V,y0)) i p #2
®k {®Zél‘(( )p) ifp=2

If V is any one-dimensional representation over k, then A(V) = k@ V and I'(V)
@i>0 V@i, Since characters multiply under the tensor product of representations, the
Poincaré series of a tensor product is the product of the Poincaré series of its factors. In
other words as we pass from homology to Poincaré series, the tensor products become
multiplicative products in M. Recalling that (V ), and (V. ») lie in Hy(k,) and Ha (k)

respectively, we obtain

d—1 b int _2i -
m)@%g{ oo (1 +0"2) Dipg a2 ifp 2
Il
F

. b . .
>0 a2’ ifp=2
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If p # 2 then we are done. For p = 2 we have

-1 b

H 1+ap 1+ap2
= b+1 || b 9"

_ p — aP
b0 i50 1 aP’ z b_ol aP’z

Notice that we used a?” = a since the order of k* is p? — 1. We have proved the lemma. [J

For our proofs later, we require a method of comparing Poincaré series. This is because
an upper bound on the coefficient of the xz* term in a Poincaré series o(H,(G)) is, by
definition, an upper bound on the multiplicity of x in H;(G). Spectral sequences are
the key to enable such comparisons. We use the ‘E}fk’ notation for spectral sequences as

explained by Hatcher in [4].

A group extension is a short exact sequence of groups
l1—N-5G5Q—1.

For a group extension as above, there is a Hochschild-Serre spectral sequence of the form

N) Q) H.(Q) = H.(G). (3.3)

This is Proposition 7 in [6] followed by an application of the universal coefficient theorem

for group homology. The i'"" abelian group in the sequence H,(N) & H.(Q) is defined to

be
P H(N) Q) He(Q)

k=i
If G and G’ are groups acted on by another group 7T, then a group homomorphism ¢ :
G — @, is called T-invariant if ¢(t-g) =t - ¢(g) foreach t € T, g € G.

Lemma 3.2. Suppose we have a group extension as above. Suppose further that T acts
on N,G and @ in a way such that the group homomorphisms ¢ and 7 are T-invariant.

Then the spectral sequence (3.3) for this group extension implies that
o(H«(N))o(H«(Q)) > o(H(Q)).

The symbol > means that each coefficient on the right hand side is less than or equal to

the corresponding coefficient on the left hand side, working in Zg.

Proof. Fix a point (j, k) and consider the sequence of groups (E;Lk)n>1 in the Hochschild-
Serre spectral sequence. Each Eﬁ“ is a subquotient (denoted by <) of E7), hence B2 <
EJQk As such

- @ E=< P EL= P HWN)QH(Q)

k=i k=i k=i

13



We know that if W and V are representations with W < V', and if x is a (irreducible)
character, then the multiplicity of x in W is at most the multiplicity of x in V. In terms
of the notation in (3.1), n, (W) < n, (V). The lemma follows. O

4 Homology of Some Finite Classical Groups

Let k to be the field of size p¢ for some d > 1. We use the tools developed in §3 to prove
some vanishing statements for the low dimensional homology of some classical groups over
k. We first look at the general linear and special linear groups over k in §4.1. Theorem
4.1 on the general linear groups is proved by Quillen. I have strengthened this result
to include the special linear case. The proofs in §4.2 and §4.3 for the symplectic and
orthogonal groups over k are also my own, though draw on Quillen’s methods. The results
of Theorems 4.5 and 4.6 themselves are not new however, and are proved independently
by Friedlander in [3]. The result of Theorem 4.7 is not covered by any of these works

however.

4.1 General linear and special linear groups

Fix n € N. As usual we write GL,, (k) and SL,, (k) for the general linear and special linear
groups of degree n over k respectively. Recall that GL,, (k) is the group of invertible n x n
matrices in k, and SL, (k) is the normal subgroup of GL, (k) consisting of such matrices

with determinant 1.

Theorem 4.1 [7, Theorem 6]. We have H;(GL,(k)) = 0 whenever 0 < i < d(p — 1).

As indicated in the introduction to this section, we prove the following, stronger, theorem.
Theorem 4.2 We have H;(GL,(k)) = 0 = H;(SL,(k)) whenever 0 < i < d(p — 1).

To begin the proof, let @,, be the subgroup of SL,, (k) (and GL,(k)) consisting of upper
triangular matrices with 1s in each diagonal entry. Let T,, be the subgroup of SL, (k)
consisting of diagonal matrices. Notice that T}, acts on @, SLy (k) and GL,(k) by con-
jugation. Since |T;,| = (p? — 1)"~! is prime to char(k) = p the results of §3 hold for
T=T,.

Fix ¢ > 0. The orders of GL,(k), SL, (k) and @Q,, are given respectively by

dn(n—1)

GLn (k)| =p~ >

dn(n—1)

. 1 dn(n=1)
(P —1), [SLn(k)| = gﬁ'GL”(k”’ @Qul=p 7 .

=

j=1

We see that @, is a Sylow p-subgroup of GL, (k). This implies the homomorphism
H;(Qn) — H;(GL,(k)) induced by inclusion in surjective [1, §II1.9]. Taking fixed points

14



of this homomorphism under the action of 7;,, we get a surjective map
Hi(Qn)™ — Hi(GL,(k))™ = H;(GL,(k)).

