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Abstract

In this work we prove that the hermitian K-theory is geometrically representable in
the A'-homotopy category of smooth schemes over a field. We also study in detail a
realization functor from the A'-homotopy category of smooth schemes over the field
R of real numbers to the category of topological spaces. This functor is determined
by taking the real points of a smooth R-scheme. There is another realization functor
induced by taking the complex points with a similar description although we have
not discussed this other functor in this thesis. Using these realization functors we
have concluded in brief the relation of hermitian K -theory of a smooth scheme over
the real numbers with the topological K-theory of the associated topological space
of the real and the complex points of that scheme: The realization of hermitian
K-theory induced taking the complex points is the topological K-theory of real
vector bundles of the topological space of complex points, whereas the realization
induced by taking the real points is a product of two copies of the topological

K-theory of real vector bundles of the topological space of real points.



Chapter 1

Introduction

1.1 Notations and Conventions

Let me first mention some of the essential assumptions we would be making. In
the entire work k will denote a perfect field of characteristic not equal to 2. The
category of smooth schemes over the field k will be denoted by Sm/k. For a given
smooth scheme S we will denote the category of all smooth schemes over S by
Sm/S.

A few remarks on notations. For a category C, the category of simplicial presheaves
of sets on C will be denoted by A”PShv(C). If C is a site with respect to a
Grothendieck topology 7 then the category of simplicial sheaves on C will be
denoted by A?Shv.(C). All the sheaves and presheaves of sets on a site can
be considered simplicial of dimension 0 and they will be denoted by the same
symbol even when considered as being simplicial. For a simplicial presheaf X &€
A?PShv(Sm/S) and an affine S-scheme Spec R, we will denote the simplicial set
X(SpecR) by X(R) and ocassionally by Xg. For a map f of presheaves the map
f(Spec R) will be denoted by f(R) or by fg.

1.2 Introduction

A framework for considering homotopical questions in algebraic geometry in gen-
erality was laid with the introduction of A'-homotopy theory by Morel and Vo-
evodsky. They have defined realization functors from the A!-homotopy category
of smooth schemes over complex numbers and over real numbers to the ordinary
homotopy category of topological spaces. These functors were induced by taking

the associated topological space of complex points of a variety over C and the



topological space of real points of a variety over R. One motivation for this work
was to understand the image of hermitian K-theory under these and more general
realization functors.

It was believed that the image of hermitan K-theory should be related to topo-
logical K-theory of real vector bundles. We considered a geometric representability
of hermitian K-theory similar to the case of representability of algebraic K-theory
by Grassmannians as one basic ingredient in a direct understanding this.

In this thesis, we have proved a geometric representability of hermitian K-theory
similar to the representability of algebraic K-theory by Grassmannians (although
the representability of hermitian K-theory was proved by Hornbostel in [HO05],
for our purposes, we needed a geometric representability). For a nondegenerate
symmetric bilinear space (V, ¢) over a field F', we have taken the open subscheme
of nonvanishing sections determined by the universal bundle on the Grassmannian
scheme Gr(V'). We have defined the orthogonal Grassmannian GrO in 5.2.3 as a
colimit of these schemes after stabilizing with respect to the addition of hyperbolic
planes. In theorem 5.7.1 we have proved that GrO represents the hermitian K-
theory in the unstable A!-homotopy category of smooth scheme over a field of
characterstic not equal to 2.

Although we haven’t discussed stable version of this representability result, it
can be extended to give the stable case as well. Also, another extension of the rep-
resentability result discussed in this paper should be with respect to the algebraic
analog of the real K R-theory of Atiyah.

It must be remarked that the organization of the proof is similar to the one for
algebraic K-theory. There is one significant difference though, since the 7y presheaf

of hermitian K-theory is not constant in contrast to the case of algebraic K-theory,



the identification of my presheaves of GrO and hermitian K-theory involves some
computation.

Next, I will present the detailed contents of the first four chapters of the thesis,
for the contents of the fifth chapter see introduction of that chapter. In fact, the
last chapter can be independently read without reading the first four chapters
of the thesis. The reason for having that chapter seperate from the rest of the
thesis is the fact that the proof of H-space structure on orthogonal Grassmannian
using the machinery of I'-spaces discussed in chapter 3 is not complete, and a
complete proof for this would have been much more complicated. It has been
proved in a different way using the theory of operads in chapter 5. While working
the details of H-space structure, it so happened that the overall presentation of
the representability theorem became much refined. But the theory of I'-spaces in
the wider context of this work is useful and can be explored further, that’s why it
has survived in this draft. Also, there are some computational details in the first
four chapters that should help a reader in working through the fifth chapter.

In chapter 2, we have recalled some of the notions from A!-homotopy theory to
set up notations. We choose a model structure as discussed in [J87] and [MV99]
on the category A°? PShv(Sm/k) of simplicial presheaves of sets on the category
Sm/k of smooth schemes over a field k. In a model category with an interval I, we
provide a technical result in 2.2.4 which helps us in understanding the behaviour
of I-homotopic maps under taking certain colimits. This result has been used later
to prove the H-space structures on the presheaf .Zhl%>! and also in proving the
Al-contractibility of Stiefel presheaves in 3.1.21.

The third chapter contains the most important result of this work, namely,
the Al-representability theorem 3.3.18 (although a complete proof of this result

appears in the last chapter in theorem 5.7.1). In the first section of this chapter we



have recalled the definition of the usual Grassmannian scheme over a field k in 3.1.1,
and then defined an open subscheme Gry(n, H™) in 3.1. The A'-representability
theorem states that hermitian K-theory is represented by a colimit, namely GrO,
of the schemes Gri(n, H™) (see 3.2.2 and 3.3.18). To be able to do calculations,
we have defined the presheaves 5™ and .# A" in 3.1.10 and proved in 3.1.11 that
the sheaf represented by Gri(n, H™) is actually a Zariski sheafification of both of

these presheaves. Later we have used the presheaf .7

h* and it’s derivatives almost
all the times whenever we need to prove or define something with Gry(n, H™).

We have also defined the presheaf O(H") of isometries of hyperbolic space in
3.1.12. The Stiefel presheaves St(H™, H™) have been defined in 3.1.14 and the
presheaf Gr(H™, H™) in 3.1.16. The name of Stiefel presheaves derives inspiration
from the fact that they have a role similar to their topological counterparts: We
have proved that O(H") acts on St(H", H™) faithfully and transitively and the
quotient space of this action is the presheaf Gr(H™, H™) in 3.1.15. Later we have
proved in 3.1.23 that St(H™, H*) is Al-contractible. This allows us to identify
the classifying space BO(H") of O(H™) with the presheaf Gr(H", H*) in the
A'-homotopy category (see 3.1.25).

In section 3.2 we have defined the presheaf .#hO in 3.2.1 and the sheaf GrO in
3.2.2. We have proved that the presheaf Zhl > is an H-space with the hope that
this H-space structure extends to give us an H-space structure on .#hO though
we have not verified it yet. Next, in this section for sake of completeness we have
recalled the definition of hermitian K-theory presheaf K" in 3.2.13. Later we have
defined the map A from the presheaf .#ZhO to K". This is a very important map
and we prove in 3.3.18 that this is an Al-weak equivalence.

The last section collects necessary results in the proof of Al-weak equivalence of

the map A. First we define the presheaf BO in 3.3.1. We prove that there is an A!-



weak equivalence v : BO — K%, where K is the connected component of 0 of the
hermitian K-theory (3.3.2, 3.3.3). Then we recall definition of the presheaf GW)
of Grothendieck-Witt groups in 3.3.5 and prove that the Nisnevich sheafification
of the presheaf W(‘?l (:Z hO) is isomorphic to the Nisnevich sheafification of GWj in
3.3.14. The last subsection 3.3.4 proves that 7 is an Al-weak equivalence (theorem
3.3.18).

In chapter 4, for the smooth schemes over R, we want to study the relation of
hermitian K-theory of a smooth R-scheme with the topological K-theory of real
and complex vector bundles over the topological space of it’s real (and complex)
points (4.1.1). This chapter is not written completely yet, more precisely the section
4.4 in which we propose to compute realization of presheaves GrO and .#hO
which represent the hermitian K-theory is not written yet. We have proved in the
first section that the set of real points of a smooth real scheme can be given the
structure of a smooth manifold in 4.1.3. In the next we have defined the functor
ps from the category of topological spaces to simplicial presheaves in 4.2.1, and
proved that for a topological space S the simplicial presheaf p,(S) is homotopy
invariant (4.2.3) and has the BG-property (4.2.5 and 4.2.7). It is also A'-local
(4.2.11). The functor p, sends weak equivalences of topological spaces to global
weak equivalences of simplicial presheaves (4.2.12), and hence induces a map on
the homotopy categories.

We have defined the functor p* from the category of simplicial presheaves to the
category of topological spaces in 4.3, and proved that the pair of functors (p., p*)
form an adjoint pair in 4.3.3. Then we have defined the left derived functor Lp* of
p* in 4.3.7 using the topological space of real points of a smooth R-scheme, this is
one of the realization functors. The other realization functor can be defined using

the topological space of complex points, but we have not considered this realization



functor. The detailed computation of the image of hermitian K-theory under this
realization functor has not been presented, although can be worked out with the

results discussed in this chapter and the representability theorem.



Chapter 2
Basic Notions from A'-Homotopy Theory

In this chapter we recall the basic definitions and some of the results from A!-
homotopy theory which we will need. The first section is a quick introduction
of A'-homotopy theory with the purpose of setting up notations. In the second
section we present a technical result from the general homotopy theory which helps
us in understanding behavior of weak equivalences under taking colimits in some
situations. A particular case which has been used many times from this section is

the corollary 2.2.4.

2.1 Grothendieck Topologies on Sm/S
Definition 2.1.1. For a smooth S-scheme X, let (f, : U, — X), be a finite

family of étale morhpisms in Sm/S.

1. (fo: Uy — X), is called an étale cover of X, if X is union of the open sets

fa(Ua).

2. (fa: Uy — X)4 is called a Nisnevich cover of X if for every x € X, there is

an « and a y € U, which maps to z and k(z) ~ k(y).

3. (fo: Uy — X), is called a Zariski cover of X if each f, is open immersion

and U, cover X.

The collection of all the étale covers for schemes over S gives us a Grothendieck
topology on the category Sm/S, see [Artin] and [M80]. Similarily we have the
Nisnevich [N89], and the Zariski topologies on Sm/S. The category Sm/S together

with these topologies is called an étale, a Nisnevich and a Zariski site according



to the topology considered. All these topologies will be referred to as 7-topologies
when a general situation valid for all the three topologies can to be considered

simultaneously.

Definition 2.1.2. A category . is a left filtering category if the followig are true.

1. Given two objects o, § € ., there is an object v € .# and morphisms v — «

and v — (3, and

2. Given two morphisms i1,is : @ — (§ in &, there is an object v and a mor-

phism 7 : v — « for which i1 = is7.

Definition 2.1.3. A left filtering system in a category % is a functor z : & — €

where .# is a left filtering category.

Definition 2.1.4. Let z : &/ — % be a left filtering system in a category 4 and
X € A?PShu(€) a simplicial presheaf of sets. We define a simplicial set X, as

the direct limit

X, =lim,_, X((U)) = lim

Xux.
Ues op z

g
This simplicial set is called the stalk of X at x and this construction gives us a
functor A? PShv(€) — A°Sets. In particular, for a map f: X — Y of simplicial
presheaves on a category % we have the induced map of simplicial sets f, : X, —

Y,. This map is called the fiber of the map f at x.

Recall that a 7-point of a Grothenideck site 1" is a functor Shv(1T') — Sets which

commutes with finite limits and all colimits, [MV99, 2.1.2].

Definition 2.1.5. A family { of 7-points in ¢ is called a conservative family of
points if the following is true for all maps of simplicial presheaves f : X — Y: The

fiber of f at x is an isomorphism of simplicial sets for all x € ( if and only if the



map of associated simplicial sheaves a X — aY is an isomorphism. A site € is said

to have enough 7-points if there exists a conservative family of points in €.

Theorem 2.1.6. The site Sm/S has enough T-points with respect to all the three

topologies mentioned in the definition 2.1.1.

Proof. We construct a conservative family ¢ of 7-points for each of these sites.
Let’s first define 7-points which could be thought of as precursors of an actual

T-point for the étale, Nisnevich and the Zariski topologies on Sm/S.

1. For 7 = ét, a ét-point in a scheme X € Sm/S is a morphism of schemes

x : Spec K — X, where K is a seperably closed field.

2. For 7 = Nis, a Nis-point in a scheme X € Sm/S is a morphism x : Spec K —

X such that the residue field of the image is K, K being any field.

Then it can be proved that all the categories defined below are left filtering cate-

gories:

1. For a point = of a smooth S-scheme X, let .£7*" be the set of all open neigh-
borhoods of the point = in the scheme X. .#*" becomes a category by taking

a unique morphism between two objects U and V' whenever U C V.

2. In both the cases of a 7-point = defined above, take . to be the set of pairs
of the form (f : U — X, y : Spec K — U) where f is an étale morphism of
schemes, U € Sm and y is a T-point of U with K being the residue field of

theimage of y, and fy = x.

It can be seen that the construction of taking stalks relative to the three categories
defined above give us 7-points in the three topologies 7 = ét, Nis and Zar. It is

a matter of tedious verification using the construction of the sheafification functor



to prove that the collection of all the 7-points obtained this way is a conservative

family of points for the site Sm/S for 7 = ét, Nis and Zar. O

A comment on notations is in order: the 7-point determined by the 7-point x

will also denoted by x.

Remark 2.1.7.

1. In view of the construction outlined in the proof of above theorem, we see
that for a simplicial presheaf X € A PShv(v) and for a 7-point x in the
above conservative family, the stalk X, is the simplicial set colim,cyX(U),
where U is an open neighborhood of the point z in case of Zariski topology

and U runs over all the S-schemes described above in the other two cases.

2. In the construction outlined above, in each case the category .#] has a cofinal
subcategory .7, . obtained by considering only the affine neighborhoods of x
in case of Zariski topology, and only the affine schemes U in case of the other
two topologies. This remark enables us to compute stalks of a presheaf using

it’s values on the affine schemes in Sm/S.

Definition 2.1.8. A map of simplicial presheaves in A” PShv(v) is called a 7-
simplicial weak equivalence (or just a simplicial weak equivalence when 7 is un-
derstood from context) if all the fibers at 7-points in a conservative family of
T-points are weak equivalences of simplicial sets. With the choice of the simplicial
weak equivalences as weak equivalences, the monomorphisms as cofibrations, and
the appropriate class of fibrations defined by the right lifting property, the cate-
gory A’ PShu(v) becomes a model category [J87]. We will denote the homotopy

category of this model category by Ho, A’ PShv(v).

10



Remark 2.1.9. The category A?Shv(v,) is also a model category with the choices
of the class of 7-simplicial weak equivalences of sheaves as weak equivalences,
the monomorphisms as cofibrations and fibrations determined by the right lifting
property as proved in [MV99]. The homotopy category of this model category
would be denoted by Ho,A?Shv(v;).

The following lemma gives us a way to compute the Zariski stalks of some
particular types of simplicial presheaves on Sm/k. This computation will be useful

later in proving Zariski weak equivalences of certain maps.

Lemma 2.1.10. Let X be a simplicial presheaf of Sm/k which can be extended to

a simplicial presheaf% on the category of k-schemes Sch/k. Further, assume that

lim X(R,) = X(Spec (lim R,)).

« «

Then for a Zariski point x € X in Sm/k, X, ~ -’%(OX,Q:)- In this situation, we will

denote X simply by X.

Proof. This is just a restatement of the fact a Zariski point can be defined by the

filtered system of affine open neighborhoods of x € X. m

This lemma gives us a way of checking Zariski weak equivalences in some cases.

Lemma 2.1.11. Let f : X — ) be a map of simplicial presheaves on Sm/k.
Assume further that X and Q) both extend to the category Sch/k of all k-schemes.
Then f is a Zariski weak equivalence if and only if for every reqular local k-algebra

R which is a local ring of a smooth k-scheme, the induced map fr: X(R) — YD(R)

(see 2.1.10) is a weak equivalence of simplicial sets .

Definition 2.1.12. A map f : X — 2) in the category A’ PShv(v) is a global

weak equivalence if for every X € Sm/S the map of simplicial sets X(X) —

11



D(X) is a weak equivalence of simplicial sets. Taking the global weak equiva-
lences for weak equivalences, monomorphisms for cofibrations, and fibrations de-
termined by the right lifting property we get a model structure on A? PShv(v):
See [J87, Thm 2.3]. We will denote the homotopy category of this model category
by Hogiopa A PShu(v).

Recall that the representable presheaf determined by a smooth S-scheme X in
Sm/S, namely the presheaf Homg,,/s( , X) is a sheaf with respect to all the three
topologies ét, Nis and Zar [M80]. We will denote this sheaf by the same letter X.
For example, the smooth k-scheme A! = Speck|[T] gives us the (pre-)sheaf of sets
A' on Sm/S. As mentioned in the beginning we can think of it as being simplicial

(of dimension 0).

Definition 2.1.13. A simplicial presheaf 3 in the category A% PShuv(vy;s) is called
A'—local if for every simplicial presheaf X the canonical projection X x Al — X

induces a bijection of Hom sets in the homotopy category

Homyo ., (aer pshu(w) (X, 3) — Hompoy, (acr pshow)) (X X AL, 3).
Definition 2.1.14. A morphism of simplicial presheaves X — %) is called an A!-
weak equivalence if for every A'-local object 3 in A PShv(v) the induced map

H:OIHHON,LS (Aer PShu(v)) (@7 3) - H:OIHHON,L’S (Aer PShu(v)) (%7 3)
is a bijection.
Definition 2.1.15. The category A’ PShv(v) is a model catgeory with the choice
of the class of Al-weak equivalences as weak equivalences, the class of monomor-
phisms as cofibrations and fibrations defined by the right lifting property, see [J87]

and [MV99]. Homotopy category of this model category will be denoted by 77 (k),

and it is called the homotopy category of smooth k-schemes. If X and 3 are simpli-

12



cial presheaves on Sm/k, the set Hom ) (X, 3) of morphisms in the A'-homotopy

category will be denoted by [X, 3]41 ().

Observe that a global weak equivalence of simplicial presheaf is also a simpli-
cial weak equivalence in all the three topologies, and a Nisnevich simplicial weak

equivalence is also an Al-weak equivalence.

Remark 2.1.16. In their foundational work on the homotopy theory of schemes
[IMV99], Morel and Voevodsky have made the above three definitions for the cat-
egory A?Shvy;s(v) of simplicial sheaves with respect to Nisnevich topology and
proved the model structure. They use the notation . (k) for the resulting homo-
topy category in their situation and call that the homotopy category of smooth
k-schemes. Since we would be working with presheaves, we have used this notation
for presheaves. But homotopy theoretically there is no difference in working with
either of the two model categories, since the resulting homotopy categories are
naturally equivalent as described in the next paragraph.

Denoting the forgetful functor A?Shv(vy;s) — A?PShv(v) by U, and the
sheafification functor A? PShv(v) — A%Shv(vyis) by anis, we observe that the
pair of functors ay;s : AP?PShv(v) 2 APShv(vys) @ U form an adjoint pair of
functors (sheafification functor is left adjoint to the forgetful functor). We next
observe two things: the first is that the unit of adjunction 1aerpsheew) — U anis
is the map induced from a presheaf to the associated sheaf forgetting the sheaf
structure, which becomes an isomporphism on passing to the associated homotopy
categories (since we have enough Nis-points); and the second thing is that the
counit of adjunction an;s U — 1aorsho(vy,,) 18 itself an isomprphism and hence it

also produces an isomprphism on passing to the associated homotopy categories.

13



Therefore, the pair of functors induced by U and ap;s provide an equivalence of

the associated homotopy categories
anis : Honis AP PShu(v) & Honis AP Shu(vnis) = U.

verifying our assertion in the previous paragraph on using one of the two (slightly)

different homotopy categories for dealing with schemes.

Now we are going to recall the definition of the naive homotopy of maps of

simplicial presheaves.

Definition 2.1.17. If X € Sm/k. There are two maps of k-algebras k[T] —
['(X,Ox) given by T'+— 0 and T — 1. These two maps give us elements iy, ,i; €
Homg,;, (X, Al) respectively. Let pt denote the unique final object in the category
A’ PShvu(v), the constant simplicial presheaf of singletons. The maps ig and i,
give us two maps of presheaves (denoted by the same symbols) g, i1 : pt — Al
Let f, g : X — 3 be two maps of simplicial presheaves on Sm/k. We say that the
maps f and g are naively A'-homotopic, if there is a map of simplicial presheaves

h: X x A' — 3 such that in the the diagram

Xxpt=X—=3
1><’L'1\L1><i0
X x Al

we have hol X iy = f and hol x i; = g. The set of naive homotopy classes of

maps from X to 3 will be denoted by [X, 3]a1 @)

Example 2.1.18. We describe a naive homotopy of maps from Spec A to Spec R
of representable (pre)sheaves on Sm/k. Any map of sheaves Spec A = Spec R is
given by a unique map of schemes, which in turn is determined by a unique map of

k-alegbras R T2 A Two maps «a, 3 : Spec A — Spec R are naively A'-homotopic,

14



if there is a map h : R — A[T] of k-algebras such that in the diagram

faaf
R 4

lh Af@vl

AlT]
evoo h = f, and ev; o h = f3, where evy and ev; are maps corresponding to

evaluations at 0 and 1 respectively.

Lemma 2.1.19. Two naively A'-homotopic maps induce equal maps in the homo-

topy category J€ (k) of smooth k-schemes.