The equality on the right is because T}, is a subgroup of GL,(k), so we can appeal to
Proposition 2.4. The order formulas above imply that @, is a Sylow p-subgroup of SL,, (k),
so by the same arguement we have a surjective map H;(Q,)’" — H;(SL,(k)). Proving

Theorem 4.2 is now just a case of showing that H;(Q, )™ = 0.

Let k be an algebraic closure of k. From §3 we know that H;(Q,)® k is a representation

of T, over k. Then the largest trivial subrepresentation is

(Hi@) @F) " = Hi(Q)" @F

The right hand side of the above is zero if and only if H;(Q,,)™ = 0 (this uses the fact that
H;(Q,,) is an elementary abelian p group). Showing that H;(Q, )" is zero is equivalent to
showing that the multiplicity of the trivial character ¢, in H;(Q,) & k is zero. This is the

same as showing that the coefficient of ez’ is zero in the Poincaré series o(H,(Qy)).

We want to find an upper bound for the coefficients of o(H,(Q,)). To do this we make
use of Lemmas 3.1 and 3.2. Let A = {(7,7) : 1 < j <i < n}, and identify each (i,5) € A
with the homomorphism
. . n b
T, — k%, t=diag(tg)r_; — ot
J
We switch between viewing A as a set of pairs and as a set of homomorphisms as appro-
priate. We put a total order on A by setting (i,5) < (¢/,5) if either ¢ < 4, or i = i’ and
j < j'. Introduce the notation my(z) for the n x n matrix with (k,[)-entry = € k and all

other entries equal to zero.

Recall that for a homomorphism a : T — k*, k, denotes k as an abelian group with T
acting via a. The reason why we associate the homomorphism a : t — % to each (i,7) is

so that the following group homomorphism is T-invariant for each a = (i, j) € A:
ba ke — Qn, x— In+mj(z).

Denote by Q% the subgroup of (), generated by the images of all the ¢. with ¢ > a.

Proposition 4.3. If a,d’,c € A with a,a’ > ¢ and ¢ = (i, ), then the (j,4)-entry of
¢a(T)ber (y) is zero for all z,y € k.

15



Proof. Let a = (k,1),a’ = (K',I') and let 2,y € k. Then

ba(2)bar (y) = (I + mye(x)) (L + mye (y))
= I, + myp(z) + myw (y) + my(x)mpr ().

We see that the (j,7)-entry being non-zero implies that myx(x)my g (y) has non-zero (j,1)-

entry. The (j,4)-entry of my,(x)my (y) is given by

Z(mlk(x))ﬁ(ml/k/(y))ri-
r=1
Now if ¢ < &/, this sum is just (my(x))j; = 0 since (k,1) # (4, 7). So if the sum is not zero

we must have ¢ = k' and j < I’ (the latter to satisfy ¢ < a’). The sum then becomes

(mak ()0 y + (ma(x)) jar-

If this is non-zero then j = [ necessarily, and either k¥ = " or k = k/. If k = I’ then
i =k >1' =k contradicts ¢ < a. If k =k then (i,j) = (K',1) = (k,1) contradicting ¢ # a.
We see that in all cases, the (j,i)-entry of ¢q(x)da (y) is zero, as required. O

Proposition 4.3 makes clear the intuition that if a = (4, j) € A, then Q¢ is the subgroup of
@Qn consisting of those matrices ¢ = (gji7);7 € Qn With gy = 0 whenever (¢, ") < (4, )
in A. Furthermore, if ¢ € Q,, and t = diag(ty)}_; € Tn then (t-u)j = t;luﬁti (it is this
calculation that shows the ¢, are T,-invariant). This tells us that each Q% is an invariant
subgroup of ,, under the action of T},. Overall we have deduced that for each a € A we

get a T)-invariant group extension
1— kg — Qu/Q% — Qn/Q% — 1.

Here a’ denotes the largest element of A less that a. If a is minimal in A we set Q%’ = Qn.
The first non-trivial map in the extension is induced by ¢,. The second is the natural

map. Lemma 3.2 applied to this group extension gives us

0 (Ho(Qn/ Q%)) < 0(H.(ka))o (Ho(Qn/Q5))
for each a € A. Combining these as we descend through A, noting that Q,({L’nfl) =1, as

well as appealing the Lemma 3.1, we find

o(H«(Qn)) < H o(Hi(kq)) = H(l + apbz) Zaipbz%. (4.1)

acEA a,b =0

Here and throughout the rest of §4.1, a will range over A whilst b ranges over the set
{0,1,...,d—1}.
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For each a € A, define a set J, by Ju = {((mab, ap))s € ({0,1} X Zs0)?}. Then define

Da(J) - Z(mab + 2nab)a Ma(J) = Z(mab + nab)pb7
b b

for each J = ((mgap, nap))p € Ja- Then

H (1 +ap Za”’ 2= Z aMa(J) ;Da(J) (4.2)

b Z>0 Jeja

To see how (4.2) works, we show there is a natural bijection between J, and a way of
choosing a term from the expanded product on the left hand side. Indeed suppose the
b*h component of J € J, is (Mmap, nap). Then we choose ‘1’ from the bracket (1 + apbz) if

Mgy = 0, or we choose a2 if mgp = 1. We choose the n 0 term of the series Zz>0 ai?” 22,

In this way the component (mgp, n4p) contributes the term
amabpbzmab . anabprQTLab — a("ncl,b‘i’nab)pbZWLa,b+2na,b7
and hence, multiplying the contribution from each of the b components, J = ((mgp, Map) )b

contributes aMa(/);Pa(J) " Now let 7 = L, 7o = {((mab, nap))ap € ({0,1} x Z>O)d\A\}.
Using (4.2), the right hand side of (4.1) is equal to

10 - 5 (o) . .