Proof. If p : X x A' — X denotes the canonical projection, then for the maps i
and 721 discussed in 2.1.17, the two compositions pig and pi; are both equal to the
identity 1x. Since p is isomorphism in the homotopy category .7 (k), the two maps
ip and i; are equal in the (k). Let f, g : X — 3 be two naively homotopic maps
of simplicial presheaves with a naive homotopy A. Then, in the homotopy catgeory

S (k), we have f = hiyg = hi; = g. O

Definition 2.1.20. Consider the affine scheme Speck[T;,;] (i,j = 1,...,n). The
k-scheme G, (k), is the affine open subscheme of Speck[T;;] (i,7 = 1,...,n),

corresponding to localization of the polynomial algebra k[T; ;] at the element
det[T; ;] = Yoex, 5800 11 6(1)---Tho@m);
where ¥, is the symmetric group on the set {1,...,n}. Thus,
Gln(k) = Spec (k[T j]aesrs ;1)-

We will denote the representable presheaf Homg.,( ,Gl,(k)) also by Gi,,(k). We
know that if X is a smooth k-scheme, the set Gl,(k)(X) = Homg., (X, Gl,(k)),

is the group GL,(I'(X,Ox)) of units of the ring of global sections of Ox. That
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is, the presheaf Gl,, (k) is in fact a presheaf of groups. An n-square invertible ma-
trix M with entries in k determines a map Gl, (k) M, Gl,(k) of presheaves by

multiplication. It will be called the multiplication by the matrix M.

Remark 2.1.21. We have the notion of action of a presheaf of groups G on a
preshead of sets X. It is a map of presheaves m : X x G — X satisfying the
usual properties of a group action on a set, see [MV99]. In particular, we can

consider the action of Gl,,(k) on a presheaf X.

2.2 Colimits of Homotopy Equivalences

This section is very technical and discusses some situations in which a system
of homotopy equivalences induce weak-equivalence on colimits. Results discussed
in this section have been used in later sections, particularily the corollary 2.2.4
has been used to prove the H-space structure on .Zh% > in section 3.2.1, and in
proving the Al-contractibility of the Steifel presheaf in 3.1.23. Both these results
have been used in the proof of Theorem 3.3.18. Although it must be made very clear
in the beginning that the results of this section are not needed anymore because of
the way the main theorem of this work, namely the Al-representability theorem in
3.3.18 has been proved in the last chapter of the thesis. The main objective of this

section was to establish the necessary technical results needed in the following:

1. the Al-contractibility of Stiefel presheaves which has now been proved directly

without any use of colimits, and

2. the H-space structures in section 3.2.1. Now this result has been replaced by

a slightly different result using the machinery of E-operads in section 5.6.

In a model category a homotopy between two maps is defined using cylinder

objects. In the rest of this section, I will denote a functorially chosen cylinder
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object. We will discuss behaviour under taking colimits of a system of /-homotopic

morphisms. The following observation is very useful.

Lemma 2.2.1. In a model category given an I-homotopy commutative diagram

1 S Y
Xo
where 1 is a cofibration and Y is fibrant, there exists a map g : Xo — Y which is

I-homotopic to g such that the diagram

commautes.

Proof. In the pushout diagram

{1} x Xy — ] 7)(

IXXQ

i is an acyclic cofibration. Since Y is fibrant, there is a map H in the following
diagram, where h = (f, g¢i) is the map defined by a simplicial homotopy between
f and the composition gi and the map 0° through a diagram similar to the one
defining the map 1

Xo Ty Ix X, 2020y

l/

I x X2
Taking g = Hy, we get the map with the properties claimed in this lemma. O
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Lemma 2.2.2. In a model category suppose there are morphisms

11,J1 2,52 13,73 in,jn In+1,Jn+1
A, Ay As A, A

with the property that for every positive integer k the morphisms i, and ji are

I-homotopic. Then there exists a ‘natural’ zigzag

~

colim, (A, i,) < C = B < colim,(An, jn)

of weak equivalence.

Proof. We first consider the special case under the assumptions that all the 7;’s are
cofibrations and each of the Ay’s are fibrant: In view of above lemma the following

homotopy commutative diagram

il i2 i3 in—l . in+1
Ap Az Az Antyz At
Idl Idl Idl Idl Idl
J J2 J3 Jn—1 Jn Jn+1
Ay Ay Az An Apy1——
can be replaced by a commutative diagram:
i1 12 i3 infl in in+1
Ap—m At A At A
Idl gzl g3l gnl gn+1l
7 J2 J3 Jn—1 Jn Jn+1
Ay Ao As o s A n+1L>...

in which each g is I-homotopic to the identity map and hence is a weak equiva-
lence. Therefore, (g;,) induce a weak equivalence colim,(A,,i,) — colim, (A, jr)
(not just a zigzag!).

In the general case, in the model category of N-diagrams over the given model

category, we can make a functorial acyclic cofibrant and acyclic fibrant replacement
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of the given homotopy commutative diagram to get the diagram

X X X T X X
Cl |~ Cl |~ Cl |~ Cl |~ Cl |~

Al i1 AQ i2 A3 i3 in—1 An in An+1 intl
Id Id Id Id Id

A, J1 A, J2 As J3 Jn—1 A, Jn An+1 Jn+1
fi|~ fa |~ fa |~ fn | frt1 | =

le t1 YVQ to Y}, t3 tn—1 Yn tn Yn+1 tnt1

with the properties that:

1. each s; is a cofibration and ¢; a weak equivalence,

2. each Y; is fibrant and f; weak equivalence,

3. the upper and the lower horizontal squares of the diagram commute,

4. the outer diagram with respect to vertical compositions is, and homotopy

commutative.

Then we have a weak equivalence colim,(X,, s,) — colim,(Y,,t,) (from the

special case of this lemma proved in the beginning); and, also the weak equiv-

alences (since filtered colimits of weak equivalences are so) colim, (X, s,) —

colim,, (A,,4,) and colim,(A,, j,) — colim,(Y,,t,). These equivalences give us

the zigzag mentioned in this lemma.

Lemma 2.2.3. Given a commutative diagram of the form

,L'Il?

2 X3

iy

2

X, X,
gll ng
Y — =Y,

Y3

19

Uh—1 [34 ln+1

S X, e X e

9n l In+1 l
iy y ;Y

n—1 (54 Tnt1

S X, e Xy e

[]



such that there is another commutative diagram

.Y Y Y -y Y

-y
1 2 3 n—1 in n+1
3/1 }/2 YE% Yn Yn-i—l

gll ng g3i gnl In+1
iz iz i% i i i

2 n+1 n+2

Xy~ Xy > X, e X X

with the property that in the category of morhpisms the two maps

Xk X1
iy J
Vil = 1 L fonr
Yy Yii

are I-homotopic for every k, where iy is gwen by the pair of maps (i}, }) and
Jr 1s given by the pair (gifr, fxr19x). Then there is a zigzag of weak equivalences

colim (Xy,i}) < ... — colim (Y, 7}) is a weak equivalence.

Recall that an /-homotopy between the two maps

X Xkt1
ik, Jk

Vil — | | fenr

Yy, Yit1

is a given by two homotopies, hy : Xy x I — Xy, between 77 and g f, and

hY : Yy x I — Yj41 between ¢} and fii19x, such that the diagram

hy;
X X [ —— X1
kali fk+1i
hil
Yix I ——Yi

commutes.

Proof. Applying above lemma we get a commutative diagram of zigzags of the

form

colim ( Xy, ix) gfz—f?qgcolim (X%, 9rfr)

fl fiisom

. . 3 zigzag .
colim (Y, ji) =~ Colim (Y, fir195)

o
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in which the right vertical map induced by f; is an isomorphism, it’s inverse is
given by the map induced from g;. All the zigzags in horizontal rows together with

this isomorphism give us the claimed weak equivalence. O

Since in the category A” PShv(Sm/k) the sheaf A' is a cylinder object and
A-homotopy is naive A'-homotopy, above lemma can be rewritten in the following

form which has been used later.

Corollary 2.2.4. Given a system of simplicial presheaves and morphisms Xy, Yy,
iy Jks [y g6 (B > 1) in AP PSh(Sm/k) similar to the one in the above lemma such
that gifr is naively A'-homotopic to i, and fi.1 g is naively A'-homotopic to
Jrx for every k, we have a zigzag of A'-weak equivalence colim (Xj,ix) « ... —

colim (Yk, ]k) .
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Chapter 3

A'-Representability of Hermitian
K-Theory

In this chapter we prove our main result, the Al-representability theorem in 3.3.18.
In the first section of this chapter, we recall the definition of Grassmannian scheme
in 3.1.1 and, also consider it’s functor of points in 3.1.4. Then we construct a smooth
k-scheme Grg(n, H*) in 3.1.9 in a manner analogous to the construction of the
Grassmannian scheme, and discuss it’s functor of points in 3.1.10. We have referred
to this scheme and some of it’s derivatives considered later, for example in 3.2.1
and 3.1.19, collectively as the orthogonal Grassmannian. Next, we have defined,
what we call the Stiefel presheaves in 3.1.1: These are analogues of the same kinds
of objects considered in topology, and in fact we have shown in corollary 3.1.25
that at least in one aspect they behave exactly as in topology. We have proved
that the Steifel presheaf St(H™, H*) (3.1.21) is A'-contractible in 3.1.23. Using
this result we relate the classifying space BO(H") of orthogonal group presheaf
O(H™) (3.1.12) with the presheaf Gr(H", H*) (3.1.16 and 3.1.19) via a zigzag of
Al-weak equivalences in corollary 3.1.25.

In section 3.2 we have considered H-space structure on the presheaf .Zhl0 ]
in 3.2.6. As mentioned in the remark 3.2.7 we believe that this H-space structure
extends to an H-space structure on the presheaf #hO (see 3.2.1) as well. Also,
we have recalled a technical definition of the Hermitian K-theory presheaf K" in
3.2.13 (and later the definition of the connected component K} of 0 in 3.3.2). As
we have cautioned the reader, this definition of hermitian K-theory is applicable
only to the affine k-schemes. We have also defined the map £ in 3.2.19 from the

presheaf .# hO to the hermitian K-theory presheaf K"
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A part of our objective in this work has been to prove that orthogonal Grass-
mannian represents hermitian K-theory in the A'-homotopy theory: This has been
done in the last section of this chapter, namely in the theorem 3.3.18. The third
section collects results needed for this purpose. First, we identify the classifying
space BO of orthogonal group (3.3.1) with the connected component of hermitian
K-theory KF (3.3.2) via the Al-weak equivalence « in 3.3.1. Next we have recalled
the definition of the presheaf of Grothendieck-Witt groups 3.3.5, and identified
the Nisnevich sheafification of 74" .ZhO with the Nisnevich sheafification of the
presheaf of Grothendieck-Witt groups in 3.3.15. The remaining subsections patch

all these informations together to prove Al-weak equivalence of the map # in 3.3.18.

3.1 Grassmannians and Orthogonal
Grassmannians

On the category Sm/k we define some presheaves and consider their Zariski weak
equivalence. One of these presheaves, which is actually a sheaf and is very impor-
tant for algebraic K-theory, is the representable sheaf determined by a Grassman-
nian over k. There are two other closely related presheaves on Sm/k which appear
to be more understandable. We verify that there are Zariski weak equivalences
between these. Then we consider the analogous situation in the case of hermitian
K-theory, and define closely related presheaves and consider their Zariski weak
equivalence. These constructions in the case of hermitian K-theory are founda-
tional to our representability considerations. First we consider Grassmannians and
their Zariski-relatives since many of the arguments involved in this case are needed
in the case of hermitian K-theory. In this chapter we take two non-negative integers

m and n, where n < m.
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Definition 3.1.1. Let [ = {i,...,3,} C {1,...,m} be a subset of cardinality n,
and A = k[Xi{j], i=1,....m; 7 =1,...,n be the polynomial ring in mn variables.
Let £ be the ideal of A generated by {X] ;—07} (a,j = 1,...,n), where § denotes

the Kronecker symbol. Let

Ar =KX /(X — o)

and Ur = Spec A;. For another subset J of cardinality n in {1, ..., m}, let M be the
submatrix of [X/;] corresponding to the columns in .J. Let U; ; be the open sub-
scheme of U obtained by localizing the ring A at the element detM?] € A;. Note
that U ; = U;r. The following map of rings written in the form of multiplication of

matrices

k[Xi,]j] - (k[XiI,j]/el)detha [X{]j] = [Xi{j](Mf)_1~

det M1
induces a map of rings (A,),, =, (Ar)g,. Let ¢r 5 : Ury — Uys be the cor-

responding map of schemes. The map ¢;; is the identity map. In view of lemma
3.1.2, the schemes U; as I ranges over all the cardinality n subsets of {1,...,m},
can be glued using the isomorphisms ¢; ; to give us a scheme over k. By the
construction this scheme is smooth over k. We denote this scheme by Grg(n,m).
This is one description of the Grassmannian scheme over the field k in [EH|. The
representable sheaf Homg, ik( , Gri(n,m)) on Sm/k will be denoted by the same
symbol Gry(n,m). The term Grassmannian will be used for both of these objects,

the meaning should be clear from the context.
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Lemma 3.1.2. For any three subsets I, J, K C {1,...,m}, the diagram of rings

is commutative. Hence the map ¢r,; when restricted to the affine open subscheme
U,y NUrx — Up induces a map ¢7; : Ury(\Urx — Usr(\Ujk. These induced
maps satisfy the relation ¢f .07, = ¢f . We also have ¢} ; = ¢r.5 and ¢7 ; =
ly, ,- In particular, qbf,,locﬁf,J = ¢{J = 1y, ,. Therefore, all the maps ¢r; are

isomorphisms, and we can glue the schemes {Ur} with respect to the maps {¢r.s}.
Proof. The proof of this lemma is a diagram chase in commutative rings. m

Now we define the other two presheaves as mentioned earlier.

Definition 3.1.3. For a ring R, and a subset I C {1,...,m} of cardinality n, let
A1 (R) be the set of those m x n matrices with entries in R whose submatrix of
rows corresponding to [ is the identity matrix of size n. Consider the set I1; .#;(R),
where I runs over all the cardinality n subsets of {1,...,m}. Define an equivalence
relation on I1; .#;(R) by declaring two elements (M, ') and (N, J) to be equivalent
if the submatrix M; of M formed by rows corresponding the set J is invertible
and N = M(M;)~!. Let us denote the set of the equivalence classes with respect
to this equivalence relation by . (R). For a smooth k-scheme X considering the

set 4"(I'(X,Ox)), we get a presheaf on Sm/k. We denote this presheaf by .Z".

For sake of completeness, we recall that a direct factor of the free R-module R™

is a subdmodule P C R™ such that there is a map R™ — P whose restriction on
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P is the identity map. Note that a submodule P C R™ is a direct factor if and

only if there is an R-submodule ) C R™ such that P& Q = R™.

Definition 3.1.4. For a ring R, let .%"(R) be the set of rank n free direct factors
of R™. A map R — S of rings gives us a map .#"(R) — .%*(S) by sending P to
the image of the composite map P ®g S L 9R5, pm ®r S = S™, where i denotes
the inclusion P C R™. The assignment X — .Z"(I'(X, Ox)), where X is a smooth

n

k-scheme, defines a presheaf on Sm/k which we denote by .7

p

Now we will define two maps of presheaves Gry(n,m) & M) — FT

which
will be important in most computations. The notations set in the first part of
the section 3.1 will be used throughout. First, the map A. In case of an affine
scheme Spec R € Sm/k, let A\;(R) : #;(R) — Homg,,x(Spec R, Ur) be the map
defined by sending a matrix (a;;) € .#1(R) to variables in the matrix (X/;) in
k-algebra (k[X/,]/e;) in that order. The proof of lemma 3.1.5 is a diagram chase

in commutative algebra and will be omitted.

Lemma 3.1.5. Let M € #;(R) and N € #;(R) be two matrices such that
N = M(M;)™', that is, they determine the same element in #™(R). Then the
map A;(R)(M) has image in Uy ;, and the map Af(R)(N) has image in Uyy. Fur-

thermore, the diagram U;

Ur,s

71N

Spec R ¢r,g |~ Spec A

NN

Usi

Uy
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commutes. In particular, the maps A\;(R) define a map 4" (R) — Homg,, i (Spec R,
Gri(n,m)).

As a consequence of above lemma, we have defined the map A for affine schemes
in Sm/k. For a general scheme X, recall that we have defined .Z"(X) to be
A (T(X, Ox)). To define A(X), we use the canonical bijection Homg.;, (X, Spec R)
= Hompings(R, T(X,0x)). Taking R = I'(X,0x) to get a canonical map in
Homgr (X, SpecI'(X, Ox)) corresponding to the identity map of the ring I'( X, Ox).
This map then gives us the map Gri(n, m)(I'(X, Ox)) — Gri(n,m)(X). We define
A(X) to be the composite map Z,"(X) = 4" (I'(X, Ox)) — Gri(n,m)(I'(X, O))
— Gri(n,m)(X). This completes definition of the map A.

Now we define the map p : " — Z. Let M be a matrix in .#(R) corre-
sponding to the set I = {iy,...,7,} C {1,...,m} where i; < ... < i,. The n x m

matrix N = (¢, ..., ¢y), Where ¢;;, = ey,...,¢;,, = e, and all other columns are 0

has the property that NM = I,,. Thus the map R" M, R™ has a section, so the
map M is injective and I'm(M) is a free rank n submodule of R™. Thus we get
a direct factor Im(M) C R™. If (M,I) € #;(R) and (N, J) € .#;(R) determine
the same element in .#Z™(R), then N = M(M;)~'. The following commutative

triangle shows that the two submodules Im(M) and Im(N) of R™ are equal.
R M, pm

RTL
This gives us a well defined map p : A" — .#* sending the class of a matrix

M € #;(R) to the rank n free submodule Im(M) of the map R" M, rm.

Definition 3.1.6. The above discussion defines maps Gri(n,m) & ML T

of presheaves on Sm/k.
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Lemma 3.1.7. The maps A and p induce isomorphisms of the associated Zarisk:

sheaves. In particular, they are Zariski, and hence, A'-weak equivalences.

Proof. This will follow using lemma 2.1.10, if we show that for a local ring R the
maps A(R) and p(R) are isomorphisms. In rest of this proof R is assumed to be a
local ring. We will construct the inverses of the maps A(R) and p(R).

We construct the inverse map A(R)™' : Gri(n, m)(R) = Homg,,k(SpecR,
Grg(n, m)) — 4" (R). Since R is a local ring, any map f : SpecR — X of
schemes factors as in the diagram below, where U is any open neighborhood of the

image of the maximal ideal of R.

Spec R . X

P

U

In particular, a map f : Spec R — Grg(n, m) is actually a map of affine schemes
fr : Spec R — Uy, where Uy = Spec Ay is an open affine subscheme of Gry(n, m)

defined in 3.1.1. This map corresponds to a map of rings
_ I I j
A =KX/ ({ X5, ; —04)) = R

which gives us a matrix in M; € .#;(R), and defines a map ((R) : Grg(n, m)(R) —
A (R). We claim that ¢ : Grg(n, m) — . is an inverse of the map . We first prove
that the composition ((R) o A(R) is the identity of the set .# (R). Let us consider
the class M of (M, I) € .#(R). By defintion of the map A, the map A(R)(M)
actually maps Spec R into U;, and is the map A;(R). For another choice of index
J to represent M, the maps A\; and \; are related as described in the lemma 3.1.5.
The argument in lemma 3.1.5 can be interpreted to conclude that the map ((R)

takes the map A(R)(M) to M in .#(R), proving that ((R) o A(R) = I 4(r). The
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proof for the other composition also follows from an argument similar to the one
used in lemma 3.1.5.

To prove that the map p(R) is bijective when R is a local ring, we define its
inverse. Let P C R™ be a free direct factor of rank n. Choose an isomorphism
R*—— P . Let M, be the matrix of the composition R* =% pm . Since R
is local, we can apply an argument similar to the row-reduction procedure for
vector-spaces to prove that the matrix M, has an invertible n x n submatrix.
Let M, be an ivertible submatrix formed by the rows corresponding to a subset
I ={i1,...,in} C {1,...,m}. Consider M, (M, ;)" € .#;(R). We claim that the
class of (My(M, 1), I) in 4™ (R) does not depend on the choice of isomorphism
a and the subset I. To see that choice of the isomorphism « does not matter,

observe that for any other choice 3 : R" — P, we have a commutative diagram

R*"—%PCR™

,o

R —%pcRm
Using this diagram we see that the Mg = M, T, where T is the invertible matrix
corresponding to the map S~ 'a. Thus, we have shown that two matrices for dif-
ferent choices of isomorphism of R™ and P are related by right mulitplication by
an n-square invertible matrix. And, this also shows that if M, and Mgz are two
matrices for different isomorphisms of R™ with P, then an n-square submatrix of
M corresponding to a subset I C {1,...,m} is invertible if and only if the n-square

submatrix of M, corresponding to [ is invertible. The computation

MMy} = MyT(My,; . T) ™ = MyTT ™ (M) ™" = Mo M} (3.1.1)

)

shows that the choice of isomorphism does not matter. Thus we are left only

to verify that for a given M,, the two pairs (M,(M, )™, 1) € #;(R) and
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(Mo (M, ;)7 J) € M;(R) corresponding to different invertible submatrices M, s
and M, ; of M, determine the same element in .#,"*(R). This follows from a com-
putation similar to the one in (3.1) above. This defines a map &(R) : " (R) —
A" (R).The arguments that verify that definitions of p and {(R) are independent
of choices made can be repeated to see that {(R) is inverse of the map p(R). This

completes proof of lemma 3.1.7. O

Remark 3.1.8. We can describe a Zariski sheafification of the presheaf .7 as
follows. If X € Sm/k, let Zf™(X) be the set {F' C OR|F is locally free subsheaf
of rank n and the quotient O%/F is locally free}. It can be seen that Zf is a

orm

Zariski sheaf on Sm/k and there is a natural map %" — Zf which induces an

isomorphism of Z ;" with the canonical Zariski sheafification of .Z" .