IeZ

In the above we have defined, for each I = (J,), € ||, Jo = Z,

I)=> Da(Ja), Ma(I) = Ma(Ja).

Recall that we want to show there is no occurence of the term ez® for 0 < i < d(p — 1).

We can now see this is just a case of showing that if I € Z, then
[[a"" =e, (4.4)
a

implies either D(I) =0 or D(I) > d(p —1).

Let a; = (i+1,i) e Afor 1 <i<n—1 Thenif a = (j,k) € A we have

7j—1 n—1
— — Cai
o= TLoo= T
i=k =1

17



where c,; = 1 for k < i < j—1 and ¢4; = 0 otherwise. Then

n—1

H oM@ = H a;i’, e = Z Cai (Mab + Nab)P"- (4.5)

i=1 a,b

The homomorphism v : T,, — (k*)"~! sending ¢ to (a;(¢))}=]" is an isomorphism (remember
matrices in 7, have determinant 1) - in particular it is surjective. We claim that, since k&*

is cyclic of order p¢ — 1,

H M) = ¢ — Z Cai(Map + ngp)p” =0 (mod p? — 1) (4.6)
a a,b
for each ¢ € {1,2,...,n — 1}. To prove this claim, let ¢ be a cyclic generator of k* and

suppose ey Z 0 (mod p? — 1), where 1 < i < n — 1. Then using surjectivity, let t € T},

be so y(t) = (z;)=, where x; =  if i = i’ and x; = 1 otherwise. Then

n—1

[Tasi@)=c #1=ct)

i=1
which contradicts the left hand side of the implication (4.6).

Now suppose I = ((map, ap))ap € Z is such that D(I) > 0 and (4.4) holds. Since D(I) >0
we have mgp, + ngp > 0 for some a and b. Then ), cqi(map + nap) > 0 for some b and 3.

We use the following lemma:

Lemma 4.4 [7, Lemma 16]. Suppose we have non-negative integers ( jb)‘g;é, not all zero,

then
d—1 d—1

ZjbprO (mod p? —1) = Zjb >d(p—1).
b=0 b=0

Using implication (4.6) and applying the lemma, we must have

dp—1) < Cailmay + nap) < > _(Map + 2ngp) = D(I).
a,b a,b

This shows that if I € Z satisfies (4.4), then D(I) =0 or D(I) > d(p — 1). As remarked
immediately after (4.4) this proves Theorem 4.2.

4.2 Symplectic groups

Our proof of Theorem 4.2 spanning §4.1 started by finding a Sylow p-subgroup @ of our
group G (either GL,, (k) or SLy(k)). We then introduced a subgroup T' of G, with order
prime to p, that acted upon ) via conjugation. We then broke this Sylow p-subgroup

down in a sequence of group extensions. Applying Lemmas 3.1 and 3.2 to these we were

18



able to bound the coefficients of the Poincaré series o(H,(G)). Using this bound, we were
able to show that the ez’ coefficients in o(H,(G)) were zero for 0 < i < d(p —1). We now

adapt this method to yield a similar statement for the symplectic groups over k.

Again, let’s fix n € N. We write Spy,, (k) for the group of 2n x 2n symplectic matrices in
k. That is,

0o I,
Spon (k) ={g9 € GLan(k) : g"Jg=J}, J= (—I 0) )

Theorem 4.5. We have H;(Sp,,(k)) = 0 whenever 0 < i < d(p L.

As for the SL, (k) and GL, (k) case, we first identify a Sylow p-subgroup of Sp,, (k). To
this end let @Q,, be as in §4.1, and let Ra, be the subset of Spy, (k) defined by

Rop, = { (g (qj)l1> 1 q € @y, and (qflA)T _ (qlA)} .

A simple computation tells us that Ra, is a subgroup of Sp,,, (k). Let T, be the subgroup

of Spy,, (k) defined by
, t 0 o
T, = 0 1] t € GLy (k) is diagonal » .

It is often useful to identify 7], with the subgroup of GL,, (k) consisting of diagonal matrices.
The identification is given by

t 0
=, = diag(ty)l_
<0 t1> g( k)kfl

Notice that the T}, used in §4.1 is T}, NSL, (k). We can also check that T, acts on both Ry,
and Sp,, (k) by conjugation. We can use the results of §3 with T'= T, as |[T/| = (p¢ —1)"

is prime to p.
Fix ¢ > 0. The order of Sp,,, (k) is given by (for example, [9, §3.5])

n

d,
[Span (k)| = p™ H 4 —

We claim that |Ra,| = p®”, so that R, is a Sylow p-subgroup of Sp,, (k). Now any
element r € Ry, is determined uniquely by an element g € @, and a choice of symmetric

n X n matrix B, via the bijection

(¢, B) <g (5?-1) € Rop.
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dn(n+1)
Let Sym,, (k) be the abelian group of n x n symmetric matrices, whose order is p~— 2

Then |Ron| = |Qn||Sym,, (k)| = p®” as required. Exactly as with the Q, < SL, (k) case,
we have a surjective map H;(Rop)™ — H;(Spsy,(k)). We will show that H;(Ra,)™ = 0in a

similar fashion to how we showed Hi(Qn)TT/L = 0. Namely, we show that the ez’ coefficient

in the Poincaré series o(H,(R2,)) (now with respect to T'=T)) is zero for 0 < i < @.

In §4.1, we defined a set A of homomorphisms corresponding to how 7;, acted on the

entries of matrices in Q. To do a similar thing for T} on Rs,, we use the calculation

t=1 0\ (¢ A t 0\ lgt A
( 0 t) (0 (QT)—1> (0 t_1> - ( 0 t(qT)_lt—1>' (4.7)

In the above equation t € 7!, q € Q,, and ¢~ *A € Sym,, (k) so that
q A
r =
0 (¢!

Define A to be the disjoint union A; | | Ag, where

is a general element of Ra,.

Ay ={(k,l):1<I<k<n}, Aa={(,7):1<j<i<n}.

With each (i,7) € Ay we identify the homomorphism 7], — k*, ¢ — i—l This corresponds
J
to the role of A in §4.1 with @, except now identifying

~ N _ q 0 .
Qn = Qn = {(0 (q7)1> VS Qn} < Ray,.

Indeed if @ is the homomorphism associated with (i,7) € Ay, we define a group homo-

morphism ¢, by

I, +m 0
o : ka —> Ron, x+—>< +mji(z) )

0 (T +mgi(2))")~!
This is 7} -invariant by calculation (4.7).

We want a similar construction for Aq. If (k,1) € Ay and = € k, we let s;x(x) be the n xn
symmetric matrix with (I, k) and (k,[) entries equal to = and all other entries equal to

zero. We then have group homomorphisms for each (k,1) € Ay given by

I,
Sy ik — Rop, z+— (0 S”}(x)> :

We want to identify (k, 1) with a homomorphism a : T, — k, such that the above map ¢, :
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k = ko — Rap, is T)-invariant. Looking at calculation (4.7) we see that the appropriate

1
titg "

homomorphism is ¢t —
We order both Ay and A, individually as in §4.1 - the first component of two pairs are
compared first, and then the second. We can then put a total order on A by setting the
elements in A; to be larger than elements in Ay. For each a € A we define Rg, to be the
subgroup of Ry, generated by the images of all ¢. with ¢ > a in A. Much like for @),, and

T,, we obtain T} -invariant group extensions
1 — ko —> Ron /RS, — Ron/R%, — 1,

for each a € A. Again, a’ is the largest element of A less than a and if this is not possible

!
we set Ry, = Rop.

For a = (i,7) € Ay these exact sequences are the same as the ones in §4.1 via the
isomorphisms Ry, /RS, = Q,/Q%. Of course in the @, case, we must restrict a to T;, < T},.
We therefore don’t need to check the exactness and T} -invariance of these sequences for
a € As.

Notice that the map

I, B
Sym,, (k) — Ra,, Br— (0 I )

embeds Sym,, (k) as an abelian subgroup of Ra,. This description makes it straightforward

to check the exactness and T -invariance of the above sequences for a € A;.

Using Lemmas 3.1 and 3.2 in conjunction, these group extensions provide the estimate
(see how we obtained (4.1) in §4.1 first)

o(Hy(Rap)) < H o(Hy(ka)) = H (1+ apbz) Zaipbz%. (4.8)

a€EA acAb >0

In the above, and throughout the rest of §4.2, b ranges over {0,1,...,d — 1}. Again, we
define a set Z = {(map, Nab)acap € ({0,1} x Zz0)¥41}. With the same justification used
to obtain (4.2) and then (4.3) we find that

o(Ho(Ran)) <) (H aM“‘”> 2P0

I€T \aeA

D(I) =Y (map+2na), Mao(I) =Y (map+ nap)p".
a€AD b

Hence to prove Theorem 4.5 we need to show that if I € Z, then

H aMe(D = ¢ (4.9)

aeA
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implies either D(I) =0 or D(I) > @ (compare this to the text surrounding (4.4)).