Now we consider the orthogonal counterparts of these presheaves. First, we are
going to define an open subscheme of Grassmannian Gry(n,2m). For notations
used in the next definition see 3.1.1 in case of Grg(n,2m) : I and proving the

following two results:J denote subsets of {1,...,2m} of cardinality n. Let hy be

01
the 2-square matrix . Also, for any two matrices a and b, let aLb be the
10
a
matrix , where a vacant place has entry 0. The notation H™ stands for
b

the 2m-dimensional hyperbolic space, that is, the free R-module R?*™ together
with the standard hyperbolic form. This form can be represented by the matrix
hpm = hiL...Lhy (m copies).

We refer to [K90, Ch. I] for more details. The transpose of a matrix M will be

denoted by M?*.
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Definition 3.1.9 (Orthogonal Grassmannian). Let By = (A;),, be the localization
of A; = k[X]}]/e; at the element g; = det([X],]" by, [X]}]) € A;. This defines an

open subscheme V; = Spec By < U; = Spec A;. Let
Vig = SpeC<BI)deth, = Vi

be the open subscheme obtained by localizing B; at the element detM?! € B;. The
map

k[Xz{j] - (k[XiI,j]/EI)detM§a [X{]]] = [Xil,j](Mj)_l

induces a map of schemes ¢r ; : Vi ; — V;r. The result analogous to the one in
lemma 3.1.2 is true in this case with exactly the same kind of proof. Therefore, we
can glue the subschemes V; of U to get a smooth k-scheme. We will denote this
scheme by Gry(n, H™). It is an open subscheme of Gri(n,2m). The representable
sheaf on Sm/k, Homg,,x( ,Gri(n, H™)) will also be denoted by Gry(n, H™). We
will call the scheme as well as the sheaf, Grg(n, H™), the Orthogonal Grassman-

nian.
Definition 3.1.10. (The presheaves S, and .Fh!").

1. For aring R, consider the set I1; #7(R), where I runs over all the cardinality
n subsets of {1,...,2m} and, J#7(R) is the set of 2m x n matrices M with
entries in R whose submatrix of rows corresponding to the set [ is the identity
matrix of size n and which satisfy the property that M* h,, M is an invertible
n-square matrix. Define an equivalence relation on II; #7(R) by declaring
two matrices M € J7(R) and N € % (R) to be equivalent if the submatrix
Mj; of M formed by rows corresponding the set J is invertible and N =
M (M;)~t. Let us denote the set of the equivalence classes with respect to

this equivalence relation by ™ (R). For a smooth k-scheme X considering
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the set ™ (I'(X, Ox)), we get a presheaf on Sm/k. We denote this presheaf

by JC™.

2. For a ring R, let Zh™(R) be the set of free rank n direct factors of R*™
on which standard hyperbolic form on R?*™ given by the matrix h,, is non-
degenerate. A map R — S of rings gives us a map .#"(R) — #(S) by
sending P to P ®g S. The assignment X — Zh"(I'(X,Ox)) where X is a
smooth k-scheme, defines a presheaf on Sm/k, which we denote this presheaf

by Fh".

n

We see that Gri(n, H™) C Gri(n,2m), ™ C MA*" and Fh™ C F2™ are

n

subpresheaves.

Lemma 3.1.11. The maps A and p defined in 3.1.6 induce maps Gry(n, H™) &

T LNy h* of presheaves such that the following diagram is commutative

2m

T

Gry(n, 2m) <2>— 4" L~ 7
Gry(n, H™) <2— ™ Fh

s3

and, \ and p are Zariski and hence A'-weak equivalences. (We will drop the bar

signs on A and p once we have sketched a proof of weak equivalence.)

Proof. Let us first verify that the map A\ : .#Z>™ — Gry(n, 2m) induces a map
A" — Grg(n, H™). In case of an affine scheme Spec R € Sm/k, we defined a
map A;(R) : A1(R) — Homg,,/x(Spec R, Uy) by sending a matrix (a; ;) € #;(R)
to variables in the matrix (X/;) in k-algebra (k[X];]/e;). Observe that if we restrict
Ar(R) to the subset J#7(R) of .#;(R), then we get a map into Homg,, i (Spec R, V;).

The analogue of lemma 3.1.5 is also true. Thus, we get the induced map A : ™ —

Gri(n, H™), which makes the left half of above diagram commute.
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To see that the map p : A*™ — F2™ induces a map p : ™ — Fh", we
need to check the following. Given a matrix M € .%7(R), on the rank n free direct
factor Im(M) C R?™ (as discussed in 3.1.5), the hyperbolic form on R*™ restricts

to a non-degenerate form. In view of the commutative diagram

Im(M) ~ RnLRQm

ihmhm(zw) lMﬁ hm M ihm

this follows from the assumption that the matrix M®h,, M is invertible. Thus we
have verified the claim that we get the induced map p.

The proof that the induced map A and p are Zariski weak-equivalences follows
by noting that the inverse maps ¢ and & constructed in 3.1.7 induce inverses in

this case as well. O

3.1.1 Orthogonal Grassmannian and Stiefel Presheaf

Now we are going to define some more presheaves which will be helpful in relating

Grg(n, H™) to hermitian K-theory.

Definition 3.1.12. For a commutative ring R, let O(H™)(R) be the set of square
matrices M of size 2n with entries in R which have the property that M*h, M = h,,.
It can be seen that O(H™)(R) is a group under multiplication of matrices. The
assignment sending a smooth k-scheme X to O(H™)(I'(X, Ox)) defines a presheaf
of sets (actually a representable sheaf of groups) on Sm/k. We will denote this

presheaf by O(H™).

Definition 3.1.13. We define a presheaf Gry(H™, H™) C FhY, on Sm/k by
taking only those free direct factors P C H™(R) of rank 2n on which the hyperbolic
form on H™(R) restricts to a form isometric to the hyperbolic form on R?". This

means that there exists an isomorphism « : R?" = P such that the composite
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map R?* % P S R?™ ig given by a 2m x 2n-matrix M with the property that
Mth,, M = h,,.

Definition 3.1.14. (The Stiefel Presheaf St(H", H™)). For a commutative ring R,
let St(H™, H™)(R) be the set of 2m x 2n matrices M with entries in R and having
the property that M*h,,, M = h,,. For a smooth scheme X in Sm/k, the assignment
X +— St(H", H™)(I'(X, Ox)), defines a presheaf denoted by St(H™, H™). We will

refer to the presheaf St(H™, H™) as a Steifel presheaf.

The Stiefel presheaves are analogous to Stiefel varieties in topology, for the
topological side of matter see [H66, Ch 8]. There is a right action of O(H™) on

St(H™, H™) by multiplication
St(H", H™) x O(H") — St(H", H™), (M, G)— MG.

This action is free, that is, for a matrix M € St(H", H™)(R) and G € O(H")(R),
if MG = M, then G = I,: Multiplying both sides on the left by the matrix M h,,,
we get M*h,, MG = M*'h,, M, or h,G = h,,, and hence G = I, since h,, is invert-
ible. We will denote the quotient presheaf of this action by St(H™, H™)/O(H").

If M € St(H", H™)(R), then the map R** 5 R?™ has a retraction given by left
multiplication with h, ' M*h,,. Thus, Im(M) C R*™ is a free direct factor of rank
2n of R?*™. Denoting the hyperbolic form on R*™ by ¢,,, consider the commutative
diagram

R2n 42> Im(M) —S 5 prm

hn hm
o l id)m'Im(]M) l%&{

on o 2n\k _ = * & 2myx = 2
B (R2) <2 Im(M)* < (R2m)* =— pom
in which « is an isomorphism of R** with Im(M) such that the matrix of the
upper horinzontal composition is M and, M is the matrix of the lower horizontal

composition after the identification (R**)* ~ R?": From the property M*h,, M =
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hn, we see that the form induced on I'm(M) by the hyperbolic form on H™(R)
is isometric to the hyperbolic form on R™. Therefore, we get a map of presheaves
St(H", H™) — Gr(H™, H™) by sending a matrix M € St(H™, H™)(R) to the
image Im(M) C R*™. Also, for a matrix G € O(H"(R)) and M € St(H", H™)(R),
the image of the map MG : R™ — R?™ is the same as the image of the map
M : R*™ — R®" since G is an automorphism of the hyperbolic form on R". Thus,

we get an induced map

~ 1 SHH™, H™)JO(H™) — Gr(H", H™).

Proposition 3.1.15. The map v : St(H", H™)/O(H") — Gr(H", H™) is an

isomorphism and hence, an A'-weak equivalence.

Proof. We prove that for every ring R, the map St(H", H™)/O(H")(R) — Gr(H",
H™)(R), is a bijection. First we prove surjectivity of the map vg. Let P C R*™
be a free direct factor of rank 2n on which the hyperbolic form restricts to a form
isometric to the standard hyperbolic form on R?". This means, there exists an
isomorphism a : R?*® = P such that the diagram used in defining the map ~
commutes. But then the matrix M, of the composite map R*" 199, R?M ig of rank
2n and represents embedding of the hyperbolic spaces H"(R) — H™(R) since
M h,, M, = h,,, and yg(M,) = P.

Next, we prove the injectivity of yg. Let M and N be two elements of St(H",
H™)(R) such that Im(M) = Im(N). Let a : R* = Im(M) and 3 : R =
Im(N) be isometries. Then G = 37! o a is an isometry of hyperbolic space on R"

and M = NG. This proves injectivity of the map vg. m
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Definition 3.1.16. (Canonical Map Gr(H", H™) — Grg(2n, H™)). We have a

commutative diagram obtained by the canonical maps from Zariski sheafification

Gr(H", H™) ——— Fhy, — > a4, F hy,

i

%ZL can azarﬁh%
l* 3
Gﬁk(2n, Hm)

The maps « and 3 are both isomorphisms in view of lemma 3.1.11. Taking the com-
position Ba~! can C, we get a canonical inclusion Gr(H", H™) < Gry(2n, H™) of
presheaves. We will always identify Gr(H", H™) as a subpresheaf of Gry(2n, H™)

by means of this map.

3.1.2 Gr(n, H*) and Relatives

For every non-negative integer m, we have an orthogonal sum decomposition of

R 0O
the hyperbolic space H™*! given by the matrix as H™ 1 H. This gives

0 M

us the isometric embeddings H™ < H™"! (m > 0). These inclusions can also
be expressed via the maps R*™ — R*"*2 given by the (2m + 2) x 2m matrix
(hy 0)t. This gives us the inclusions ™ — ™ Fhm — Fh™t and
Gri(H", H™) — Gri(H™, H™") of presheaves. We have the O(H")-equivariant
inclusion St(H™, H™) — St(H™, H™"') as well given by the map M — (M 0)'. In
view of the following lemma 3.1.17, we also have a map of k-schemes Gry(2n, H™)

— Gry(2n, H™) which induces an inclusion of functor of points of these schemes.

Lemma 3.1.17. There is a map of k-schemes 3., : Gri(n, H™) — Gry(n, H™)

which corresponds to the inclusion of the functor of points 3.1.4.
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Proof. In 3.1.16, the composition

comp = Boa 'ocan: . F" — Gri(n, H™)

is an A'-weak equivalence. That is, the orthogonal Grassmannian sheaf Gry(n, H™)
represents the presheaf .#2™. There is the obvious natural inclusion .Z2™

n

F2mt2 Therefore, by Yoneda there exists a unique morphism
Im : Gr(n, H™) — Gry(n, H™™)
such that the following diagram commutes

Frm —— Gry(n, H™)

Lk

comp

FEE Gy (n, H™)

Remark 3.1.18. We hope that the maps ) are all closed immersions.
Taking colimits of the systems Z2" — Z2m  Gry(n, H™) 2% Gry(n, H™)
and other presheaves defined before with respect to the natural inclusions (or

inclusion-like) maps, we get the following presheaves.

Definition 3.1.19 (Orthogonal Grassmannians). The colimits of these presheaves
with respect to the above inclusions, are denoted by Gr(n, H*), 56>, Fh,
Gr(H", H*) and St(H", H*). The presheaves [ [, Gr(n, H*), 1,50 7%, [ 1150
Fh?, s Gr(H", H*) and [],,5, St(H", H>) will be denoted by Gr(N, H>),
A, Fh,Gr(HY, H*®) and St(HY, H>®). The sheaves Gry(n, H*) and Gr(N, H*)
are representable. The presheaves St(H™, H*®) and St(HY, H>) will collectively
be referred to as Stiefel presheaves, and all others and their later derivatives as

orthogonal grassmannians.
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Lemma 3.1.20. The diagram (see 3.1.11)

n

|- L

Grk(n, Hm+1) A %m+1 P ghnm+1

Gri(n, H™) <2— " —L > Zpm

is commutative. In particular, there are maps Gry(n, H™) & A L Fhe and

Gre(N, H®) & ¢ £ Fh.
Proof. Follows from chasing the definitions. m

Lemma 3.1.21. The induced maps Gri(n, H*®) 2 A2 L Fhe, Gry(N, H®)
&L Fh, and St(H™, H*®)/O(H") — Gr(H", H™) are Zariski, and hence,

Al-weak equivalences

Proof. The Zariski weak equivalence follows by noting that filtered colimits of weak

equivalences of simplicial sets are weak equivalences. O

3.1.3 BO(H") and A'-Contractibility of St(H", H>)

We prove that the Stiefel presheaves St(H™, H*) are A'-contractible, that is, the
unique map St(H", H>) — pt into the final object of the category PShv(Sm/k)
is an Al-weak equivalence. We have already discussed in 3.1.1 and 3.1.19 the action
of O(H™) on St(H", H™) and St(H", H*), and proved the A'-weak equivalences
St(H", H™)/O(H™) - Gr(H™, H™) and St(H", H*®)/O(H") — Gr(H", H*®) in
3.1.14 and 3.1.21. Once we prove Al-contractibility of St(H™, H*), we would be
able to identify the classifying space of O(H™) with the presheaf Gr(H", H*) as

in 3.1.25 below. We begin with a technical result.

Lemma 3.1.22. Let G be a sheaf of groups and, X and Y be simplicial presheaves

of sets on Sm/Kk. Further suppose that G acts freely on X and Y, and there is a
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G equivariant A'-weak equivalence X — Y. Then the induced map X /G — YV /G is

an Al-weak equivalence.

Proof. In the commutative diagram

hocolimgX Al hocolimg)

can \L \L can

X /G = colimgX — colimg) = )V/G

the upper horizonatal map is an Al-weak equivalence by property of homotopy
colimits. The proof will be complete if we show that the vertical map is a global
weak equivalence: This follows from the fact that homotopy colimit is constructed

pointwise, and for simplicial sets this is weak equivalence. O]

A part of what follows has been discussed in [MV99, p. 128]. The classifying
space of the presheaf O(H") is the simplicial presheaf of sets defined in the following
manner. For a ring R, the group O(H")(R) can be thought of as a category with
just one element and all the group elements as morphisms (and group law as the
composition of morphisms). Denoting this category by 5(H ")(R), we get a presheaf

O(H™) of categories on Sm/k by defining

O(H™)(X) = O(H")(I(X, Ox)), X € Sm/k.

The classifying space of the presheaf O(H") is defined to be the simplicial presheaf

of sets

X — NOHM(T(X, Ox)), X € Sm/k,

and will be denoted by BO(H™), here .4 denotes the nerve of a category.
For a presheaf X of sets on Sm/k, let EX be the simplicial presheaf whose

n'-degree presheaf is X"+, and face and degeneracies are defined by projections
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and diagonal maps. It has the characterstic property that for any any simplicial

presheaf ), the natural map

Homaor psho(smi) (Y, EX) — Hompghy(sm/x) (Yo, X)

is a bijection. We have natural isomorphism E(X x )) ~ EX x EY
If G is a presheaf of groups, then EG is a simplicial presheaf of groups, whose
group of 0™-simplicies is G. Hence, G acts freely on EG on left and also on right.

EG is A'-contractible. The morphism

EG — BG

(90, G1s s Gn) = (G091 9195 "5 s G105 Gn)

induces an isomorphism EG/G ~ BG. The map EG — BG is an universal G-
torsor, [MV99, lemma 1.12, p. 128]. In particular, we have the universal O(H")-
torsor EO(H™) — BO(H™).

A different version of the following proposition that has been helpful in the
Al-representability theorem 5.7.1 has been completely proved in theorem 5.5.7 in
the last chapter. The reason for survival of this proposition in this form and the
attempted proof lies in the fact that some of the details used in the proof of theorem

5.5.7 have been more fully explained here.

Proposition 3.1.23. The presheaf St(H™, H*) is A'-contractible.

To prove this proposition we will use a presheaf O(HO[(+% defined as follows.

For a ring R, if T € O(H"™")(R), the 2N x 2N-matrix

- I, O
T—
0o T
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is an isometry of O(HY). Let M, N € O(H™)(R). Write M ~ N, if there is an
isometry T of O(HN")(R) such that MT = N. This defines an equivalence rela-

tion on the set O(H™)(R), let us denote the equivalence classes of this equivalence

relation by %(R) We have the presheaf O(HO[(HL% of groups on Sm/k
defined by
O(HY)

The map of presheaves i : O(HY) — O(HNT') defined by sending a matrix M to
M 0

induces a map i : O(gfﬁjjﬁ)m) -5 (gfﬁf’?lu). Let us denote the colimit
0 I,
of these presheaves by %. For M € O(HM)(R), the map
]271
M — M.
0

where 0 is the zero matrix of size (2N — 2n) x 2n, induces a well defined map of

presheaves
O(HN)

. n N

In fact this map sends the class of the matrix M € O(HY)(R) to the 2N x 2n

submatrix of the first 2n columns of M. The diagram of presheaves

o(HN @ n
O(H[(n+1,)N]) al St(H ,HN)

| Z-

N+1 ©
O(ggﬁl,z\zlu) NHSt(Hn, HN'H)

commutes, where the right vertical map ¢ is the canonical inclusion map. Therefore,

we get a map
O(H®>)

which is an A'-weak equivalence in view of the following lemma.
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Lemma 3.1.24. For a local ring R, the map oy g s an isomorphism, and hence

the map @y is a Zariski and an A'-weak equivalence.

Proof. We prove that for a local ring R, the group O(HY)(R) acts transitively on

I,
St(H™, HY)(R) via left multiplication, the stabilizer at s O(H™HN)(R)

0
and, the canonical identification of orbit space with the quotient of the group

with respect to stabilzer in this case corresponds to the map ¢y g. Let M, N €
St(H™, HY)(R) be two elements. Then these determine two free direct factors of
hyperbolic space H™ (R) which would be isometric since on both these factors the

form is induced from H”¥(R). Choosing an isometry « as in the diagram

Im(M) ~ R2n Mo pan

|

Im(N) ~ R2n —Ns 2N

we get an isometry of Im(M) < I'm(N). By Witt’s cancellation, the compliments
of Im(M) and Im(N) in HY(R) are isometric via an isometry 7. Then T =

alr is an isometry of O(HY)(R) and TM = N. This proves the transitivity of

2
the action. A matrix calculation shows that stabilizer of " | is the subgroup

0
O(H™ 1 NN(R). Also, the claim on the identification of orbit space via the map

©n,r can also be checked. This completes the proof of this lemma. O

Proof of Proposition 3.1.23: See the proof of theorem 5.5.7.

Corollary 3.1.25. There is a zig-zag

Al —eq. A
[ ]

Gr(H", H®) " BO(H™)

of A'-weak equivalences, and hence there is an isomorphism in Al-homotopy cat-

egory BO(H™) ~ Gr(H™, H®).
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Proof. Let us consider the diagonal O(H")-action on St(H"™, H*®) x EO(H"). In

the sequence
St(H™, H®) &L St(H™, H*) x FO(H™") £% EO(H™)

of O(H")-equivariant maps of simplicial presheaves, both the projection maps are
Al-weak equivalences, since St(H", H*) and EO(H") are both A'-contractible.
Therefore, in view of lemmas 3.1.22 and 3.1.21 , we have the induced Al-weak
equivalences

SHH", H*)/O(H") <—'St(H", H*) x EO(H"))/O(H")

>
-

Y ) - Al|proj

Gr(H™, H*®) EO(H™)/O(H™)
which give us the zig-zag of Al-equivalences

Al —eq. St(Hn7 Hoo) X EO(H")) Al—eq.
O(H™)

Gr(H", H®) BO(H")

and the isomorphism BO(H") ~ Gr(H™, H*®) in the A'-homotopy category. [

3.2 The Presheaves .Zh" and .ZhO

In this section we recall the definition of the hermitian K-theory presheaf K.
We also define presheaves that help us understand the equivalence generated by
the addition of a hyperbolic space to the presheaf Gry(n, H*) and its relatives
considered in the subsection 3.1.2. The hermitian K-theory presheaf receives a
map from the orthogonal grassmannian presheaves in the Al-homotopy category.

In subsection 3.1.2, we considered isometric embeddings H™ «— H™*! and de-
fined the presheaves 77, % h etc. Without explicitly defining we considered the infi-

nite hyperbolic space H* as the colimit of these embeddings H™ «— H™* m > 0.
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We should think of this colimit more formally as &nH, where H is the standard

01
hyperbolic plane R? with the form given by . Let us write ®yH as HO !

10

or simply H* as used earlier. For a non-negative integer r, define
H =@ unH.

We should reinterpret the presheaves keeping this technical formality in mind. For

instance, the presheaf .#

h;t is actually given by rank n direct factors of ©yg, .y H.
Let us write this as .Zhl>™. Similar remarks for other presheaves considered in

subsection 3.1.2. For example, the presheaf .#ho° is the colimit of
. — Fpom fhg)’mﬂ] — ...

and we should write this as .Zh >, This kind of notational modification should
be kept in mind for other presheaves as well if needed. The presheaves .# plree)
and ZhY > are isomorphic for every non-negative integer r: there is an isom-
etry HI»>l — HI%] (we can define one by shifting the bases indexed over

{—1,...,—r}UN and N respectively,) inducing an isomorphism. Now the presheaf

Fh defined earlier in 3.1.19 becomes .Z hl% I,

Definition 3.2.1 (The presheaf .#h0O). In 3.1.19, we have defined the presheaf
F hl%> as the disjoint union [T, Zh%> Let R be aring, and P -5 R?™ a direct
factor giving an element in the set 0 m](R). Then H 1P, where summand H
corresponds to the extra basis element of HI=1"  determines a direct factor of rank

n+ 2 in ﬁhi;lém](R). This association defines a map H 1 : .Fhl0:>l — Fpl-1]

of presheaves. Similarily we have maps of presheaves .Zhl=" ] 2L 7 pl=r=1s00l,

for every non-negative integer r. The presheaf .#hO is the colimit

lim (FHO T gpltod Ty I gplonecl Ty gplor-tiod T2y )
r>0
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Definition 3.2.2. Keeping the notational adjustment described in this subsec-
tion in mind, we now have smooth k-schemes Gry(n, H="™) (r, m > 0) and the
sheaves represented by these. We can also consider the colimit as m — oo to get
Gri(n, H=7l) and then the colimit as 7 — oo to get a representable sheaf. We
will denote this representable sheaf by GrO. We have the Al-weak equivalences
Fh™(R) = Gri(n, H="™) (r, m > 0) as defined in 3.1.16. These induce a

Zariski weak equivalence

X : FhO — GroO
which is Zariski sheafification of #hO.

3.2.1 H-Space Structures on .Zh!">* and .ZhO

The only purpose of this subsection was to prove the H-space structures on .% hO
which has been used in an essential way in the proof of the thoerem 3.3.18. Since
the complete argument using ['-spaces was becoming more and more complicated,
we resolved the issue of H-space structure using operads in section 5.6. This section
survives only because of the discussion it offers on I'-spaces. Now that we know
with the H-space structure through the work in section 5.6, the I'-space point of
view can be used in studying the ring structure on hermitian K-theory.

We make some preliminary observations regarding I'-objects in a category [S74].
Recall that the category I' has as its objects all the finite sets; and, for any two
given finite sets S and T', a morphism S — T is amap 0 : S — Z(T) from the set
S to the set Z(T) of all the subsets of T with the property that for any elements
i, j(# 1) in S, the subsets 0(i) and 6(j) are disjoint (composition defined in the
cited reference). A T'-object in a category % is defined to be a functor I'? — &

satisfying the properties listed in [S74].
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The opposite category I'°P is equivalent to the category of finite pointed sets
Sets',: given a finite set S, write S for set S| J{+} (which is the set S equipped
with a base point). For a morphism « : S — T, define a map & : Ty — S,
by sending j € T, to i if 7 € (i), otherwise to the base point of S,. This
assignement provides us a functor from I'P to Sets, . To define the inverse functor,
for a pointed set S|J{+} consider the set S, and for a given map of pointed sets
B TU{+} — SU{+}, consider the map 3 : S — Z(T) defined by sending
s € S to the set 37(s) C T. Further the category Sets' is equivalent to its full
subcategory .4/ consisting of sets of the form [n]; = {+,1,...,n},n > 0: To see
this equivalence one can choose an isomorphism (and it’s inverse) of a finite set
pointed set with some pointed [n], to define a functor. Therefore, the categry T'°P
is equivalent to the category </V+f . As a result of this equivalence, to define a I'-
object in a category %, we need to define the objects in & corresponding only to
the the finite sets [n] in I

We also have a functor A — T' from the category of finite ordered ordinals A
into I" defined by sending the naturally ordered set < n >= {0,1,...,n} to the set
[n] ={1,...,n}, and a nondecreasing map « :< m >—<n > to the map (denoted
by the same letter) a : [m] — Z([n]) defined by j +— {i € [n] : a(j — 1) < i <
a(7)} C [n]. We use this functor to recognize a I'-object in a category as a simplicial
object in that category.

Now we will define an A'-special T-presheaf of sets X on the category Sm/k
of smooth k-schemes, for which X; would be the presheaf .Zhl%>®! Using the
equivalence of the categories P and .4, we define X as a functor X : A —

PShv(Sm/k).
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Definition 3.2.3 (The I'-presheaf X on Sm/k). For any two non-negative integers
N and n, let us first define a presheaf of sets X on Sm/k. For an affine smooth
k-scheme Z = Spec R, we define XY (Z) (which we also write as XY (R)) as the set
of n-tuples (P, ..., P,) where each P; is a free direct summand of the hyperbolic
space H (R)[O’N I such that the hyperbolic form restricted to P, is non-degenerate
and for all 4, j(# i), P;, P; are mutually orthogonal. For a k-scheme V', we define
XNW) = X¥N(T(V,0y)). And for a map of schemes the corresponding map for
XN is defined by the maps induced between hyperbolic spaces by the map of the
rings of global sections. For integers N and a commutative ring R, we have the
isometric embeddings of the hyperbolic spaces H(R)*N < H(R)®N+1 which
induce compatible maps of presheaves XY — XN+1,

For each non-negative integer N, using the presheaves XV we define a I'-presheaf
XN on Sm/k as a functor XV : A — PShv(Sm/k). We take X ([n];) to be
X2 and, for a map v : [n]y — [m]; in the category Af, we take the map of
presheaves X — XN induced by taking the orthogonal direct sum of the appro-
priate factors: An n-tuple (P, ..., P,) is mapped to the m-tuple (Q1, ..., Q,,) where
Qi = ®jey-1(1)Pj = Zjes—1() P;. These maps are compatible with the maps X —
XN+ described above. We have a directed system of [-presheaves X, N > 0.

The I'-presheaf X is defined by taking

_ _1; N
Xn - X([n]+) - h_l’)n >0 Xn

N
and the induced maps. We will consider X as a [-simplicial presheaf (simplicially

constant) as well, if needed.

Remark 3.2.4. Going back to notations used earlier in 3.1.10 and 3.1.19, we see
that X% is the presheaf .Zhl®M and X, is the presheaf .#hl> . Thus, in view of

3.1.11 that the presheaves X" and X, are representable.
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We want to prove that the I'-simplicial presheaf X is Al-special (precisley stated

later).

Proposition 3.2.5. The I'-presheaf X is A'-special: that is, the map p" = [ X (p;) :
X, — X1 X ... x Xy induced by the maps p; : [n]+ — [1]4 (i = 1,...,n) which send
i € [n]y to 1l € [1]4 and other elements of [n]y to the base point of [1]; is an

A'-weak equivalence.

Proof. We prove the Al-weak equivalence only in the case n = 2, since the ar-
guments involved can be extended to other values of n: So we prove that the
map ps : Xo — X x X is an Al-weak equivalence. Let’s first consider the maps
pY XY — XN x XV and A+ XN x XNV — X2V: Here p) is the map used
in defining the I'-presheaf; and on an S-scheme V', A} is defined by sending a
pair (P, P) in XM (D(V,Oy)) x X{¥(T(V,Oy)) the pair (BN AY Py, BY AYP,) in
XZN(T(V,0y)), where BY = (e, es,...ean_1, €2, €4, ..., an) and BY = (eq, ey, ...,

€aN, €1, €3, ..., ean_1) are 4N-square matrices (written using the standard hyper-

N

bolic basis vectors) and AY = . is a 4N x 2N matrix. Recall that the
O

simplicial presheaves X; and X, are defined as the respective colimits of the sys-
tems XV — XM and XY — X2 where maps are the ones mentioned in the
defintion of the I'-simplicial presheaf X. Fixing an N > 2, for every k > 0 let us
consider the following objects and morphisms in the category A’ PShv(Sm/k):
X, = X2V, = X2V o X2V = 2N g0 — A2 and, take the
morphisms i} : X — Xpy1 and i), : Yr — Y1 to be the ones used in the definition
of the I-simplicial presheaf X. Then colim (X}, i3) = X», colim (s, 1) = X1 X X3
and the maps induced on these colimits by fr and g, are the maps p, and As.
Using the criterion given in corollary 2.2.4, proof would be complete once we

show that for all values of k the pairs of maps (gx o fx, i3) and (fri1 0 gk, i) are
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naively A'-homotopic in the category of morphisms. Both the maps i} and 72 send a
pair (P, P,) to the pair (A(Q)k_lNPl, A(Q)k_lNPg), and both the compositions g o fi
and friq 0 g send (Py, Py) to (B 'NA2'Np BZ'N A2°'N Py Therefore to
get a naive A'-homotopy, it suffices to prove that the maps given by the matrices
B2"'N and B2V are naively Al-homotopic to the identity map. It should be
kept in mind that homotopies to be considered should respect orthogonality of the

pairs of spaces. We provide this homotopy in two stages: A map of the form
(B Ay, By AY) ~ (TBy Ay’ + (1= T)BY' Ay, By AY) ~ (By Ay, By AY)

defines a homotopy of (BN AY, BY AY) with (BY AY, By AY'); and then, to get the
homotopy of (BYAY, BN AY) with identity, we observe that BZ" '~ and B2 'V
are both even permutation matrices, and even permutation matrices are naively
A'-homotopic to the identity. It should be remarked as an aid to the reader willing
to produce these homotopies in cases n > 3, we can use homotopies of above
form in three stages: first, change (BY, BY, BY) to (BY¥, By, BY), and then to

(Bs', By, By'). O

Corollary 3.2.6. The presheaf FhO > is an H-space in the A'-homotopy cat-

egory.

Proof. We have already noticed that the presheaf .ZhO ! is just the presheaf
X in the I-presheaf X. Since X is Al-special, it follows from [S74] that X is an

H-space. ]

Remark 3.2.7. We are very sure that the presheaf .#hO is also an H-space in
the Al-homotopy category. A strong indication for this fact lies in our observation

that all the known constructions of taking colimits of an H-space with respect to
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‘addition’ of an element result in an H-spaces. See the construction of T4 in [ST74],

for example.

3.2.2 The Presheaf K" and the Map .#hO LNy o

We will recall informally some of the general notions from category theory relevant
to us in the definition of the hermitian K-theory presheaf K". A comprehensive
reference for the symmetric monoidal categories is the book [Mc71]. A large part
of material relevant to us in this subsection can be found in more details in the

lecture notes [GT76].

Definition 3.2.8. Let C be a monoidal category acting on a category D, and
+ :C x D — D be the action. A category < C, D > has been defined in [G76]. It
has the same objects as the category D, and a morphism X — Y in < C, D > is
an equivalence class of tuples (X, Y, A, A+ X — YY), where A is an object in C,
X and Y are objects in D, and A+ X — Y is a morphism in D; and, the tuples
(X, VA A+ X - Y)and (X,Y, A, A+ X — Y) are equivalent if there is an

isomorphism A % A’ such that diagram

OZ-l—lX

L

Y

commutes.

Definition 3.2.9. If a symmetric monoidal category C acts on category D, then C
acts on the product C x D via the diagonal action: A+ (B, X) = (A+ B, A+ X)),
where A, B are objects of C and X is an object of D. The category C'D is the
category < C,C x D >. We have an invertible action of C on C™'D given by

A+ (B, X)= (B, A+ X).
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Remark 3.2.10. In particular, if C is a symmetric monoidal category, we have the

category C~!C on which C acts invertibly. Let every morphism in C be a isomor-

phism. The functor + : C7!C x C~'C — C~!C defined by
(M, N)+ (M', N'y = (M + M', N + N')

makes C~!C a symmetric monoidal category. In fact, with respect to this functor

C~1C is an H-group. The assignment A — (0, A), defines a functor
can:C — C'C.
The functor C == C~'C is a group completion of C: that is, the induced map
(m0C) ™ H,(C) — Hy(CT'C)

is an isomorphism for every p > 0 ( [G76], p. 221); and, C~*C is group complete
(i.e., it is an H-space whose 7 is a group).

Remark 3.2.11. Let P(R) denote the category of finitely generated projective R-
modules over a commutative ring R. We know that given a map R; — Ry of
commutative rings, M — M ®p, R defines an exact functor P(R;) — P(R2).
For this functor there is a canonical isomorphism Hompg, \oq(M, Ri) ®g, R ~
Hompg, moa(M ®g, R, Rs), since M is finitely generated and projective (check

this part..).

Definition 3.2.12. For a commutative ring R and a nonnegative integer r, let
us define a category Sg,. In what follows for a given R-module M, the R-module
Hompg_noa(M, R) will be denoted by M*. The objects in Sg,,- are the pairs (M, ¢),
where M is a finitely generated projective R-submodule considered as a direct
factor M C HL=>l(R) (see 3.2 for notations), ¢ = h|y (h being the standard
hyperbolic form on HI=*I(R)) and ¢ : M = M* is an isomorphism. A morphism

(M, ¢) — (N,) is given by an isomorphism « : M — N such that the diagram
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commutes. The category Sg, is a small category.

We also have a category gR whose objects are the pairs (M, ¢) where M is a
finitely generated projective R-module and M 2, M* is an isomorphism; and, the
morphisms are given by isomorphisms of R-modules as in the category Sg,. The
canonical forgetful embedding of Sg, into the category Sk is an equivalence of
categories via a choice of an isomorphism of an object in gR with an object in

Sg. Let (M, ¢) and (N, 1) be two objects of Sg. Let ¢ @ ) be the map M & N —

M*@® N* given by the matrix , where direct sum is formed in the category

(8

Sk. The sum (M, ¢) + (N,9) = (M & N,¢L)), where ¢ L1 is the composition
ManN 2% vrao N 222, (M @ N)*, makes Sk a symmetric monoidal category.
This defines a symmetric monoidal structure on Sg, as well via the aforementioned
equivalence, though it involves a choice of direct sum. If X € Sm/k is an smooth
k-scheme, we will denote the category gp( X,0x) Simply by gx and Sr(x,0y)r by
Sx -

Given a map R; EX Ry of commutative rings and an object (M, ¢) in Sg, ,, the
finitely generated projective Ro-module M ®pg, Ry can be thought of as a direct

can ~

factor of HI™>l(R,) via the composition M ®g, Ry C H""®/(R)) ®p, Ry 2=
HI=>l(Ry). We have the induced isomorphism M &g, R, LNy V& ®p, Ry. In view
of the canonical isomorphism M* ®g, Ry ~ (M ®g, Ry)* mentioned in 3.2.11, the
composition M ®@pr, Ry EL M ®p, Ry ~ (M ®pg, Ry)* is an isomorphism. Let us
denote this composition by ¢ ® Ry. By defining (M, ¢) — (M ®pg, Rs, ¢ ® Ry), we

get a functor Sg, , — Sg,,. The assignment R +— Sg, gives us a functor from the
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category of commutative rings to the category of all small categories. As mentioned
above images of this functor actually are symmetric monoidal categories, though
functors are not monoidal. Though it should be noted that using the universal
property of direct sums, these functors can be made into symmetric monoidal
functors. We also have the induced functor SﬁllmSRM — Sg,j’rSRw between the
categories defined in 3.2.10. Note that the category SgllmSRM does not depend on
the choice of direct sums. We will denote the category SIE;S Ry DY Prr(R). If X is
a scheme, we will denote the category P, (I'(X, Ox)) simply by Pp,(X). When
r = 0, we will in general omit the subscript standing for r in all the three categories

defined above: Thus, for example, the category Sg will be denoted simply by Skg.

Definition 3.2.13 (The presheaf K" and the hermitian K-groups). For a smooth
k-scheme X, we have the category Ppo(X) defined in 3.2.12. The functor X
Pro(X) is a presheaf of small categories on Sm/k. Let .4°C denote the nerve of a
small category C. The assignment X — A4 Py o(X) defines a presheaf of simplicial
sets on Sm/k. We will denote this presheaf by K" and call it the hermitian K-
theory presheaf. The hermitian K-groups of a smooth affine k-scheme X are defined
as the homotopy groups of the simplicial set A Py o(X) at 0. These are denoted

by K'"(X), n > 0. Thus
KMNX) = mo(A Pro(X), 0), n >0, X affine.

Remark 3.2.14. It can be seen that the hermitian K-theory presheaf K" defined
here is the same as the one defined in [HO5] in 1.3(1), 1.5 and 1.7 for affine
k-schemes in Sm/k since the corresponding categories are equivalent when inter-
preted reasonably: The smallness of the category P(A) and the related issues in
the definition of the hermitian K-theory space have not been addressed in [HO5],

cf. the functoriality remark in [HO05]. Another remark is also in order that we have

23



not used the most general definition which is applicable to other additive categories
with duality, since we will not need those. It should be noted for later use that
for affine schemes in Sm/k, the presheaf K" is homotopy invariant and it has the

Nisnevich-Mayer-Vietoris property: See [HO05] Corollaries 1.12 and 1.14.

Definition 3.2.15. If X is a smooth k-scheme, X — A4 'Sx, and X — A Pj,.(X)

define simplicial presheaves of sets on Sm/k. Let us denote these presheaves by

N'S_, and A Py, respectively. The canonical group completion functor Sy, ——

Prr(X) recalled in 3.2.10 defines a map (again denoted by ‘can’)
can: N'S_, — N Ps,
of the simplicial presheaves. In particular, when » = 0 we get the map
can: A'S_y— K"

of #/'S_4 into the hermitian K-theory presheaf K.

Definition 3.2.16. We have already mentioned the group completion functor
Spy — SprSnrr = Prs(R), sce 3.2.10, 3.2.13 and 3.2.15. The addition of a hy-
perbolic plane Sg, A s rr+1 induces a functor H.L : Pr(R) — Prrt1(R): Just
to avoid ambiguity, this induced functor H_L sends an element ((M, ¢), (IV,))
in HL : Py, (R) to the pair (M, ¢), (NLH,y»Lh)) in Px,41(R) (and morphisms

are defined in the obvious way). The diagram of presheaves of simplicial sets

NS, NPy,

| i

c/VSf,rJrl ﬂ)wlph,vdrl
is commutative, (the functor ‘can’ has been defined in 3.2.16). It should be noted
that the map on the right is a homotopy equivalence for every integer r, since the

functor HL : Py, (R) — Pp,+1(R) induces a homotopy equivalence of categories,
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see [QT3]. Also, the presheaves of categories Py, and P are isomorphic, giving
us an isomorphism of simplicial presheaves a,. : A Py, — K". Therefore, we get

the commutative diagram

JVS—,O ﬂ)ﬂpﬁ,o;]ch
H1 HL ~|ajoH L

NS S NPy s ch

HL H1 ~ | agoH LoaT"
«
NE_ g - N Phog— [Ch
HL HL ~ | azoH Loay "

in which the right vertical maps are homotopy equivalences. We will denote all
the homotopy equivalences a,y1 o H1 o o' by HL and all the compositions

NS, 25 NP 2 KP by ‘can’.

In 3.2.1 we have defined the presheaf . #hO. Now we are going to define a map

FhO L Kh. The goal of this work is to prove that 7 is an Al-weak equivalence.

Definition 3.2.17. For a commutative ring R and a nonnegative integer r, we
denote by .Zhl=">l(R), the full subcategory of Sg, defined as follows. The set of
objects of Zhl™>I(R) is the set .Zhl™>|(R) (see 3.1.19 and 3.2.1). As morphisms
we take isometries: if M, N are two objects in .ZA=">l(R) determined by non-
degenerate direct factors M C HI™"™(R) and N C HI""(R), then a morphism
M — N is given by an isometry M = N.If X € Sm/k, we will denote the category
FhlT(X, Ox)) simply by .ZFhl=">l(X). We have the presheaves .Zhl=" ! of
categories on Sm/k defined by sending X to the category .ZAl™">l(X). There is
a natural map of presheaves H1 : Zhl=">l — Zpl=7=L>l induced by adding a

hyperbolic plane for the extra basis element.
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Definition 3.2.18. Let M be a non-degenerate symmetric bilinear form which is
a direct factor of some hyperbolic space HI™>I(R). If hy; : M — M* denote the
restriction of the adjoint isomorphism of the hyperbolic space H=""™(R), then hy,
is an isomorphism (see 3.2 and the paragraph just before the definition 3.1.9 for
explanation of HI="™(R)). Thus, an object M in .Zhl=">/(R) gives us an object
(M, hyr) in the category Sg, (see 3.2.12). For a commutative ring R, this defines

a functor A" : FA*I(R) — Sg,., and a map (again denoted by h")
N FhTel NS_,

of simplicial presheaves of sets on Sm/k. The diagram

N Fh o) e N Sp,y
ilﬂ lHJ_
N Fhlr—tio] 2 N Srr1
commutes.
Definition 3.2.19. The diagram of simplicial presheaves of sets on Sm/k, in
which the vertical maps on the right are homotopy equivalences as discussed in

3.2.16,r >0

N FhIe e NS S o

B P

W FHr Lo M S ok
lHJ_ lHJ_ leJ_

is commutative. We also have

lim A" Z R = ¢ (lim .Z A,
—> —>
H1l H1

Thus, taking the vertical colimits in the above diagram, we get a map of simplicial

presheaves of sets on Sm/k

N (lim F R ooy S0k, yeh,
_>
HLl
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Since the presheaf of vertices of A'(lim  Fh) is the presheaf FZhO, we have

defined a map

h: FhOo — K"

of the orthogonal Grassmannian (see 3.2.1) into the hermitian K-theory. Since K"
is a sheaf on affine smooth schemes and the natural map x : #hO — GrO defined
in 3.2.2 is a Zariski sheafification, there is a unique map from GrO to K" as well

induced from A. We will denote this map also by h.