Let a; = (i,i +1) € Ay C A. Then if a = (j, k)’ € Ay, we have a = [[}7}' a5 where
cai = 1 for k <i<j—1and ¢y =0 otherwise. If instead a = (k,l) € Ay, we have

1 Tt 1 [(ta\*ts )
at) = =5 =73\ - = apa 'Q (T
V=i~ 2u"& (tk> 7, = i ny ey ()

where a, = (n,n) and a(; ;) is set to be the trivial character € if i = j. Hence for each
a = (k,l) € A1, we have

n

_ T o
a=]]al",

i=1
where fon =1; faa =2ifk<i<n—1; fi;, =11l <i<k—1; and fi; = 0 otherwise.
Equation (4.9) becomes

n
H azgi =6 gi= Z Cai (mab + nab)pb + Z fai (mab + nab)pb' (4'10)
=1 a€l2,b a€A1,b

Here, all the ¢, for a € Ay are set to be zero. Each g; is a sum of the form

9i = Z gai(mab + nab)pb7
a€AD

with each g,; € {0,1,2} and, for any fixed a € A, the (gq;)}"_; are not all zero. We appeal

to the surjectivity of the group homomorphism

N T — (KT xR, e (as(t) (4.11)

to show that (4.10) implies (by the same justification as for implication (4.6))

d
-1
=0 (modp?—1)if1<i<n—1, ¢,=0 <1rnodp2>k >, (4.12)

where 2+ = 1 if p = 2; 2% = 2 if p # 2. This is because k%* is cyclic of order pz—il.

Now suppose I = (Map, Nab)acap € L is so that D(I) > 0 and (4.9) holds. One possibility
is that mgp + nep > 0 for some a # a,, and some b. Then Y A gai(Map + nap) > 0 for
some b and some ¢ with 1 < i < n — 1. We then apply Lemma 4.4 for this g; to write

dp—1) < gailmap + nap) <Y 2(map + 2na) = 2D(1).
a,b a,b

The other possibility is that mg, = ne = 0 for each a # a,, and each b, but mg, p+n4,5 > 0
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for some b. We then have (multiplying the g,, congruence in (4.12) by 2x)

(2%)gn = (25)M,, (I) = Z(Q*)(manb + nanb)pb =0 (mod p? — 1).
b

Applying Lemma 4.4 to this equation, we must have

d(p — 1) <D (26) (M + Naye) < Y 2(may + 2nqp) = 2D(I).
b a€AD

In any case we have shown that if (4.9) holds for some I € 7 then either D(/) = 0 or
D(I) > @. As remarked on the line below (4.9) this proves Theorem 4.5.

4.3 Orthogonal groups of even degree in odd characteristic

We first looked at the vanishing low dimensional homology of the groups GL, (k) and
SL,(k), strengthening a theorem proved by Quillen. Next, we adapted this method to
yield analogous results for the groups Sp,,, (k). This in turn generalises to the orthogonal

groups. We will only consider the case p % 2 here.
Fix n € N. The orthogonal group Oz, (k), over k is defined by

0 I,
Ozn(k) = {g € GLon(k) : g"Jg = J}, J = (1 0) .

The special orthogonal group SOsy,(k), is then the normal subgroup of Og, (k) consisting
of such matrices with determinant 1, i.e. SO2y, (k) = Oy, (k) N SLay (k).
Theorem 4.6. We have H;(O2,(k)) = 0= H;(SO2,(k)) whenever 0 < i < @.

Let Q, < GL, (k) be as defined in §4.1 and define Ra, now to be the subset of SOg, (k)
(and Ogy,(k)) defined by

Roy, = { <g (qj)l—1> 1q € Qp and (qilA)T = _<qlA)} .

Note the similarity with the Ry, defined in §4.2 - the matrix ¢~ ' A is now skew-symmetric,
rather than symmetric. Again, Ry, is easily checked to be a subgroup of SOag, (k). We
now show that it is a Sylow p-subgroup of both SOs, (k) and Oz, (k). It is known that ([9,
§3.7.2])
n—1 1
|02 (k)| = 29" D (p™ — 1) [T (0™ — 1), [SOan(k)| = 3102a(F)|-

J=1

Much like each r € Ry, in §4.2 was determined uniquely by an element of @, and a
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symmetric n X n matrix, an element of Ry, here is uniquely determined by an element of
. . .. . dn(n—1)
Q» and a skew-symmetric 7 X n matrix. This implies that |Ry,| = [Qu|p~ 2z~ = p® (1

and we can see that Ry, is indeed a Sylow p-subgroup of both SOy, (k) and Og, (k).

The same T}, used in §4.2 is a subgroup of SOq, (k) acting on Ra,, SOz, (k) and Oz, (k) by
conjugation. By similar arguements to the SL, (k) and Sp,, (k) cases, to prove Theorem
4.6 it suffices to show that Hi(Rgn)TJI = 0 whenever 0 < i < @.

We define A = Aq | |Ag, where
Ar={(kD):1<l<k<n}, As={(i,j):1<j<i<n}.

In fact Ay here plays an identical role to the Ag in §4.2. Indeed we identify each (i, j)" € Aq

with the homomorphism 7 — k*,t — % If a = (4,5) € Ay we define a T} -invariant

(calculation (4.7) still holds) homomorphism ¢, by

a:ka Rm
Paiho = 2 wH( 0 ((n+mya))!

I, + mﬂ(x) 0 )
If (k,1) € Ay and = € k, we let s (x) be the n xn matrix with (I, k)-entry equal to z, (k,1)-
entry equal to —z, and all other entries equal to zero. We also associate (k,l) € Ay with

the homomorphism 7, — k*,t — ﬁ Then for a = (k,1) € Ay we define a T} -invariant

I,
ke — Rop, x+— stk (@) .
0 I,

homomorphism ¢, by

We order A as in §4.2, with elements of A; larger than those in As. The individual
sets A1 and Agy are each ordered by comparing first components first, then the second
components. For each a € A we define RS, to be the subgroup of Ry, generated by the

images of all the ¢. with ¢ > a in A. We get T} -invariant group extensions
1 — ky — Ro, /RS, — Ron/R%, — 1,

for each a € A. As usual, d’ is the largest element of A less than a and we set R%;l = Ry, if

this is not possible. Applying Lemmas 3.1 and 3.2 to these extensions we get the estimate

o(H«(Ran)) < H o(Hy(ka)) = H (1+a”2) Zaipbzzi.

a€A a€Ab 120

The rest of the proof is identical to the text following (4.8). The surjective homomorphism
~" defined by (4.11) implies the same modular congruences. The only seeming difference
is that the homomorphism a,, : t — t% is not in A anymore, but this doesn’t matter - the

proof still applies.

Now that we have proved Theorem 4.6, we introduce the index 2 subgroup g,(k) of
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SOz, (k). A more precise definition is given by [9, §3.7 & §3.9]. Let V be the vector space
k%" and define a symmetric bilinear form (-,-) : V. x V — k, by (u,v) = u"Jv, where .J
is the symmetric matrix in the definition of Og, (k) at the start of this section. If v € V|
we call N(v) = (v,v) the norm of v. Two vectors u,v € V are called orthogonal to each
other if (u,v) = 0.

A reflection r,, of V' in the plane orthogonal to a vector u with N(u) # 0, is characterised
by sending u to —u and fixing all vectors orthogonal to u. In other words it can be defined

by the formula
(v, w)
(u, u)

Ty :VH—> UV —2

There are two types of these reflections - either N(u) is a square in k, so N(u) € k**,
or N(u) is not a square in k. Note that if A # 0 in k, then ry, = r,. We then have
N(\u) = A2N (u), thus we have a well-defined map

{ry: N(u) # 0} — k*/k**, 7, — [N(u)]

It is known that Os,(k) is generated by reflections r,, with N(u) # 0. Since a reflection
matrix has determinant —1, a general element of SOg,, (k) is the product of an even number
of these reflections. Now if g € SOay,(k), we can write g = ry, Ty, - . . Tuy, for some reflections
Tu,, with each N(u;) # 0. We can then define 0(g) = [N(u1)N(us) ... N(ux)] € k*/k*.
The map 6 : SOa, (k) — k*/k?* is a well-defined surjective group homomorphism called
the spinor norm. Its kernel is an index 2 subgroup of SOa,, (k) denoted by Qa, (k). We can

now look to prove the following.
Theorem 4.7. We have H;(2,(k)) = 0 whenever 0 < i < @.

We already know that R, is a Sylow p-subgroup of SOq, (k). We claim it is also a Sylow
p-subgroup of s, (k). This is a particular case of the next proposition with G = SOq, (k),
N = Qg (k) and U = Ray,.

Proposition 4.8. Let G be a group and U a Sylow p-subgroup. Let N be a normal
subgroup of G such that p{ [G : N]. Then U < N. In particular U is a Sylow p-subgroup
of N.

Proof. Let m: G — G/N be the quotient map, and denote by ¢ its restriction to U. By the
first isomorphism theorem |U| = |ker(¢)||im(¢)|. Since im(¢) < G/N, and by assumption
p1 G/N, we must have p { [im(¢)|. Since |U] is just a power of p, the above equation, by
primality of p, now implies that | ker(¢)| = |U|, and thus ker(¢) = U. Of course, ker(¢) is
UNN,soU < N as required. ([l

Since Ry, is a Sylow p-subgroup of Qs (k), we have, for each ¢ > 0, a surjective map
H;(R2,) — H;i(Qan(k)). We can’t just take fixed points under the action of 7, as in

previous cases however, because we don’t know whether 77 is a subgroup of Qo (k). In
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fact, we have the following:

Proposition 4.9. An element ¢ = diag(t;)}_; in T}, lies in Qo (k) if and only if []7_, ¢; €
k2.

Proof (sketch). Let {e; §Z1 be the standard basis of V' = k?". Write

-1
t 0\ _ JA, A= 0t .
0 ¢t t 0
Consider a new basis {f; ?21 of V' given by

£ — ej—tjejHL 1fj<n
=
=n

ej +tjej, ifj +1

One can check the f; form an orthogonal basis with respect to (-,-), in the sense that
(£;,f;:) whenever j # j'. Now for j < n, we have N(f;) = —2t; and Af; = —f;. On the
other hand, for j > n + 1 we have Af; = f;. This implies that A = r¢7rg,...7¢, as a
product of reflections. Now J is a special case of A with ¢ = I, so J = rg rg, ... g, where
fi is given by e; — ej,, for each j < n. Notice each N(f}) is equal to —2. By definition

we have
n

o) = |[[NE)[[NE) | = [0 T4 = |16
j=1

j=1 j=1 j=1
giving the proposition. g
Let S, be the intersection of T, with g, (k). Now we follow the proof for Hi(R2n)T’IL =0,
except with 7, replaced by S),. Since S}, is an index 2 subgroup of 77, the results in §3

for T = S), are valid. The homomorphisms in A are replaced by their restrictions to SJ,.