3.3 A'-Weak Equivalence of the Map #

In this section we prove the A'-weak equivalence of the map % defined in 3.2.19 as-
suming a seemingly technical claim not yet verified, namely, the H-space structure
on ZhO. In 3.3.1 we prove that the simplicial subpresheaf K[! (3.3.2) of connected
component of 0 in K", is A'-homotopic to the presheaf BO of classifying spaces of

the presheaf O of isometries of the infinite hyperbolic space defined in 3.3.1.

3.3.1 A!~Weak Equivalence of BO and K}

Let us recall the definitions of simplicial presheaves BO and Kh.

Definition 3.3.1. [The presheaf BO.] In 3.1.12, we have defined the presheaf
O(H!"") of groups of isometries of the hyperbolic spaces H®"!. For a commutative

ring R, the standard embeddings AutH®"(R) — AutH"+(R) (n > 0) of

M 0
groups of automorphisms of hyperbolic spaces defined by M — , give

0 lur
us maps of presheaves of groups O(H*™) c O(H 1), The presheaf O(H* )

of groups on Sm/k is defined as the colimit of these presheaves. In this section we

will denote the presheaf O(H®>l) simply by O. Thus, for a smooth k-scheme X,
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the group O(X) is the colimit of the system
= O(HOT(R) — OHO (R -, M ,

where R = TI'(X Ox). The groups O(H>™)(X) and O(X) when thought of as
categories with just one object and all the group elements as morphisms, would
be written as O(H!"™)(X) and O(X) respectively. The simplicial presheaf BO is

defined by taking nerve of this category, thus
BO(X) = A/ O(X)

for a smooth k-scheme X.

Definition 3.3.2. [The presheaf K2 of connected component of 0.] In 3.2.13, we
have defined the hermitian K-theory presheaf K" as X +— APy o(X) where cat-
egory Pro(X) has been defined in 3.2.12. Let P, (X) denote the full subcategory
of Pro(X) of the connected component of (0,0): An object ((M, ¢), (N, ¢)) of
Pro(X) belongs to the category Py (X) if and only if (M, ¢) and (N, ¢) are stably
isometric in the sense that they become isometric after addition of some hyperbolic
planes. We have a presheaf X +— P;(X) of categories on Sm/k. The simplicial

presheaf k! is defined by taking nerve of this presheaf, thus
K5 (X) = AP (X).

This is called the connected component of 0 of the hermitian K-theory.

For every commutative ring R, there is a functor v, : O(H®™)(R) — P (R)
defined by sending the unique object to (H®"(R), H*"(R)) and, to an automor-

phism u of H*"(R) to the morphism

(0, 0) + (HO"I(R), HO"(R))) L2 (g0l (R), HIO(R))
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in P;"(R), where u; is the canonical isometry 0 + H®"(R) = HIOM(R), and uy
is the composite u o u;. The functors ~,, n > 0 give us a map of presheaves of

categories O — P;7, and hence a map of simplicial presheaves (denoted by 7)
W:BO:JVOVHJVP;:ICQ.
Lemma 3.3.3. The map v is an A'-weak equivalence of the simplicial presheaves.
Proof. We have a commutative diagram of the form
BO —"—= Kt

iAl |

[BOA®| = |KgA°|

in which the vertical maps are Al-weak equivalences from [MV99, cor 2.3.8, p.
53], where the bisimplicial presheaf BOA® is defined in [MV99, sect 2.3.2] and | |
denotes it’s realization and v, the induced map. We prove that the lower horizontal
map in this diagram is a Zariski and hence an A'-weak equivalence, which will
complete the proof of this lemma. For this we prove that for every local ring R the
simplicial ring A%, gives us a weak equivalence |BOA%| — |[K§A%| of simplicial
sets.

Since the map (X) : BO(X) — K2(X) is a homology isomorphism for every
smooth k-scheme X, see arguments in the proof of theorem 7.4 in [S96], page 152,
the map 7, : |[BOA%| — |KEA$%| is a homology isomorphism.

The homology weak equivalence v, would be a global weak equivalence, if we
prove that |[BOA$%| is nilpotent, since |KFA$%| is an H-space with respect to the

H-space structure induced from K. This is proved in the following lemma. m

Lemma 3.3.4. The simplicial group |BOAY,| is nilpotent.
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Proof. We have a universal principal fibration of the form OAY, — |[FOAY%| —
|BOAY|. Since | EOAY,| is contractible, the fibre OAY, is the loop space of | BOAY,|
and therefore the action of fundamental group of |[BOAY%| on its higher homotopy
groups is given by the action of 7y by conjugation on higher homotopy groups in
case of the simplicial group OAS$,. Hence to prove nilpotency of |[BOAY|, it suffices
to show triviality of mp-action by conjugation on higher homotopy groups for OAY;.
To prove the triviality of mp-action on itself by conjugation, we prove that g is
commutative. For terminology and notations used in rest of this proof, see [Bak,
Chapters 3 and 4]. This follows by writing down the Moore sequence of the sim-
plicial group OA%: In fact, we get that mo(OA%) = KQ1(R,0)/ ~, a quotient of
the abelian group KQ:(R,0) = GQ(R, 0)/EQ(R, 0), where EQ(R, 0) is the group
of infinite symmetric elementary matrices: After identifying the first two terms of
the Moore sequence with the groups of infinite orthogonal matrices GQ(R, o) and
GQ(R]z],0), for a given elementary symmetric matrix e; j(A) in EQ(R, 0), consider
the elementary matrix e; ;(x — Az) in EQ(R][z], 0). Finally to see that the mp-action
on other homotopy groups is trivial, we remark that the group m,(OAY%,), (n > 1) is
a subquotient of the group GQ(R|x1, ..., z,], 0), and mp-action is via a conjugation
through certain elements of GQ(R, 0)/EQ(R, 0). Since all the matrices involved
can be written using only finitely many non-identity blocks, such a conjugation
can be arranged in the form
I. O O B. O O I, O O
O (aij)s O 10 I, O- |0 (wij);* O
O O I O O I O O I
through multiplication with elementary symmetric matrices, where («;;)s is an
s X s matrix in GQ(R, 0) and B, is an r X r matrix in GQ(R|x1, ..., z,], 0), the

proof of the lemma is complete. O
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3.3.2 Grothendieck-Witt Groups and .#hO in
Al-Homotopy Category

Now we move on to relate the presheaf .# hO with Grothendieck-Witt groups in the
Al-homotopy category of smooth k-schemes. This will be one important component
of the Al-representability result. First, we recall definition of the presheaf GW)
(3.3.5) of Grothendieck-Witt groups, and it’s relation with the hermitian K-theory
presheaf K" in 3.3.6. We establish the important fact in corollary 3.3.15 that the

Nisnevich sheafifications of 74" (ZhO) and GW, are isomorphic via the map 7 .

Definition 3.3.5 (Grothendieck-Witt group of a ring). Let R be a commutative
ring. Let /W(R) be the set of isometry classes of finitely generated non-degenerate
symmetric bilinear spaces over R. With respect to orthogonal sum (see [S85,
Chap 2, sec 1)) W\(R) is an abelian monoid. The Grothendieck-Witt group of R is
the group completion of the abelian monoid W(R), it is denoted by GWy(R). In
particular, for a field K we have defined the Grothendieck-Witt group GWy(K) of

K.

Remark 3.3.6. The set of isomorphism classes of objects of the monoidal category
Sry is the set /W(R), see 3.2.12. Also, the monoidal functor on Sg( induces the

monoid structure on /W(R) Since Sgo — Pro(R) is a group completion, from

the definition of K" in 3.2.13, we see that
GWo(R) = mo(Pro(R)) = K{(R).

Thus, the 0"-hermitian K-group of a ring is it’s Grothendieck-Witt group.

We have the presheaf W on Sm/k defined by X /W(F(X, Ox)), where W(R)
for a commutative ring R has been introduced earlier in 3.3.6 and discussed in

[K90] in details. There is a surjective map of presheaves ObS —= Ty -
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We have the maps of preseaves of sets on Sm/k

ObS —=~[,0bS]
W [ >ObS]Aiv<k)

in which we claim that there is a map of presheaves W [ ,ObS]u “ making
the above diagram commute. We start with some technical results. We have chosen

the 2n-square matrix

hn=h1L...Lhy =

01

10
to represent the hyperbolic space H"(R) = H*»"~1(R), see the paragraph preced-
ing the definition 3.1.9. We are going to use some results on matrix computations
for hyperbolic spaces and their isometries from the book [K90]. In that book they

have used the matrix

to represent the n-dimensional hyperbolic space. The two representations are re-
lated by a change of base. All the computations in rest of this subsection are based

on the basis

Lemma 3.3.7. For every commutative ring R, the maps

I 0 I 0
, : Spec R — Gly,

0 I -1 I
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of presheaves are naively A*-homotopic.

I 0
Proof. The element is an element of the group of Gls,(R[T]). This

=71 I

element defines a naive Al-homotopy

h:SpecR x A' — Gly,

I 0 I 0

between the two maps and : O
0 I -1 1

Remark 3.3.8.

1. Similar to the naive homotopy defined in the above lemma, we have naive

I 1 I 0
homotopies of the maps determined by the elements and
0 I -1 1
10
with the map determined by the matrix
0 I

2. For an endomorphism R" — R™ ~ Hompg_p0,q(R", R) written as a matrix -y

with the property that v = 'y when we consider X_ (defined below), and the

property v = —'y when we consider X, the matrices
I 0 I ~
X_(v) = and X (v) =
v I 0 I

define isometries of the hyperbolic space H®"(R) by the lemma 4.2.1 in

I 0 I Tv
[K90]. The matrices and define naive homotopies be-
Ty I 0 I
I 0
tween and the matrices X_ () and X, () respectively considered as
v I

maps of presheaves Spec R — O(H 1),
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We have defined the representable sheaf Gl,, in 2.1.20. For a matrix a defining an

automorphism of the R", the matrix

defines an isometry of the hyperbolic space H!>"~1(R). This isometry factors as

in the following diagram

SpecR O(H0:n=1)
N T
gl,
as a map of presheaves. If two maps «, 5 : Spec R — §Gl,, of presheaves are naively

A'-homotopic, then the maps H(«) and H(3) would also be naively A'-homotopic.

Lemma 3.3.9. The map

0 —1
: Spec R — Gla,
I 0

is naively A'-homotopic to the identity map Io, : Spec R — Gla,. Consequently,

the map

0 —I
H : Spec R — O(HIn—1)
I 0

is Al-homotopic to the identity map Iy, : Spec R — O(H!%"~1])

Proof. This follows from the discussion above, the lemma 3.3.7 and part (1) of the

remark 3.3.8 and the following matrix identity
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The map
2 O(H ) % ObS — ObS

defined by (o, (M, ¢)) — (oM, ¢'), where ¢’ denotes the new induced form on oM,
is an action of O(H!>>!) on ObS. For every non-negative integer n, the natural
injection of presheaves O(H™) =% O(H>l) induces an action of O(H ") on

ObS via the composition
O(H™ ") x 0bS <22L, O(H >y x 0bS £ x OBS.
We will denote this composition also by pu.

Proposition 3.3.10. Let (M, ¢) and (N, 1) be two isometric direct factors of
a hyperbolic space H®>I(R). Then the two maps Spec R — ObS determined by
(M, ¢) and (N, v) are naively A'-homotopic. Consequently, the assignment send-
ing the isometry class of (M, ¢) in W(R) to the naive A'-homotopy class of the
map determined by (M, ¢) in [SpecR, ObS]Aiv(k) is well-defined and yields a map

of presheaves ( : W — [,ObS] such that the diagram of presheaves

1
Anv(k)

ObS ——, 0bS]

| |

W—=1,0b8],

nv (k)

commautes.

Proof. For a large enough positive number n, we have the isometries M LM =
HO Z NN, where ~ denotes the orthogonal complement. We also have the

isometries
NLIHO" = NIMIM~NINLM ~ HO™ 1 M = M1 HO™,

Thus, the given isometry M ~ N together with this, provides us an isometry o

of H%27"+1 which takes M to N. Therefore, we can assume that there exists an
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isometry, say o : HI" — {7 such that o(M) = N. But then the isometry

o
oclo™t = of H:2n+1 ynder the natural inclusion HO7 < [0, 2n+1]
—1

o
maps the direct factor (M, ¢) of H%2"+1 to the direct factor (N, 1) of H0:2n+1,
Thus, the two maps Spec R — [ ,0bS] determined by (M, ¢) and (N, ¢) factor

as the following maps

02n+1]) [ ObS

%\

Spec R ,ObS].
0 2n+1] O b S
The proof of this proposition is complete in view of the following lemma. m

Lemma 3.3.11. The map of presheaves Spec R olo”, O(H2 1 s naively A'-

homotopic to identity.

a
Proof. Let o = be the matrix representation of the isometry o of HI*"(R).
v o0
Consider the matrices

0 0 B
A= | B= |
—'v Btes
I « I 0
ern(a) = ,and ey (—16) =
0 I —t5 I

The maps ejp(a) and ey (—0) : Spec R — Glo,, are naively A'-homotopic to the
identity map (an explicit homotopy similar to the one in 3.3.9 can be defined).

The isometry o Lo~" of HI%2"+1 has the following formula as described in [K90],
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Chap 1V, sect 4, lemma 4.4.6, p 347:

olo~l = X_(A). H(ers()). H(ea (—16). X+ (B). X_(A).H(era(a)). H .

In view of lemmas 3.3.7 and 3.3.9 and the remark 3.3.8, we see that the map o Lo~}

is naively Al-homotopic to identity. O

We have defined a full inclusion of presheaves of categories Fh%>! € Sin 3.2.17
(when 7 = 0). Taking objects, we get presheaves of sets .Z hl% >l and ObS on Sm /k,
and a map of presheaves .Zhl®>>l — ObS. As proved in the following lemma the
presheaf ObS is a sheaf on affine smooth k-schemes. It can be seen that the inclu-
sion .Zhl%>l — ObS induces an isomorphism on Zariski-stalks. Therefore, ObS
is a Zariski-sheafification of the presheaf .#hl%>l when restricted to the affine k-
schemes. We have already discussed in 3.1.16 that the map .# k> — Gry (H>I)
is a Zariski sheafification. Therefore, we get a unique map ObS — Gry(H!> ) of
presheaves on Sm/k, which is a Zariski weak equivalence, and so an Al-weak
equivalence.

In the commutative diagram




every map is an Al-weak equivalence. Therefore, in the A'-homotopy category, we

get the following maps of presheaves of sets on Sm/k

ObS = [, 0b8]

N T

[,0bS] —5 ,Grk(H[O,oo})]Mv(k)

|44 ’ Al (k)
\Z\O
pr

can [ , GTk(H[O’ OO])]Al(]k)

[ ) Grk(H[Oyoo])]

~

[ K" mrg 5 [, Z RN n

where [, ] denotes the presheaf of set of maps in PShv(Sm/k) with every k-scheme
thought of as a representable presheaf, and [, |a1 ) the presheaf of set of naive
A'-homotopy classes of maps in PShv(Sm/k), pr the natural projection map, and

0 the composite map pr o k o ( making that trinagle commute.

Lemma 3.3.12. The presheaf ObS is a sheaf on the Zariski site of affine smooth
k-schemes. In particular, the map K is an isomorphism of sheaves on the Zariski

site of affine smooth k-schemes.

Proof. 1t suffices to prove the Zariski sheaf condition for an open cover consisting
of the distinguished open sets of an affine k-scheme. That is, in a finite type k-
algebra R given elements f, ..., f,, which generate the ideal R, we have to prove

that

ObS(R) — [}~ ObS(Ry,) == I, ObS(Byy;)

is an equalizer diagram. This follows from interpreting this as a formalism for

patching projective modules with forms. m

Proposition 3.3.13. The map 0 induces an isomorphism of the Nisnevich stalks.
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Proof. We need to prove that the map /W(R) Oz, [, Gri(H*N)] 410 (R) is an

isomorphism for a henselian local ring R. In the diagram of sets

‘ [Spec R7 ObS]A}w(k) *’;R[Spec R, Grk(H[O Oo])]Al (k)
e
PrR
can [Spec R, Gry(H" )]Al(k

-

[SPGCR, ’Ch]Al(k) [Spec R, yh[o’w])]Al(k)

hr

the map kg is an isomorphism for all rings (not just local), whereas the map
prgr is surjective for henselian local rings in view of the following lemma 3.3.14.
Also, [SpecR, K1) coincides with the Grothendieck-Witt group of R, and is
the group completion of the monoid W(R) via the map ‘can’. Since for a local ring

W (R) is a cancellative monoid in view of Witt’s cancellation theorem [S85, thm

6.5, p.21], therefore, for local rings the map ‘can’ is injective. This map factors as

R) % [Spec R, Gry(H )]Al(k

P lf

GWy(R) = [Spec R, K1) ~—— [SpecR, F F RN g1

R

And hence, dr is injective as well for henselian local rings. Therefore, dr is an
isomorphism for henselian local rings. Taking the colimit ... LER W(R) LN
/W(R) HL,  with respect to adding the hyperbolic plane, we get GWy(R). Also,
taking colimit of the presheaves of sets [ , Grg(H®*)|y14 and [, Z A4
with respect to adding hyperbolic planes we get the presheaves [ , GrO]s1 ) and
[, FhO] a1 respectively: This can be checked using an explicit A'-fibrant model.

Similar remarks for the presheaf [ , K" alx)- These colimits give us the commuta-
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tive diagram

GW()(R) = [Spec R, gTO]Al(k) .

e S

GWo(R) = [Spec R, KM 41 o) “— [Spec R, ZhO] a1

which proves that the map hg : FhO(R) — K"(R) is an isomoprhism of the

Nisnevich stalks. O

Lemma 3.3.14. For a presheaf X, and an henselian local ring R, the canonical

map of presheaves

[Spec R, X]a1 @) — [Spec R, X]aix)

15 surjective. In particular, the map prr in the above proposition is surjective.

Proof. Let X — Xj be an A'-fibrant resolution of the presheaf X'. Then in view

of [MV99, cor. 2.3.22, p 57] in the commutative diagram

[Spec R, X]n, — [Spec R, X¢|ny

lpm lN

~

[Spec R, X]Al(]k) —_— [SpeC R, Xf]Al(]k)
the upper horizontal map is surjective (other maps are natural ones). Therefore,
the map prg is surjective as well. O
A consequence of this proposition is the following important result.

Corollary 3.3.15. The Nisnevich sheafification of the presheaf m‘?lﬁhO 1S 1S0-
morphic to the Nisnenich sheafification of the presheaf GWy via the map h. Thus,

we have the induced isomorphism
h: aNiS(ngﬁhO) — anis(GWh).
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3.3.3 Some Properties of A!-Fibrations
In this subsection we discuss a set of properties that help us to recognize A!-

fibrations in some situations.

Lemma 3.3.16. For a map f : X — Y of A'-fibrant presheaves, the following are

equivalent:
1. f is an A'-fibration.
2. f is a Nisnevich fibration.

3. f s a global fibration.

Proof. The implications (1) = (2) = (3) follow from definitions. We prove

HX
~la (o) ig

B—=Y

implication (3) == (1). Let

be a commutative diagram in which « is an Al-acyclic cofibration, and ¢ has right
lifting property with respect to the global weak equivalences. We prove a lifting

B — X in this diagram. In the pushout of the pair of maps A— B, A — X

X

S
w{

the induced map o is an A'-acyclic cofibration (being push-out of such a map), and

~|a push P g
B Y

the existence of a lift in the diagram (o) reduces to existence of a map f: P — X.
Thus, in diagram (o) we can assume that A is an Al-fibrant (since X is assumed

to be Al-fibrant). We factor the map B — Y as an A'-acyclic cofibration followed
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by an Al-fibration and consider the diagram

X

poa

~

~|a push B’ g

AN

In this diagram B’ is A!-fibrant, since B is Al-fibrant and ¢ is A!-fibration. Hence

the map poa : A — B’ is an Al-weak equivalence between two A!-fibrant objects,
and therefore a global weak equivalence. Thus a lift B’ — X can be constructed.

]

Lemma 3.3.17. Let X be a simplicial presheaf and A, B be two homotopy invari-
ant Nisnevich sheaves on Sm/S. Taking X; as the canonical fibrant replacement

of X, if B— A and Xy — A are any two maps, then the canonical map
XXxaB— Xy xaB

is an Al-weak equivalence.

Proof. In the commutative diagram

XXxXaB—X;xaB——B

| |

X Xy A

the two squares are pullback squares. Lemma will follow if we show that the map
B — Ais an Al-fibration. For, the middle vertical map would be an A!-fibration
since it is a pullback of an A!-fibration; and therefore, the upper-left horizontal
map would be an Al-weak equivalence being a pullback of an Al-weak equivalence
along an Al-fibration since the model category structure on A°°PShv(Sm/k) is

right proper, see [MV99, Thm 2.2.7].
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Thus to prove this lemma we need to prove that any map of homotopy invariant
Nisnevich sheaves is an A!-fibration. First we recall that a homotopy invariant
Nisnevich sheaf is A'-fibrant, see lemmas 2.2.8 (page 34) and 2.2.28 (page 43) in
[IMV99]. Therefore, in view of the lemma 3.3.16 above, it suffices to prove that

any map of presheaves of sets is a global fibration: To prove this, consider the

-

Yy——=T

commutative diagram

in which the left vertical map is a global weak equivalence of simplicial presheaves,
and S and T are two presheaves (i.e., simplicial of dimension 0). We need to prove
that there is a lift } — S for this diagram. To construct a lift, we only need to

consider the fact that above diagram factors as a diagram of the form

r\7“)5/7
] glz
N

y T

S

in which g is an isomorphism, and hence a lift 7yT" — S can be defined. m

3.3.4 A'-Weak Equivalence of /

In this final subsection of the chapter we prove that the map h defined in 3.2.19 is

an Al-weak equivalence.

Theorem 3.3.18 (A'-Representability Theorem). The map h : FhO — K" is an

A'-weak equivalence.
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Proof. The commutative diagram of presheaves

[1,0 Gr(H™, HO>l) [12g-ZRE

1) i

Y2 z 1.5 aNis(W§19h£?7 OO])

is a pullback diagram, where aNis(ﬂé*lﬁZ Y oo]) denotes the Nisnevich sheafifica-
tion of the presheaf 74" .7 0> and [1,.>0pt is the constant Nisnevich sheaf. The
constant sheaf [[ .,pt is homotopy invariant; also, the sheaf aNis(W(‘]*lff hl OO])
which we have identified with the Nisnevich sheafification of the presheaf GW, of
Grothendieck-Witt groups in 3.3.15, is homotopy invariant. Therefore, this pull-
back diagram is homotopy cartesian diagram in view of lemma 3.3.17.

We have proved in corollary 3.1.25 that there is a zigzag of Al-weak equiv-
alences of presheaves [, BO(H™ 0,00y — — — [,50 Gr(H", H0-l) (here the
new notation instead of BO(H") refers to our consideration of automorphisms
of the hyperbolic spaces indexed on non-negative integers). Similar remarks for
ano BO(H™ =) where r is a positive integer. We have maps of presheaves

BO(H™=2)y — BO(H™*[=7=L>I) induced by addition of hyperbolic space for

the extra generator. For every integer r the colimit of the system
LA po(amEresly B go(grtb ey B

is isomorphic to BO, cf. 3.3.1. There is an Al-weak equivalence BO — K[! in view
of 3.3.1. Taking homotopy colimit of the diagram (1) with respect to addition of
hyperbolic space L H (as in the definition 3.2.1), we get the homotopy cartesian
square

7, x BO gro

| |

7—H4 aNl-s(m‘]*lQrO)
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This square maps to the homotopy cartesian square

Z x Kh Kch
Z, anisGWy

via the maps described in 3.2.19, 3.3.1 and 3.3.15. We have proved in 3.3.1 and
3.3.15 that all but possibly 7 in this map of squares are Al-weak equivalences. We

claim that 7 is also an Al-weak equivalence. We have a map of fibrations

BO 1 Kh
Gro i Kch

| |

aNis(Wf}lgTO) <4> anisGWo
where the maps v, h and ¢ have been defined in 3.3.1, 3.2.19 and 3.3.15, and we
have proved that the maps v and ¢ are Al-weak equivalences. Since GrO and K"
are H-spaces, comparing the homotopy groups at Nisnevich stalks proves that the

map h is also an A'-weak equivalence. O
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Chapter 4

A Realization Functor in A'-Homotopy
Theory

In this chapter we will restrict our attention to the category of smooth schemes over
the fields of real numbers. For an easy reference, we have recalled the definition
of the set of real (and complex) points in 4.1.1 and proved that this can be given
structure of a smooth manifold in 4.1.3. We have defined a functor p, : Top —
A?PShv(Sm/R) in 4.2.1 which sends a weak equivalence of topological spaces to
a global and hence an A'-weak equivalence of presheaves, and hence, induces a
functor from the ordinary homotopy category HoTop of topological spaces to the
A'-homotopy category of smooth R-schemes, 7 (R). Thus, we can take the right
derived functor Rp, to be p,. We have proved that for a topological space S, the
simplicial presheaf p,(.S) is homotopy invariant (4.2.3), it has BG-property (4.2.5
and 4.2.7), and it is A'-local (4.2.11). Then we have defined the functor p* in 4.3.2
and proved that this is left adjoint of p, in 4.3.3. In 4.3.7 we have defined it’s left
derived functor Lp*.

The results in this chapter are basic for understanding the realizations of the

hermitian K-theory. In the next chapter we have commented on these realizations.

4.1 The Set of Real Points of a Smooth
R-Scheme

Definition 4.1.1 (Real and Complex points of a R-scheme). Let X € Sm/R be
a smooth scheme over R. A point x € X is called a real point of X, if the function
field k() of x is isomorphic to the field R of real numbers. The set of all real points
of X is denoted by Xg. Similarily we have the complex points, the set of complex

points of X is denoted by Xc¢.
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We will now invesitgate the set of real points of a smooth scheme over R, and
describe a topology for it. First assume that X = Spec(R[TY, ..., T/ (f1, .., fm))
is affine R-scheme (we are not assuming smoothness of X right now). Then we can
identify the set of real points of X with the set of common zeros of the polynomials

f1y -y fm in R™: Since a real point of X corresponds to a commutative triangle

Spec R —— Spec (R[T1, ..., ] /{f1, ., fmm))

Idl /

Spec R

whence all real points of X are in one to one correspondence with the set of all R-
algebra homomorphisms R[T7, ..., T,,|/{f1, ..., fm) — R, which precisely is the zero

set of polynomials fi, ..., f,, in R™. Therefore,

Lemma 4.1.2. In case X is an affine R-scheme, the set Xg of its real points is a

closed subset of an Euclidean space R™ for some positive integer n.

With this defintion of the space of real points of an affine R-scheme X, we next
claim that the topology of Xg does not depend on the ring used to represent the
affine scheme: To see this, suppose an affine scheme X is considered as spectrum of
two rings R[TY, ..., ] /{f1, ..o, fm) and R[SY, ..., S;]/{g1, ..., gs). Then these two rings
would be isomorphic, and using the ring R[T}, ..., Ty, S1, ..., S;|/Z, where T is an
ideal of R[T, ..., T, Sh, ..., S;] and isomorphisms of the rings R[T7, ..., T,.] /{f1, .-, [m)
and R[Sy, ..., S:]/{(g1,...,9s) into this new ring R[Ty,..., T}, 51, ..., S;]/Z obtained
from the two rings by adding some more variables, we can assume that the two rings
in different representations of an affine scheme vary only in number of vairables
in the sense that one of starting with a ring, the other one is obtained by adding

some more variables (and some relations).
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So let us assume that X = spec A = spec R[11, ..., T,,|/Z = spec R[T, ..., Tp,, S1, ...

Sm]/JT. Then we have the following commutative diagram of rings:

surj

A

R[T}, ..., T,]

p
[}

R[Ty, ..., To, S1, .y Sin]

where the vertical homomorphism p is defined by T; — T;, and S; — p;(T1, ..., T»,),
p;’s being polynomials determined by the image of S; under a. Note that we have
many choices for the polynomials p;’s, but the point is that there is at least one such
choice available, making above diagram commute. This diagram of commutative
rings gives rise to the following diagram of real points of the corresponding affine

schemes

(Spec A)g — R™
P
Rn+m
in which all the three maps are closed immersions: the vertical map is (z1, ..., x,) —
(X1, ooy Ty P1(T1y ooy T )y ooy Din (21, -y ) ) (Which can be checked to be a closed map
by the limit point criterion for closed sets using the fact that polynomials are
continuous maps). This means that the topology of (Spec A)g as a closed subset
of an Euclidean space is well defined.

Next, we claim that the construction of sending an affine real scheme to its
space of real points is a functor from the category of affine real schemes to the
the category of topological spaces, for which we need to prove the continuity of
the induced map on the space of real points for a map of affine schemes. Let

a : Spec B — Spec A be a map of affine schemes. We can represent this situation
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in the diagram

A B

! !

R[X1, ..., Xn] —R[Xq, ..., X0, Y1, .., Y2l
in which the lower horizontal map sends X; to X;. After taking the real points this

diagram gives us the following maps:

(Spec A)r <“— (Spec B)g

L

Rn Rn—i—m

in which the diagonal map is continuous being composition of the right vertical
closed immersion and the lower horizontal projection. This will prove continuity of
the map «, since the diagonal map factors throught o and the left vertical closed
immersion.

For a general R-scheme X such a topology coming from Euclidean spaces on its
set of real points can be given by using an open affine cover (X, ) of X, and using
the topologies of X,,’s as described above to get a basis for the topology of Xg:
To be more explicit, a real point x € X lies in some open affine set X, of X, and
hence a basic open neighborhood of the point x in this topology would be an open
neighborhood of the point = in the Euclidean topology of X,,,.

We will use this topology on the set of real points of R-schemes in rest of the

work. For smooth R-scheme X the topological space X is in fact a C*°-manifold:

Lemma 4.1.3. For a smooth scheme X € Sm/R, the topological space Xgr of real

points of X is a C'*°-manifold.

Proof. For smooth R-schemes, the space of real points is locally a zero set of a
finite set of polynomials in some polynomial ring R[7}, ..., T;,] whose jacobian has

maximal rank. Therefore, it’s C*°-manifold by implicit function theorem. O

79



4.2 The Functor p, and Some Properties

Definition 4.2.1 (The functor p,). The functor p, : Top — A’PShv(Sm/R)
sends a topological space S to the presheaf of simplicial sets Map (Sing —g, Sing
S), and sends a continuos map to the one induced on presheaves defined above;
where Ging : Top — A%Set is the singular simplicial set functor, and for a given
simplicial set 7, Map (Sing —g,7) is the functor that sends a smooth scheme
X to the internal mapping simplicial set 9MMap (Sing Xg,7) (usually we will drop
‘internal’” and call it just the mapping simplicial set, see reference in the note

below).

Remark 4.2.2. For the sake of completeness let’s recall the definition of the internal
mapping simplicial set (this has been called the function complex in reference
cited here) [GJ, sec. L.5]: For two given simplicial sets X and Y, its a simplicial
set denoted by Map (X,Y) (written as Hom (X,Y) in [GJ]) and having the
set Hompaorger (X X A™Y) as its set of n-simplices, and the boundary and face
maps induced by those of the standard cosimplical simplical set defined using the

simplicial sets A" = Homcai(—,n) (A" is called the simplicial n-simplex, n > 0).

Lemma 4.2.3. For a smooth scheme X and a topological space S, the map
pu(S)(X) = pu(S)(X x AL)

induced by natural projection is a weak equivalence of simplicial sets.

Proof. Lemma follows by noting that for any R-scheme X, (X x Al)g = Xg x R;

and, the map induced by the projection X x A! — X is the natural projection. [
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Definition 4.2.4. A cartesian square of R-schemes (that is, pullback square in

the category of schemes)

—_

w V
T
U

i x
is called a Nisnevich square or a distinguished square, if ¢ is an open immersion and
p is a étale morphism of schemes such that the induced map (V — p~1(U))eq —

(X — U)peq of reduced schemes is an isomorphism.

Definition 4.2.5. A simplicial presheaf X € A’ PShv(v) is said to have Brown-
Gersten (BG) propery, if for every Nisnevich square (x) in the definition 4.2.4, the

square X(x) below is homotopy cartesian

x | J

X(U) —— X(W)

and, X(¢) = pt.

Lemma 4.2.6. Assume that a simplicial presheaf X has BG-property and, for
every X € Sm/k the natural projection X x A — X induces a weak equivalence
of simplicial sets X(X)=>X(X x A'). Then X is Al-local. Also, for every T €
A?PShv(v),
%, X =[5, Xl e vis) = [%, X (gtobar) -
Proof. Let ~ denote the equivalence relation of Nisnevich simplicial homotopy.
Then
(X, X]w(visy = Homaer psno(smi) (X, Xnis,fin)/ ~

where Xnis, i 15 @ Nisnevich fibrant replacement of X. But
Homaer psho(sm /i) (X, Xnis,fin)/ ~ = To(Xnis, rin(X)),
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which by definition equals 7o(X(X)). From the assumption on weak equivalence of

simplicial sets X(X)>X(X x A!), we also have that
mo(X(X)) = mo(X(X x A1),

which by a similar computation equals = [X x Al  X] #(k)- This proves that X is
Al-local. (It should be noted that we have not used the assumption that X has
BG-property).

The later half of the lemma follows from results in [MV99] once we know that

it’s true for representable ones. O
Lemma 4.2.7. For any topological space S, p.(S) has BG-property.

Proof. We need to prove that given any distinguished square (x) as in the definition
4.2.4, the square p,(S)(x) below

Map (Sing Xg, Ging §) —— Nap (Sing Vg, Ging 5)

| |

Map (Sing Ug, Sing §) —— Nap (Sing Wk, Sing 5)

is homopty cartesian. This will follow from the fact that the square (*g):

;K
'R

WR—> VR

(*R> lpﬁ J/P]R

UR i—R>XR

is homotopy cocartesian, which we prove in lemma 4.2.10, and from the facts listed

below with some justifications and references for the same

1. The functor Ging takes homotopy cocartesian squares of topological spaces
to homotopy cartesian squares of simplicial sets, since its part of a Quillen

equivalence, and
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2. The functor Map (—, 7 ) treated as an endofunctor of the category of simplicial
sets, takes a homotopy cocartesian squares to a homotopy cartesian squares
when 7 is a Kan simplicial set: In our case the simlpicial set Ging S is a Kan

simplicial set.

]

Let’s recall a result on weak equivalences of topological spaces from [DI04,

corollary 2.3].

Lemma 4.2.8. Let f: X — Y be a map of topological spaces, and let % = {U,}
be an open cover of Y such that for all finite set of indices o, f~ U, — U, is a

weak equivalence. Then f: X — Y is also a weak equivalence.

Lemma 4.2.9. For a Nisnevich square (x), the square (xr) is bicartesian, that is,
1t 1S a
1. pushout (i.e., cocartesian) square, and hence there is a homeomorphism from

the quotient space Ug HW]R VR to the the topological space Xg.

2. pullback (i.e., cartesian) square, and hence there is a homeomorphism of topo-

logical spaces (U X x Vg ~ Ur X x, V&

Proof. (1) First observe that the map Ug [[ Vg — Xg is a local isomorphism and
surjective, since it is the map of real points of an étale map. Hence, it is a topological
quotient map. Also, the map Uy HWR Vr — Xg is bijective and continuous. This
gives us a sequence of compositions Ug [[ Ve — Ur HWR Vr — Xg in which the
first map is a quotient map and so is the composition. Informations in the last two
sentences prove that in fact the map Uy HW]R Vk — Xg is also open, and hence a
homeomorphism.

(2) It suffices to prove the lemma in case all the schemes U, V and X are affine, with
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closed immersions Xg — R", and Vg — R™, for some non-negative integers n, m,
Ug being an open set of Xg. There is a natural map (U X x V)g ——> Ug X x;, Vi ;
this map is also a bijection (follows simply by recalling that the domain of this map
is in bijection with all the possible factorizations of the identity map of Spec R

as Spec R — U xx V — Spec R. Appropriately modifying rings representing the

schemes under consideration, we can fit the map « into a commutative triangle

(U Xx V)]RLU]R X Xp VR

L

Rn—l—m

where the vertical map is a closed immersion defining the topology of the space of
real points of the scheme U x x V', and the map j is the obvious inclusion map.
With these notations, note that j is also a closed immersion, since it is pullback
of the closed immersion the diagonal map A : Xg — Xg x Xg in the following

pullback square

(U Xx V)]R —>Ur X xp VR

L,

XR X]R X XR

proving the required homeomorphisms. O

Lemma 4.2.10. For a distinguished square (%), the square (xg) mentioned in the

lemma 4.2.7 1s homotopy cocartesian.
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Proof. This is proved by showing that the map « in the diagram below induced

from the inner homotopy pushout square is a weak equivalence.

Wr VR

.

which in turn will follow from the assertions below, lemma 4.2.8 cited above and

Xr

induction
1. In the square (xg), if either pg or ig has a section, then « is a weak equivalence;

2. «a is a weak equivalence if p (for any open immersion 7) is an open immersion;

and

3. there exists a finite open cover {X,} of X such that in the following two
squares, the squares (*,) are Nisnevich squares; and for the the squares (x,,),
at least one of the pevious two assertions holds good. Where p|x, and i|x, are
written simply as py and 7, in the diagram on the right:

Sk

. i
W|X)\ 2 V|XA WR|U>\ - VRlU)\

lpi (*x) lPA lp;R (oag) lpm

UNXy, —2— Xy UpNUy —%s Uy,

To complete the proof of this lemma we need to verify these three facts stated
above. For the first fact, since the bicartesian square (xg) is homotopy cartesian
when V' — X has a section: Because, this section induces a section of W — U

such that the diagram on left

Up —— Wgr Wr — Vg
Xr— W Wr — W&
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commutes, and this diagram is retract of the diagram on the right. But right
diagram is homotopy cocartesian, and so would be the retract diagram on the left.
Then in the diagram

Ur Wr Ur

Lol

Xp——= Vg ——=Xp

the outer square and the one on the left are both homotopy cartesian. Therefore the
square on the right would also be homotopy cartesian. This proves part (1) of list of
claims. For the second assertion when p is an open immersion (just a reminder that i
is always an open immersion), we note that in this case the space Xg is the quotient
of two of its open subsets Vg and Ug, obtained by gluing them along the common
open set UgNVr = Wg. Also, recall that a homotopy colimit object of the diagram
(*g) can be taken to be the topological space Ug ]_[pi(l x Wg) Hiﬂi Vi, where [
is the unit interval [0, 1], and [] denotes the the mapping space topological space
along the indicated map, and here we have used the two ends of the topological
space I x Wg to get and glue the two mapping spaces. To prove that the square (xg)
is homotopy cocartesian, we prove that the map denoted by a and induced by the
diagram (xg) , namely, a : Ug Hp%(f x Wr) Hii Ve — Xg is a weak equivalence.
Since the space Ug ]_[pﬂ,%(]x Wr) Hiﬁi Ve = [(UrU(WrxI)) [T (VRU(WRXI))]/ ~,
where in the space (Ug U (I x Wg)), Wr C Uy is identified with {0} x Wg; and
in the space (Vg U (I x Wg)), Wg C Vg is identified with {1} x Wg; and, the
quotient relation ~ identifies the two copies of I x Wg collapsing the unit interval
I. Then « is the map which collapses the I x Wg to Wk, and therefore, it is a weak
equivalence. The final (namely, the third) assertion follows from the fact that étale
maps are local isomorphisms, so we get such an open cover of X. This completes

proof of the lemma. O
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Lemma 4.2.11. For every topological space S, the presheaf p.(S) is Al-local, and
for every presheaf § in A PShv(Sm/R)

8, ()] 0,0y (a0 Pshow)) = [85 () Hopyiapay (aor PSHOW)-
Proof. Follows from lemmas 4.2.3, 4.2.6 and 4.2.7. [

Lemma 4.2.12. For every weak equivalence f : S — T of topological spaces, the
natural map of presheaves

fe: Map (Ging —g, Ging S) — NMap (Ging —g, Sing T)

is a global weak equivalence, and hence a simplicial and an A'-weak equivalence.

Proof. we need to prove that
fv : Map (Sing Xg, Ging ) — Map (Sing Xg, Sing T')

is a weak equivalence of simplicial sets for every smooth real scheme X. This follows

by noting that

1. every weak equivalence f : S — T of topological spaces induces a simplicial

weak equivalence of simplicial sets Ging f : Ging S — Ging T'; and

2. the internal mapping simplicial set functor, Map(IC, —), where K is a simplicial
set, sends a simplicial weak equivalence of simplicial sets to a simplicial weak

equialence of simplicial sets.

]

Rephrasing the contents of above lemma by saying that the functor p, : Top —
A’ PShu(v) sends weak equivalences of topological spaces to global weak equiv-
alences of simplicial presheaves, and since, the global weak quivalences of sim-

plicial presheaves are also simplicial as well as A'-weak equivalences, we find
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that this functor p, defines well defined functors on the associated homotopy
categories (again denoted by p,.) in the string of compositions of functors in-
duced by localizations as described below: p, : HoT'op — Hogiopa) AP PShv(v) —
Honig AP PShv(v) — Hopun AP PShu(v).

Though we will define the left adjoint of the functor p, in 4.3.2, let us prove
the following corollary assuming that such a left adjoint has been defining. In this
corollary the functor Lp* denotes the left derived functor of p* (which has been

explicitly defined in the next section in 4.3.7).
Corollary 4.2.13. The left adjoint Lp* of the functor:
ps : HoTop — Hojgiopay AP PShu(v)

sends the Nis-, and A'-weak equivalences to weak equivalences of topological spaces.
In particular, it induces the left adjoint of p, for all the three functors p, : HoTop —
Hoioba) A? PShv(v), p. : HoTop — HopigA®PShv(v) and p. : HoTop —
Hoy)A?PShu(v).

Proof. This corollary will follow if we show that the left adjoint Lp* : Hojgiopaj A% P
Shv(v) — HoTop sends Al-weak equivalences of simplicial presheaves to weak
equivalences of topological spaces. Let a morphism o : X — Y of simplicial
presheaves be an Al-weak equivalence. We want to prove that the map Lp*(«) :
Lp*(a)(X) — Lp*(a)(Y) is a weak equivalence of topological spaces. Since we are
defining Lp* as the left adjoint of the functor p,, we have the following commutative
diagram for every topological space T":

nat isom

Hom gro7op(Lp* (X), T) Hom o,,up000 psioiy (X5 £5(T))

le*(a) la

HomHoTop(Lp*(y)y T) M HomHO[global]A"PPShv(u)(ya P*(T))
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We have proved in 4.2.7 that p,(T) is Al-local and hence ayg : Hom mro,1, i

aorpsho) (X, p(T)) — Homp,, | A%P PShu(v) (Y, p«(T)) is bijection by our as-

nis—simpl
sumption that « is an Al-weak equivalence. Therefore, using lemma 4.2.6 we see
that @ = aus is isomorphism, we see that Lp*(«) : Hompere,(Lp*(X), T) —
Homporo,(Lp*(Y), T) is also an isomorphism. This would mean that the induced

map Lp*(«) : Lp*(X) — Lp*(Y) would be a simplicial weak equivalence and hence

a weak equivalence of topological spaces as desired. O

4.3 The Functor A”PShv(Sm/k) LN Top

Having discussed the functor p, in some details now we turn our attention to
defining its left adjoint p* and then it’s left derived functor Lp*. Since any presheaf
on v is a colimit of representable presheaves, writing a presheaf F € PShv(v) as
a colimit F = colimy, ,rX;, where X, is a smooth real scheme in v, we observe
that since p* is a left adjoint when defined, it should preserve colimits, and hence
it suffices to define p* : A’ PShv(v) — Top for the representable presheaves, that
is, we need to define p* X only, for a smooth scheme X € v. For a smooth scheme
X € v and a topological space S € Top, consider the following computations:
Homaor pshow) (X, pS) = Homaer psne) (X, Map (Sing—g, Sing 5))
= (Map (Sing—, Sing S)(X))o = set of 0 — simplices
( [MV99], page 47, a property of S(—, —))
= Homporse:(Sing Xg, Sing S)
= Homyp,,(|Ging Xg|, S)
From this computation, we see how to define p* for representable presheaves: If
X is a smooth scheme in v, we define p*X = |GingXg|. Since the topological
realization functor | | is a left adjoint (to the Ging functor), it commutes with

colimits, and we define
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Definition 4.3.1. For a general presheaf F with F = colimy, X
p*]: = COliIIlXi_>_7:|Gil‘lg Xi]R| = |COliII1XZ._>]:Gi‘ﬂg XiR|

To define the map induced by a map of presheaves, observe that given a map
of presheaves ¢ : 7 — G with F = colimy, .zX; and G = colimy, .gY}, we get
compatible maps X; — Y for each 7 and each j, by composidering the action of
the composition X; —= F ——=G on the scheme Y}, giving us the continuous

map induced by ¢ in Top.