The only issue we find is that v = +'|s is not surjective.

We claim the image of 7" contains the set

{(w1, 29, ..y Tp—1,¥%) € (K)"1 x k** 23 .. 2l {y" € K2},
Indeed suppose (z1, 2, ..., Ty _1,y?) lies in this set. Then
1 1 1 1
’7”< ) ety 7) :(x17x25'°'5$n717y2)'
122 ... Tp-1Y T2...Tp-1Y ITn-1Y Y

n

This means that, for each j with 1 < j < n, the element (x;-)j,zl

with z; = ¢? and rjy =1

if j/ # j is in the image of 4”. Here, ( is a cyclic generator of k*, so that ¢? has order

p—d; Lin k*. Instead of (4.12) we get the congruences

d
-1
29, =0 (modpd—l)iflgién—l, 29, =0 (modp2 >
*
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The rest of the method is the same as before, except the extra factor of 2 means we get
H;(Qay,(k)) = 0 only for the interval 0 < i < %. We have thus proven Theorem 4.7.

5 Homology of Some Finite Simple Groups

In this section we use our results from §4 to prove vanishing theorems for the low dimen-
sional homology of some finite simple groups. All the results and methods in this section

are my own, although we use statements from [9, §3].

Recall that a group G is a said to be simple if for any normal subgroup N of G we have
N =1or N =G. We also use the conventional notation Z(G) for the centre of a group

G. That is, for any group G,
Z(G)={g9 € G:gh=hg for any h € G} < G.

Once more k is the finite field with p? elements for some d > 1.

5.1 Finite simple groups obtained from classical groups

We have seen some important examples of classical groups over k. We further explore the
special linear, symplectic and the index 2 subgroup of the special orthogonal groups. In
general these are not simple, but almost all of them are ‘nearly’ simple in the sense that

a relatively large quotient is simple. Let us now introduce these simple quotients.

Fix n € N and consider the special linear group SLy, (k). The centre of SL, (k) consists of

the scalar matrices in SL,, (k) - as a set we have
Z(SLy(k)) = {\, : \" = 1}.

The projective special linear group of degree n, PSL,,(k), is then the quotient of SL,, (k)
by its centre, i.e SL,(k)/Z(SLy(k)). To work out its order we need to know the order of
Z(SLy(k)). The expression above tells us this is equal to the number of A € k* satisfying
2" = 1. Since k* is cyclic with order p? — 1 this number is given by ged(p? — 1,n). The
order of PSL,, (k) is then given by

1

PSL,, =
[PELatE) ged(p? — 1, n)

[SLn (F)|-

Theorem 5.1 [9, §3.3.2]. The groups PSL, (k) are simple whenever n > 2 or p¢ > 3.

We now turn to the symplectic groups Sps,, (k). It is known that the centre Z(Sp,,(k)),

of Spy,, (k) is formed by just the two matrices I, and —I,,, and hence has size 1 or 2 - the
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former case only when p = 2. The projective symplectic group PSp,, (k) is the quotient
Span (k)/Z(Spay,(k)). Its order is given by

1

PSpy, (k)] = ————

Span (k).
Theorem 5.2 [9, §3.5.2]. The groups PSp,,, (k) are simple apart from the cases PSpy(F2),
PSpy(F3) and PSpy(Fa).

Finally, we do the same for the groups g, (k) defined in §4.3. Here, as in §4.3, we
only consider the case p # 2. The groups Py, (k) are defined to be the quotients
Qon(k)/Z(Q2n(k)). The order of PQo, (k) is not as simple to calculate as the other two
cases. In [2] via §8.6, Theorems 9.4.10 and 11.3.2, it is shown that

PO () (k).

" ged(p? —1,2)

Theorem 5.3 [9, §3.7.3]. The groups PQy, (k) are simple whenever n > 2.

5.2 The homology of these simple groups.

In §5.1, we introduced three classes of finite simple groups. We are almost ready to
explore the low dimensional homology of these groups - the end goal of this dissertation.

Beforehand, we need one final proposition.

Proposition 5.4. Let G be a group and U a Sylow p-subgroup. Let N be a normal
subgroup of G with pt N. Let 7 : G — G/N be the natural map, then 7(U) is a Sylow
p-subgroup isomorphic to U.

Proof. Let ¢ : U — G/N be the restriction of the natural map to U. Its kernel K = UNN
is both a subgroup of U and a subgroup of N. The order of K must then divide both
that of U and that of N. By assumption the orders of U and N are coprime, so |K| =1
and K is trivial. By the first isomorphism theorem for groups, U is an isomorphism onto
its image m(U). The order of G/N divides that of G, so if U is a Sylow p-subgroup of G,
then |7(U)| = |U| implies that 7(U) is a Sylow p-subgroup of G/N. O

Let’s start with the special linear case first, i.e. the groups PSL,, (k). The symplectic and

orthogonal cases are very similar.
Theorem 5.5. We have H;(PSL,(k)) = 0 whenever 0 < i < @.

Proof. Recall that @, is the Sylow p-subgroup of SL,, (k) consisting of upper triangular
matrices with 1s on the diagonal. If 7 : SL,, (k) — PSL,, (k) is the quotient homomorphism,
then Proposition 5.4 and the formula for [PSL,, (k)| in §5.1 tells us that 7(Q,,) is a Sylow
p-subgroup of PSL,, (k) isomorphic to @, via w. In §4.1 we had the diagonal subgroup

T, acting on @,, and SL, (k) via conjugation. In the same way 7(7},) acts on 7(Q,,) and
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PSL,, (k) via conjugation. For each ¢ € T,, we get a commutative diagram

t
Q@n

Qn
s = = s (51)

™(Qn) 7(Qn)

7(t)

Here, t : Q,, — Q,, is the homomorphism ¢(u) = t-u = t~!ut, and the homomorphism 7(t),
is defined similarly. The commutativity of (5.1) and the functoriality of group homology

(recall §2.4) yields the commutative diagrams

Ly
Tw h = o ‘ Ty (5.2)
Hi(n(Qn)) —— Hi(m(Qn))
m(t)«

)

for each ¢ > 0. Of course, 7, is an isomorphism since 7 is. The commutativity of these
diagrams imply that m, induces isomorphisms on the fixed point subgroups of homol-
ogy, i.e. H; (Qn)Tn >~ H;(7(Qy))™ ™) for each i > 0. Using Theorem 4.2 we must have

H;(7(Qy))™ ™) =0 for 0 < i < d(p —1). Since 7(Q,,) is a Sylow p-subgroup of PSL, (k)
and 7(T},) is a subgroup of PSL,,(k), the map

Hy(m(Qn))™ ) — Hy(PSLy(k))™"™) = H(PSLy(k))
is surjective for each ¢ > 0. We must therefore have H;(PSL,(k)) = 0 whenever 0 < i <
dip—1). O

The method used to prove Theorem 5.5 adapts easily to PSp,, (k) and PQs, (k). For
PSp,,, (k), replace the groups @,, and T}, in the above with the groups Ra, and T} used in
§4.2 respectively. We get analogous versions of the commutative squares (5.1) and (5.2).
The order formula in §5.1 implies that Rs, projects to a Sylow p-subgroup of PSL,(k),

and thus we obtain the following:
Theorem 5.6. We have H;(PSps,(k)) = 0 whenever 0 < i < d(p O}

For PQy,(k), instead replace the groups Q,, and T}, in the proof of Theorem 5.5 with Ra,

and S/, as defined in §4.3 respectively. By similar arguements we obtain:

Theorem 5.7. We have H;(P$s,(k)) =0 whenever 0 < i < (p O
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6 Final Remarks

The first part of this essay was spent defining mod p group homology via projective
resolutions of F), over [F,[G]. One may have wondered why mod p homology was the
natural homology theory to use. The convenience of the [, coefficients was that a Sylow
p-subgroup U, of a group G, induced surjective maps H;(U) — H;(G), on mod p homology.
Now the groups we looked at naturally had significant Sylow p-subgroups that were easier
to write down explicitly than the groups themselves, using coefficients in I, allowed us to

restrict to exploring just these subgroups.

The results in §4 can be thought of as an investigation into the remark concluding §11
in [7]. Here Quillen states that the mod p cohomology of certain linear algebraic groups
(matrix groups defined by polynomials in the entries) over finite fields of characteristic p
vanishes in dimensions ¢ with 0 < ¢ < Cd, for some constant C'. Our results explicitly give
such vanishing ranges in the homology setting (rather than cohomology) for the special

linear, symplectic and orthogonal groups (of plus type in odd characteristic).

In §5, we showed that the vanishing ranges for the homology of the classical groups in
84 naturally project to vanishing ranges for the closely related finite simple groups. How
expected are these results? In §2.3 we gave an explicit description of Hi(G), where G is
a group, in terms of the abelianisation G, = G/[G, G|, of G. Since [G,G] is a normal
subgroup of G, and trivial if and only if G is abelian, it is clear that H;(G) = 0 whenever
G is simple and non-abelian. For ¢ > 1, however, simplicity of G does not give any reason
for H;(G) to vanish. For example if p = 2 and k is the field of four elements, then PSLa (k)
is simple (Theorem 5.1) and isomorphic to the alternating group on five elements As. It is
known that Ha(As) = Z/2Z, so in particular Ha(PSL2(k)) # 0. The vanishing ranges of
our simple groups seem only a consequence of the vanishing ranges for the corresponding

classical groups, and not a consequence of simplicity itself.

As mentioned earlier, the groups PSL,,(k), PSp,,, (k) and PQa, (k) nearly give a complete
dictionary of all the non-exceptional Chevalley groups. The only such groups not consid-
ered here are the groups PQo,11(k) and the groups PQq, (k) in even characteristic. The
definition of the orthogonal groups in even characteristic is much more complex than in
odd characteristic (]9, §3.4.7 & §3.8]), however the group PQa,11(k), n € N, in even char-
acteristic is isomorphic to the group PSp,,, (k) [2, §1.6], so in this case we refer to Theorem
5.7. One would expect similar vanishing statements for the homology of the PQq, (k) in
even characteristic and the PQg,11(k) in odd characteristic due to Quillen’s remark in the
second paragraph of this section. Sylow p subgroups of these last two cases are harder to

write down explicitly, hence their omission from this work.
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