Given a simplicial presheaf F = (F,,) € A?PShv(v), note that the simplicial
topological space (p*F,)n>0 is ‘good’ [S74, Appendix]. In view of this note, we

make the following defintion of the functor p* for a general simplicial presheaf:

Definition 4.3.2. The functor p* : A PShv(v) — Top is defined by sending
a simplicial presheaf F = (F,) € A®?PShv(v) to the topological space |n
p*Fnl, where for the simplicial topological space (p*F,),>0 we take its realization

as defined in [S74, Appendix].

The functor p* defined just now is in fact the left adjoint of the functor p., as

proved below:

Lemma 4.3.3. The pair of functors (p*, ps), p* : A?PShv(v) = Top : ps, form

an adjoint pair, p* being the left adjoint and p, the right adjoint.

Proof. Consider the sequence of natural isomorphisms below for a simplicial presheaf
F = (F,) € A?PShv(v) and a topological space S € Top:
Homrop(p*F, S) = Homrep(In +— p*Fnl, S) = Hompaowse(n — p*F,, Ging S)

O

Having defined p*, we now discuss its left derived functor Lp* : Hojgopa A% PShv

(v) — HoTop. First we define Lp*X for a smooth real scheme X € Sm/R, con-
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sidered as the constant simplicial presheaf. We must have Hompgyro,(Lp*X, S) =

H OMU o)y AP Psho(v)(X, Rp.S). By means of following canonical isomorphisms

Hom o, a0 Pshow) (X, RpxS)

= HomHo[global]AOPPShv(u) (X, Map (Ging—p, Sing 9))

= mo(Map (SingXg, Sings) (see remark 4.3.4)

= Homporge:(GingXg, GingS)/ ~ (where ~ refers to simplicial homotopy
relation between two simplicial sets)

= Homgqop(Xgr, S)/ ~ (where ~ refers to simplicial homotopy relation
between two topological spaces)

= Homyy,(|GingXg|, S)/ ~

= Homporep(|SingXg|, S)

Remark 4.3.4. There exists a model category structure on the category A% PShv(v),
in which every Kan fibrant simplicial set determines a fibrant object, the repre-
sentable objects are cofibrant, and weak equivalences are the global weak equiva-

lences.

Remark 4.3.5. Before we formally make any definition based on above computa-
tions with hom-sets, we first extend this computation: For that purpose, let us
remind ourselves of a way of viewing the representable simplicial presheaves: A
representable simplicial presheaf is given by a simplicial ‘scheme’ X = (X,), where
each X, is an union of smooth real schemes in Sm/R: As a caution we should keep
in mind that such an union might sacrifice some finiteness properties of smooth R-
schemes. Thinking of a representable presheaf X, as a constant simplicial presheaf,

we have X = colimpaoer X,,—hocolimaer X,,. Since Lp* is intended to be a left adjoint,
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it must satisfy the relations of the kind

Lp*X = Lp*(hocolimaer X;,) = hocolimaer Lp* X, = hocolimaer |Sing X,

o

Now the above computation extends as follows:

Hompo,, 800 PSho(r) (X, BpaS)

= Hom oy, a0 PSho(v) (X, i)

= HOmHO[global]AopPShv(V)(COlionan, p«S)

= Hompyrop(Lp*(colimaor X,,), S)

= Hompgorep(colimaer Lp* X,,, S)

= Homporep(hocolimaer Lp* X, S) since Lp*X,, is ‘good’ (see remark

4.3.6 below)

= Hompyorop(Lp*%, S).
Remark 4.3.6. For a representable simplicial presheaf X = (X,,), the simplicial
topological space (Lp*X,,) is good [ [S7T4]AppendixA].

Above remark proves the canonical bijection of hom-sets through Lp* and p, =

Rp, as an adjoint pair for representable simplicial presheaves on v. Therefore,

Definition 4.3.7. For a smooth real scheme X € Sm/R, considered as a constant
simplicial presheaf, we define Lp*X = |SingXg|. And, for a representable simplicial

presheaf X = (X,,) using lemma 4.3.6 we define
Lp*X = hocolimaer |&ing X, | =colimaer Lp* X,

For a general simplicial presheaf § € A’ PShv(v), consider the weak equivalence
O (F)=F discussed in [MV99, remark 1.17 p. 53], here we have denoted by R the
class of all representable simplicial presheaves: This weak equivalence can be used

to define Lp*(F) for a general simplicial presheaf §.
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Theorem 4.3.8. The pair of functors Lp* : Hogiopay AP PShv(v) &= HoTop : Rp,

defined in this section form an adjoint pair of functors.

Proof. Follows from [MV99, remark 1.17 page 53] and the computations in remark

4.3.5. [l
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Chapter 5

A Revised Proof of the
Al-Representability Theorem

5.1 Introduction
This chapter contains a complete proof of the representability theorem without any
reference to the contents of the first four chapters as mentioned in the introduction.

In section 5.2, we have defined the orthogonal Grassmannian GrQO as an open
subscheme of the Grassmannian scheme. In section 5.3, we have recalled the defin-
tion of hermitian K-theory presheaf KO and defined a map A : GrO — KO from
the orthogonal Grassmannian into the hermitian K-theory. In section 5.4, we have
identified the my presheaf of the singular simplicial presheaf GrOA® of GrO with
the singular simplicial presheaf of Grothendieck-Witt groups in theorem 5.4.15.

In section 5.5, we have studied the classifying space of the orthogonal group
O(H™). In proposition 5.5.2, we have idetinfied it with the connected component
of 0 of the hermitian K-theory. We have defined the Stiefel presheaf in 5.5.4 and
proved that it is contractibility in theorem 5.5.7. The Stiefel presheaves are analogs
of the Stiefel manifolds in topology. Using this theorem, we have been able to
identify the classifying BO(H™) of orthogonal group with the subpresheaf of GrO
consisting of the hyperbolic spaces in proposition 5.5.10.

In section 5.6, we have provided the global sections of GrOA® with an operad
structure which makes them H-spaces. As pointed out in remark 5.6.4, this op-
erad structure gives us a choice of orthogonal sum of symmetric bilinear spaces in
GrOA® and the map A : GrO — KO becomes a H-space map with respect to the

H-space structure of hermitian K-theory given by orthogonal sum.
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In section 5.7, we have proved that the map A : GrO — KO from GrO to the
hermitian K-theory is an Al-weak equivalence. We have proved in theorem 5.7.1
that the map h induces a map of global fibrations GrHA®* — GrOA®* — woGrOA®
and | KOy | — |KOA®| — mGWA®. In theorem 5.4.15, we have identified the
o presheaf of GrOA® with the my presheaf of hermitian K-theory which is the
presheaf of Grothendieck-Witt groups. And in proposition 5.5.10, we have identified
the fibers of these two fibrations via the map induced from the map A. The fact that
h is a map of group complete H-spaces now finishes the proof of the representability
theorem.

In the last section we have made some observations regarding some extensions

and applications of this result.

5.2 Orthogonal Grassmannian GrO

First we will recall the definition of the Grassmannian scheme! Gr over a field F
which represents the algebraic K-theory in the Al-homotopy category of smooth
schemes [MV99, thm 4.3.13 p. 140, prop 4.3.7 p.138]. Then we will define an open
subscheme of Gr denoted by GrO: We have called GrO the orthogonal Grassman-

nian.

Definition 5.2.1 (Grassmannian Scheme). Let V' be a F-vector space of dimen-
sion n, denote the corresponding rank n trivial bundle over Spec F' also by V. The
contravariant functor Xy from F-schemes to sets sending a F'-scheme T’ 2 Spec F
to the set Xy (T') of rank d subbundles of the pullback bundle Vr = t*V is rep-
resented by a scheme Gr(d, V). We will denote the pullback of V' to Gr(d, V) by
Ve unless it is necessary to specify d and V. There is a universal rank d subbundle

Ucr C Vg over Gr(d, V) with the property that for any F-scheme T there is a

1We may sometimes call scheme what is actually just an inductive colimit of schemes.
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bijection between the of F-morphisms from 7" to Gr(d, V') and the set of rank d

subbundles of Vi given by
f = f*UG’r - f*VGr

[DG80, chap 1, sect 1.3, 2.4] and [K69, sect 1]. Let Gr(V) be the F-scheme
[T40 Gr(d, V). An inclusion of vector spaces V' C W defines a natural trans-
formation of functors Xy — Xy and closed immersions Gr(d, V) C Gr(d, W)
and Gr(V) C Gr(W); if V is infinite dimensional we define Gr(V') as the colimit
over over all its finite dimensional subspaces. In particular, we have the scheme
Gr(F®) for the infinite dimensional F-vector space F*°; and, for r > 0, the scheme
Gr(F" @ F>) for the vector space " & F>. There are maps Gr(F"™ @& F'*) —
Gr(F™' @ F>) — --. corresponding to the direct sum of a copy of F' for the new
standard basis element F" @ F*° — F"1 @ F°°. The colimit Gr of this system is

the Grassmannian over F'.

Definition 5.2.2. Let R be a F-algebra. Recall that the hyperbolic form on R™
can be described as follows: Let hy be the 2-square matrix (¢ }). For two matrices
a and b let alb denote the matrix (*,), where a vacant spot has the entry 0.
The hyperbolic space H™(R) (which we will usually write as just H™) is the free
R-module R*™ together with the standard hyperbolic form given by the matrix
hpm = hiL--- Lhy (m copies) [K90, Ch. I]. A map of rings R — S induces a map
hyperbolic spaces H"(R) — H"(R)® S ~ H"™(S). We have the presheaf H" of sets
on Sm/F given by X — H"(I'(X, Ox)) and inclusions of presheaves H" «— H"*!
induced by the isometric embedding H"(R) ¢ H"™(R) = H"(R)L H(R). The

presheaf H* is the colimit of H™ over n.

Definition 5.2.3 (Orthogonal Grassmannian). Let (V,¢) be a non-degenerate

symmetric bilinear form space of dimension n over F' (we will generally omit ¢ from

96



the notation). On the bundle Vg4 vy we have the induced form ¢ : Vg, vy —
Véravy and the map ¢lug, © Ugr — Ug,. The scheme GrO(d, V) is the non-
vanishing section of the rank 1 sheaf JZome, (4 v)(AUgr, ANUE,) of the global
section A%(@|p,, ); it is an open subscheme of Gr(d, V). Denote the pullback of V
to GrO(d, V') by Vgro(a, vy and similarly the pullback of Ug, by Ugro, vy (usually
we will omit (d, V') from notation for simplicity). Analogous to the case of the
scheme Gr(d, V) for every F-scheme T there is a bijection between the set of F-
morphisms 7' =N GrO(d, V') and the set of those rank d subbundles of Vi on which

the form ¢ restricts to a non-degenerate form given by

[ = f"(Uaro) C [ Varo

Let GrO(V) = [];5,GrO(d, V). An isometric embedding (V, ¢) — (W, ¥) de-
fines a natural transformation of the functor of points of the schemes Gr(d, V)
and Gr(d, W) and hence a map of schemes Gr(d, V) — Gr(d, W). We have an
isomorphism (WGT@ wy)ard, vy ~ Wera, vy of the pullback bundles and under this
isomorphism the pullback of the canonical restriction ¢|Uar0( W) UGrow,wy —
Ubrora,wy 18 ¢’UGr0(d,V) t Ugrow,v) — Ugomp,v)- Thus, we have the induced
maps GrO(d, V) — GrO(d, W) and GrO(V) — GrO(W). If (V,, ¢,) is an in-
creasing system of non-degenerate symmetric spaces with colimit V', we define
GrO(V) as the colimit over GrO(V,). In particular, denote by GrO(H>) the
colimit of GrO(H") — GrO(H™)(n > 0) induced by the standard isometric
embedding H" — H"'!; and, for every r > 0, by GrO(H" L H*®) the colimit
of GrO(H" L H") — GrO(H"L H"™') induced by H" L H® — H"1 H""'. As
in the case of Grassmannian, for all » > 0 there are maps GrO(H" L H*) LN

GrO(H™! 1 H*) corresponding to the orthogonal sum of a hyperbolic plane for

the extra basis element: More precisely, on functor of points this map sends a
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direct factor V' C (H" L H*)(X) to H1V C (H™™' L H*)(X). The orthogonal

Grassmannian GrO is the colimit over r of the system
GrO(H" L H*®) 25 Gro(H™ L H>) 25 ...

5.3 Hermitian K-Theory Ppresheaf KO and the
Map GrO " KO

In this section we precisely define the hermitian K-theory presheaf KO and then
define a map h : GrO — KO. We will prove in theorem 5.7.1 that this map is an
Al-weak equivalence.

Recall from [G76] that given a symmetric monoidal category C there is a category
C~!C, called group the completion of C, whose objects are pairs of objects of C and
whose morphisms are defined in [G76]. There is a functor C — C~!C called the

group completion sending an object X € C to the pair (0, X).

Definition 5.3.1. Let V' = (V| ¢) be a non-degenerate symmetric bilinear form on
an F-scheme X, that is, a vector bundle V' on X together with a non-degenerate
symmetric bilinear form ¢ on V. Let Sy be the category whose objects are finite
rank subbundles of V' on which the form ¢ restricts to a nondegenerate form. These
subbundles will be direct factors of V. The morphisms in Sy are given by isometries.
An isometric embedding V' — W gives a full embedding Sy — Sy of categories
where a subbundle of V' is considered as a subbundle of W via the embedding
V — W.If V is a colimit of a direct system of non-degenerate symmetric bilinear
forms (V,, ¢o), we define Sy as the colimit of the categories Sy, . For the standard
hyperbolic space H*°(X) on X [S10] we thus have the category Sge(x) which we
will also denote by Sx. The category Sx is equivalent to the category of inner
product spaces over X that can be embedded in H*°(X) and thus has a symmetric

monoidal structure given by orthogonal sum, and § is a presheaf of categories on
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Sm/F. In particular, for a ring R the category Sspec g, Which for simplicity will be
written as Sg, is equivalent to the category of inner product spaces over R (that is,
finitely generated projective R-modules with a non-degenerate symmetric bilinear
form) since every inner product space on R admits an isometric embedding into

some hyperbolic space H"(R).

Remark 5.3.2. It follows from definition 5.2.3 that
GTO(V) =0bSy = J%)Sv C JVSV

where ./ denotes the nerve simplicial set of a category and .4 the set of ver-
tices of nerve. Usually the hermitian K-theory is defined as the nerve simplicial
presheaf .4/ S~LS of the group completion of S, and 7 is just the map given by the

composition

GrO(H®) = ObS = NS C NS — N S!S,

See 5.3.5 for a precise definition of A.

To define the map GrO — KO we introduce the presheaves of categories S, for
every positive integer r as follows. The hyperbolic space H" (X)L H*(X) defines a
symmetric monoidal category Sgr(x)1 mee(x) which we will denote simply by S, x;
and, there is a functor &, x AL S,41,x mapping a direct factor & C H"1L H*
to HLE C HLH"1L H® = H™™' 1 H* (it is not a monoidal functor). We have
the presheaves of categories S, which map X — S, x, and the maps of presheaves

S, AL S,+1. The presheaf Sy is what we have denoted by S in the above definition.

Definition 5.3.3 (Hermitian K-theory KO and hermitian K-groups KO;). The

group completion functor defines a map of presheaves of categories S, — S!S,
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such that the diagram

S, S1S, (5.3.1)
lHL Nl(o, H)L

—1
Sr-i—l - Sr+18r+1

commutes, and the right vertical map, which will also be denoted by H.L, is a
homotopy equivalence since all the categories S 'S, are group complete and H L
is given by addition of an element. Denote the nerve simplicial presheaf X +—
N 8718,.(X) by (KO),. The hermitian K-theory simplicial presheaf KO is the

colimit

KO = colimrzo(,/VST’lsr L ,/VS;jlerrl HL oo )

As noted above in this colimit all the maps (KO), — (KO),+; — KO are homo-
topy equivalences. In particular, (KO), as well as KO are both models of hermitian
K-theory. The hermitian K groups, which are also called the higher Grothendieck-
Witt groups, of an affine scheme X are the homotopy groups of KO(X) at the

base point 0 and are denoted by KO;(X).

Remark 5.3.4. The hermitian K-theory presheaf KO defined here is homotopy
equivalent to the one defined in [HO5] in 1.3(1), 1.5 and 1.7 for affine F-schemes
in Sm/F. The corollaries 1.12 and 1.14 in [HO05] prove that for affine schemes in
Sm/F, the presheaf KO is homotopy invariant and it has the Nisnevich-Mayer-

Vietoris property.

Definition 5.3.5 (The Map £ from GrO to KO). The nerve simplicial presheaves

in diagram 5.3.1 and the inclusion GrO(H" LH*®) = S, C A'S, as 0-simplicies
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give us the commutative diagram

GrO(H" LH®) —~— ¥'S, N SIS, = (KO),

e wl |

GrO(H™' L H®) = N 8 p1 —= NS LS80 = (KO) i

Lm H% :im

of simplicial presheaves. Taking colimit over r (and composing horizontally) we get

the map
h:GrO— KO

from orthogonal Grassmannian to the hermitian K-theory presheaf.

In theorem 5.7.1 we will prove that the map # is an Al-weak equivalence, and
therefore, GrO represents the hermitian K-theory in the Al-homotopy category of

smooth F-schemes.

5.4 Grothendieck-Witt Group and 7yGrOA®

In this section we will recall the definition of the singular simplicial presheaf X' A*®
of a presheaf X'. For the presheaf GrO, we will prove in theorem 5.4.15 that the
mo-presheaf of GrOA® gives an isomorphism via the map A to the presheat GWA®
of Grothendieck-Witt groups on affine sections Spec R for regular local rings R
with % € R.

Definition 5.4.1 (Grothendieck-Witt group of a ring). Let /V[7(R) be the monoid
of isometry classes of non-degenerate symmetric bilinear form spaces over R with
respect to orthogonal sum [S85, Chap 2, sec 1]. The Grothendieck-Witt group
GW (R) of R is the group completion of the abelian monoid W(R) The presheaf
W of Witt groups is defined by X — W(F(X, Ox)), and the presheaf GW of
Grothendieck-Witt groups is defined by X — GW (I'(X, Ox)).
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Let us recall the definition of the singular simplicial presheaf FA® of a presheaf
F,see [MV99, sect 2.3.2]. The construction of singular simplicial presheaf is useful
because two naively A'-homotopic maps of presheaves define simplicially homo-

topic maps on the global sections, see the definition 5.4.3 and lemma 5.4.4.

Definition 5.4.2 (Singular simplicial presheaf FA®). Let A® be the standarad

FTo, Ty, T

T T s Let F be a simplicial presheaf

cosimplicial scheme n — A™ = Spec
F'. The singular simplicial presheaf | FA®| of F'is the diagonal of the bisimplicial
presheaf n — FA"™ : X — F(A" x X). If F is simplicially constant then this
diagonal is the simplicial presheaf FFA®. The assignment F' +— | FA®| is a functor
of simplicial presheaves such that the map F' — | FA®| is an Al-weak equivalence,
see [MV99, cor 2.3.8, p. 53|. For a map f : F' — G of simplicial presheaves, we

will denote the corresponding map | FA*| — |GA®| by f.

Definition 5.4.3. Let X € Sm/F be a smooth F-scheme. The two maps of F-
algebras F[T] — TI'(X,0x) given by T — 0 and T + 1 give us two maps of
presheaves ig, i1 : pt = SpecF — A! from the initial object pt of the category
PShv(Sm/F). Let f,g : X — Z be two maps of presheaves on Sm/F. We say
that the maps f and ¢ are naively A'-homotopic, if thereisamap h: X x Al — Z
such that in the diagram
X xpt~X 1o, Z

lxilllxio

X x Al
we have ho 1 xig = f and ho 1 x i; = g. The set of naive-homotopy classes of

maps from X to ) is denoted by [X, V]a1

The following lemma has been used at a couple of ocassions in this article.
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Lemma 5.4.4. Let X x Al % Y be a naive A'-homotopy between two maps

hg, hi : X — Y of presheaves. Then for every F-algebra R, the induced maps
ho, h1 : XAR — YA,
of the singular simplicial sets are simplicially homotopic.
Proof. This follows from [MV99, prop 2.3.4, p 53]. ]

There is a surjective map of presheaves GrO(H>)—s 7} defined by sending
a non-degenerate subbundle & C H* to the class of £ in W. Below we will define

a surjective map W 2, 7 GrO(H>)A® making the diagram

W------- (G 7o GrO(H>®)A®
commute. The following discussion leads us to a definition of  in proposition 5.4.11.
In what follows Gl,, will denote the usual group scheme of the invertible n-square
matrices of the ring of global sections. Let us define the presheaf of isometries of

the hyperbolic space H". We will study this presheaf in detail later in next section.

Definition 5.4.5 (Orthogonal Group). Let V = (V, ¢) be a non-degenerate sm-
metric bilinear space over F. The presheaf O(V') of isometries of V' is defined by
X — O(Vx), where Vx = (Ox ®r V, ¢) and O(Vx) is the group of isometries of
Vx. It V. C W is a non-degenerate subspace of W, there is a canonical inclusion
of presheaves O(V') < O(W) defined by extending an isometry of V' to W via the
identity on the orthogonal complement of V' in W. If V' = (V, ¢) is a symmetric bi-
linear space (possibly degenerate) over an F-vector space V' (not necessarily finite

dimensional), then we set

O(V) = colimy -y O(W)
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where the indexing set runs over all the non-degenerate finite dimensional sub-

spaces W of V.

Remark 5.4.6. If V.5 W is an inclusion of non-degenerate subspaces then we
can describe the map O(V) — O(W) is given by a conjugation: Let V be the
orthogonal complement of V' in W. Denote the orthogonal sum decomposition of
Wby VLV @, by g the inverse of (,7). Then the map O(V) — O(W) is
defined by f + g(fLidy)g~"'. In particular, if g : V = W is an isometry, the map
O(V) — O(W) is given by conjugation with the isomtry g.

Remark 5.4.7. In particular, we have the presheaves O(H™) and O(H®) of groups
of isometries of hyperbolic spaces. For an F-algebra R, the group O(H")(R) can
be described as the group of square matrices M of size 2n with entries in R which
have the property that ‘M h, M = h,,. It is called the orthogonal group presheaf. In
fact, O(H™) is a representable sheaf. The standard isometric embeddings H"(R) —

H" 1 (R) < -+ induce inclusion of presheaves O(H") — O(H" ")

M 0
M —
0 Iy
The presheaf O(H>) =colim,O(H") is the colimit.

For a matrix a defining an automorphism of R", the matrix

defines an isometry of the hyperbolic space H"(R). Varying « this gives a map of

schemes Gl,, — O(H"). By definition the diagram

Spec R
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commutes. If two maps o, 3 : Spec R — Gl,, of presheaves are naively A'-homotopic,
then the maps H(a) and H(3) will also be naively A'-homotopic.

For every positive integer n the map
p: O(H") x GrO(H"™) — GrO(H")

defined by (o, (M, h|y)) — (0 M, h|, ), where h| denotes the restriction of the

form on hyperbolic spaces, is an action of O(H") on GrO(H").

Proposition 5.4.8. Let M,N C H*(R) be two non-degenerate submodules of
H>(R). Assume that M = (M, hjy) and N = (N, hyy) are isometric. Then the

two maps Spec R — GrO(H®™) determined by M and N are naively A*-homotopic.

Proof. There is an m such that M, N C H™(R) C H®(R). Let M, N be the

orthogonal complements of M, N in H™, and denote by i,4,7,j the inclusions

M,M,N,N c H"™(R). So, we have isometries M LM GO gm U9 NN, By

hypothesis, there is an isometry o : M — N. Consider the isometry o of H™ 1L H™

defined by the right vertical matrix in the commutative diagram

() ("17)

H™ 1 H™

M1IMINLN

(0%
1
(e g 0471
1

(1) (7

N——2 s pgm] gm<———"" N | NI MLM.

In this diagram both horizontal compositions are the embeddings into the respec-
tive first factor. Therefore, the isometry o : H*™ — H?™ satisfies (M) = N. Then

the isometry o Lo~ = (7 1) of H¥ under the natural inclusion H?*™ — H%™
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maps M C H*™ to N C H*™. Thus, in the diagram

O(H*™) x GrO(H*™)

Y

Spec R

% \ S
el

O(H'™) x GrO(H*™)

the upper composition is given by M and the lower composition is given by N.

The proof of the proposition is complete in view of the following lemma. m

Lemma 5.4.9. Given an isometry o of H(R") = (R" @ R", h = (1})) the map

oclo1 . . . . .
of presheaves Spec R olo, O(H™ 1 H™) is naively A'-homotopic to identity.

Proof. Let o = (: g ) be the matrix representation of the isometry o. Thus, o is
invertible and ‘o h o = h. From which we get that o~! = (fi :g > Writing explicitly,

we get the following relations among the blocks of o
a'd+py=1, y'6+6'v=a'B+ B'a=0 and

tad+yp=1I, tay+ya="86+8=0.

Consider the matrices

0 0 p
A= Tl b= |
_ty tyg _t3 t§3
I « I 0
ep(a) = , and  eg(—"9) =
0 I —t5 I

1
Let 7 = ( 1 ) be the base-change isometry of hyperbolic spaces given by
1

1

1
H(R")L H(R"™) with the form (1 1> and H(R"® R") with the form (1 ! > .
1

1
Note that 7 = 77!. We have the identity [K90, lemma 4.4.6, p 347|

T(oLo™ )T = X_(A)- H(eiz())- H(ea(—"6)- X4(B)- X_(A)-H(erz())-H (97])
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where for an endomorphism A of R™ having the property A = —!A, the matrices

define isometries of H(R")L H(R"™). This is straightforward to check. The map
Spec R — O(H™L H™) defined by the matrix X (A) is naively A'-homotopic to
identity via the map (%4 %), similarly for X, (B). The maps defined by H(e12(c))
and H(ey;(—'9)) are also naively A'-homotopic to identity via H(ej2(T«)) and

H(ea1(—T"0)) respectively. In the matrix identity

0 —I I 0 I 1 I 0

I 0 -1 I 0 I -1 I

the three maps on the right defined by the given matrices are naively A'-homotopic
to identity, and hence, so is the invertible matrix (9 /) and the isometry H (9 7]).
Thus, all the isometries involved in the product for the isometry 7 (0 Lo~1)7 are
naively Al-homotopic to identity, and hence so is this isometry and the isometry

olo™ 1. O

Let Iso4 be the presheaf X — [so4(X), where Iso4(X) denotes the set of isom-
etry classes of rank d non-degenerate symmetric bilinear spaces over Ox. It is a
subpresheaf of W. The following two corollaries are direct consequences of propo-

sition 5.4.8 in view of lemma 5.4.4.

Corollary 5.4.10. Given a non-degenerate symmetric bilinear form (M, ¢) of
rank d over R, a choice of an isometric embedding M C H*(R) determines an
element in the naive A'-homotopy class [Spec R, GrO(d, H*))a1 . This element is

independent of the choice of embedding and depends only on the isometry class of
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M, and hence 3! map (; : 1soqg — moGrO(d, H®)A® such that the diagram

GroO(d, H®)

T

Isoy a moGrO(d, H®)A®

commutes.
Since W = 11 40 1504 above corollary gives the following map as well.

Corollary 5.4.11. There is a unique surjective map ( : W — 7o GrO(H>®)A®
whose restriction to Isog is the map (g defined in the previous corollary such that

the diagram

W ¢ 0 GrO(H®)A®

commautes.

Remark 5.4.12. For a presheaf X, it’s Al-my presheaf 7T§1X is defined by X +—
[X, X], where | , | denotes the set of maps in the homotopy category of F-smooth
schemes. Let us recall how we identify the Grothendieck-Witt group of a ring R
with W(IJ&IK O(R). Since KO has BG-property and is homotopy invariant for affines,
a fibrant replacement KO — KOy in the model category of Morel and Voevodsky
is a global weak equivalence on affines, [H05]. Thus, in the following commutative

diagram all the maps except possibly the left vertical one are isomorphisms

' KO(R) — 78 KO4(R)
WoKO(R) 4:>7T0K0f(R)
And hence the left vertical map moKO(R) — mf' KO(R) is also an isomorphism.

For every positive integer r, the set of isomorphism classes of objects of the

monoidal category S, r = S, specr defined in 5.3.1 is isomorphic to the set /W(R)
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via the map that sends & C H" L H* to the class of £ in W\(R) Thus, the group

completion S, p — S; éS,,, r used in defining KO in 5.3.3 gives us
KOy(R) = (S, }Sr.r) — GW(R) (V,W)—V —W.

Thus, the 0"-hermitian K-group of a ring is it’s Grothendieck-Witt group.

We have a commutative diagram of presheaves of sets on Sm/F

GrO(H®>)
A/ ¢ \
W o GrO(H>®)A®
o (Il(O)o Wo(K(J/))OAF%

where can is given by the group completion functor that was used in the definition
of KO in 5.3.3, and the map 7y (KO)y — mo|(KO)pA®| is induced by the map

Proposition 5.4.13. The map ( induces an isomorphism on affine reqular sections

Spec R such that R is local and % € R, and therefore it is a Zariski weak equivalence.

Proof. We need to prove that the map /W(R) LU GrO(H*)AY, is an isomor-

phism for a regular ring R with % € R. In the diagram of sets

W(R) R o GrO(H®)AS, (5.4.1)

mo(KO)o(R) = mo | (KO)o A% |

the lower horizontal map mo(KO)o(R) — 7| (KO)g A¥ | is an isomorphism because
of homotopy invariance of hermitian K-theory [H05]. From remark 5.4.12, we see
that the set m (KO)o(R) coincides with the Grothendieck-Witt group of R, and

is the group completion of the monoid /W(R) via the group completion map can.
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Since for a local ring W\(R) is a cancellative monoid in view of Witt’s cancellation
theorem [S85, thm 6.5, p.21], therefore, for local rings the map can is injective. And
hence from commutativity of above diagram we see that the map (g is injective as
well for regular local ring R with % € R. Therefore, ¢ induces an isomorphism for

such regular local rings. O

Remark 5.4.14. The proposition 5.4.13 is true for the restriction map (; from the
presheaf Isoy also, and hence, we have the isomorphism of the associated Zariski
sheaves

Qzar 1504 S, Azar o GrO(d, H>)A®.

The example of Parimala in [P76] shows that in general the map (; is not an

isomorphism before sheafification.

As a direct cosequence of this proposition we have the following important result.

Theorem 5.4.15. For a reqular local ring R such that % € R, the set 1o GrOAY, is
isomorphic to the group mo| KO Ay, | = mg GW A, = GW(R) via the map h. Thus,
the induced map

mo GrOA® LA o | KOAS | = moGWA®

gives isomorphism on affine reqular local sections Spec R with % € R.

Proof. The colimit - - - LA W(R) EEN W\(R) L, ... with respect to adding the

hyperbolic plane is the Grothendieck-Witt group GW (R). Thus, taking the colimit
of the diagram 5.4.1 with respect to orthogonal sum of hyperbolic plane over (KO),

and GrO(H" L H*) (see 5.2.3 and 5.3.3) we get the commutative diagram

GW (R) F 1 GrOAS,

~

o

GW (R) = mo| KOAY,|
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in which the vertical map is identity (see remark 5.4.12) and (g is an isomorphism
by the previous proposition. Thus, the map A : 1o GrOAY, — 19| KO A% | is also

an isomorphism for a regular local ring R with % € R. O]

5.5 The Classifying Spaces BO and BO(H") of
Orthogonal Group

We have defined the infinite orthogonal group O = O(H*) in 5.4.7 as the colimit
O(H") LN O(H"™1) .- given by addition of hyperbolic plane. In proposition 5.5.2
we will identify its classifying space BO with the connected component KOjy of 0
of hermitian K-theory (to be defined in 5.5.1). In the second half of this section in
the A'-homotopy category we will identify the classifying space BO(H") of O(H™)
(see 5.4.7) with the supresheaf Gr(H", H*) of GrO(H®) of those non-degenerate
symmetric bilinear spaces which are isometric to the hyperbolic spaces H" defined
in 5.5.3. For this purpose we have defined the Stiefel presheaves St(H", H*) and
proved in theorem 5.5.7 that they are contractible; this part of argument works

just like the one in topology.

Definition 5.5.1 (Presheaf KO of connected component of 0). Let us denote the

presheaf S, 'S, of categories defined in 5.3.1 by hP,. Let AP be the subpresheaf

of connected component of (0, H") in hP,: An object ((M, ¢), (N, ¥)) of hP,(X)

belongs to the category hP2(X) if and only if (M, ¢) and (NL H", ¢ L h,) are

stably isometric in the sense that they become isometric after addition of an hy-

perbolic space. The maps hP, 0L, hP,+1 given by addition of hyperbolic space
(0,H)L

induce homotopy equivalences of subpresheaves hP) ——— hPY. . The simplicial

presheaf KOy is the colimit of nerve simplicial presheaves

KO (X) = colimyo(- - - Oy (ppoy LI N (hPL,)) O
in which all the maps 4" (hPy) 4 (RPY.,) are homotopy equivalences.
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Let 6(H ") be the presheaf of categories having a unique object and all the
automorphisms in O(H™) as the set of morphisms. For every n > 0, there is a
functor v, : O(H™)(R) — hP? sending the unique object of the category O(H™)(R)

to (0, H"(R)) and an automorphism u of H"(R) to the morphism
((0,0) + (0, H"(R))) " (0, H'(R))
in hP2(R). The diagram

5<Hn) " s hP?
\LHL l(O,H)L

~ Tn+1 n+1

commutes, and hence, taking the nerve simplicial presheaves and colimit we get a
map

7:BO:</I/5—>KO[0].

In the next proposition we will prove that the map 7 is an Al-weak equivalence.

For notations see the definition 5.4.2.

Proposition 5.5.2. The map
v : |[BOA®| — | KO A®

induced by v is a global weak equivalence, and hence the map v is an Al-weak

equivalence.

Proof. In the commutative diagram

BO L~ KOy

lAl |

|BOA®| = |KO A*|
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the map ~ is a global homology isomorphsim, that is, the map of simplicial sets v :
|BOA®| — |KOjgA®| is an homology isomorphism for every smooth F-scheme X as
proved in [G76]. For a more accessible reference one can look at the proof of theorem
7.4 in [S96, p. 152]. Since |BOA%| and |KOjyA%| are both connected H-spaces
with respect to the H-space structure induced from the operad structures discussed
in section 5.6, the homology weak equivalence 7 is a global weak equivalence.

Therefore, the map v is a global weak equivalence. O

Definition 5.5.3 (Presheaves GrO(V, VL H™) and GrO(V, VL H*)). Let V =
(V, ®) be an inner product space and W = (W, 1)) be symmetric bilinear space
(possibly degenerate and infinite dimensional) over F' such that V' is a subspace of
W. For an F-algebra R, let GrO(V, W)(R) C GrO(W)(R) be the set subbundles
of Wg =W ®p R isometric to Vg =V ®p R. The presheaf GrO(V, W) is defined
by X — GrO(V, W)(I'(X, Ox). It is a subpresheaf of GrO(W). In particular, we
have the presheaves GrO(V, VL H™) and GrO(V, VL H®).

Definition 5.5.4 (The Stiefel presheaf St(V, VL H>)). Let V = (V, ¢) be an
inner product space and W = (W, 1) be symmetric bilinear space (possibly de-
generate and infinite dimensional) over F' such that V' is a subspace of W. Let
St(V, W)(R) be the set of isometric embeddings of Vg < Wg, where Vg = V®@prR
and W = W ®p R. We have the presheaf St(V, W) on Sm/F defined by X +—
St(V, W)(I'(X, Ox)). In particular, we have the presheaves St(V, VL H™) and

St(V, VL H*) which will be referred to as Stiefel presheaves.

Note that the set St(H™, H" L H™)(R) can also be described as the set of (2m +
2n) x 2n matrices M with entries in R such that M*h,,,,, M = h,,. The natural map

St(H™, H"1 H™) — St(H™, H" L. H™*1) corresponding to the standard isometric
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embedding H" L H™(R) — H"L H™"(R) is then given by M +— (), where 0 is
2 x 2n size zero matrix. We have the colimit presheaf St(H™, H" L H*).

Remark 5.5.5. We have a free right action of O(V') on St(V, W) by composition:
St(V, W) xOV)— St(V,W), (i,o)—ioo.

The map n: St(V, W) — GrO(V, W) defined by ¢ : V- — W + Im(i), which is a

non-degenerate subbundle of W isometric to V', induces an isomorphism
n:St(V,W)/O(V) — GrO(V, W).

In theorem 5.5.7 we will prove that the Stiefel presheaf St(V, VL H>) is Al-
contractible. Using this result we will identify the classifying space of O(V') with
the presheaf GrO(V, VL H*) in proposition 5.5.10. First, let us recall a general

result.

Lemma 5.5.6. Suppose that a group G acts freely on simplicial sets X and Y
and there is a G-equivariant weak equivalence X — Y. Then the induced map

X/G — Y/G is a weak equivalence.

Proof. We can assume that X — Y is a surjective trivial Kan fibration. We will
prove that X/G — Y/G is a trivial Kan fibration, that is, a lift exists in the
following diagram

A" —= X/G

|

A" ——Y/G.

In fact we only need to prove that there is lift in the following diagram
IA" — X/G

An — o AR
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Since for a free G-space Y the principal G-bundle Y — Y/G = A" is trivial, we

need to construct a lift in the left block of the diagram

OA™ X/G X

L

A" A" A" x G.

id proj

This lift can be constructed by choosing the section of proj given by ¢ — (o, 1)

and constructing a lift for the outer diagram.

The map
OVLH®)—= St(V,VLH®), g¢g—V~Im(gV)—VILH™®

induces an isomorphism

% — St(V, VL H™)
of the quotient presheaf with the Stiefel presheaf. In the following proposition we
will prove that the Stiefel presheaf St(V, VL H*) is contractible by proving that
the inclusion O(H*) — O(VL H®) is an A'-weak equivalence, and hence, the

quotient presheaf % is Al-contractible.

Theorem 5.5.7. The inclusion O(H>®) — O(V L H*) defined in 5.4.7 is an A'-
weak equivalence, and hence, the Stiefel presheaf St(V, VL H*) is A'-contractible.
More precisely, for every F-algebra R, the simplicial set St(V, VL H*®)AY, is con-

tractible.

Proof. See the definition 5.4.2 and the comment following it. We prove that the
inclusion O(H*®)A$%, = O(V_L H®)A$, is a weak equivalence of simplicial sets.

Since the simplicial groups O(H*>°)A® and O(V L H*®)A® are H-groups, it suffices
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to prove that ¢ is a homology isomorphism for affine F-schemes. This is done in

the following two lemmas. O

Lemma 5.5.8. The map H,(1g) : H,(O(H®)A%) — H.(O(VLH™)AY,) is injec-

tive.

Proof. Let ¢ € Hy(O(H*)AY,) such that H,(z)(§) = 0 in Hy(O(VLH>)AY,).
We can assume that there is a positive integer n such that £ is given by the
class of ¢ € H,(O(H™)A%) and H,(1z)(¢) = 0 in H,(O(VLH")A%). Let V be
the orthogonal complement of V' in H™(R) for some positive integer m, that is,
VL1V =H™R). Let VL H" % V1LV L H" be the inclusion, and hence we have a

commutative diagram of isometric embeddings

H"(R) V1 HY(R)
(H™L H")(R)

which induces the following commutative diagram

O(H™)A3, O(VLH")AS,

O(H™L H")AY,.
Thus, we see that the image of ¢ in H,(O(H™"")AY%) is 0. Hence, { = 0 €

Hy(O(H>®)AR). O

Lemma 5.5.9. The map H.(1g) : H(O(H®)AY) — H.(O(VLH®)AY,) is sur-

jective.

Proof. Let £ € H,(O(VLH*®)AY,). We can choose a positive integer n such that

¢ is the image of an element £ € H,(O(V_LH™)AY,).
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We claim that there is an isometric embedding (VL H")(R) LA H™(R) and
an isometry 7 : (VLH™)(R) — (VLH™)(R) such that the following diagram

commutes and conjugation with 7 is naively A'-homotopic to the identity

O(VLH")(R) ——= O(H™(R)) (5.5.1)

lm im

conj T

O(VLH™(R) ™I O(VLH™)(R)

where the map can is the canonical inclusion and conj 7 is the conjugation with 7
defined by g+ 7-g- 771

To verify this, choose an isometric embedding V' — H"(R) and let V be the
orthogonal complement of V' in H"(R). Denote the orthogonal sum decomposition

by (j,7) : VAV = H"(R) and let (}) : H"(R) — VLV be its inverse. The

following diagram commutes
(VLH™)(R)

10 00
00 can ‘R 10
01 01

(VLH"LH")(R)

where o is the isometry given by the matrix (]o j}% 8).

Let o = 0y Lidy be the isometry of the hyperbolic space (V L H" L H* L V)(R) ~
H**"(R). In view of lemma 5.4.9, the isometry 7 = olo™! of H****(R) is
naively homotopic to the identity. Hence, the isometry 7 = idy L 7y of V L H*"+?" =
VL H™, where m = 4r + 2n, is also naively homotopic to identity. The diagram

below commutes

(VLH")(R)—*— H™(R)

(VLH™)(R)—/—= (VLH™)(R)
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and induces the commutative diagram as claimed in 5.5.1 in view of remark 5.4.6.

Therefore, we have a commutative diagram of simplicial groups

O(VLH"AS, — = O(H™)AS,

lm im

O(VLH™AY —"=0(VLH™AS,

in which the map 7 is simplicially homotopic to the identity, see lemma 5.4.4.
Let ¢ = Hy(k)(§) € Hy(O(H™)AL). Then Hy,(ur)(Hy(K)(§)) = Hy(1r)(C)) =
H,(1)(Hy(can)(&)) = Hy(7)(§) = € € Hy(O(VLH™)AY,), since Hy(7) is the iden-

tity. Thus, the map 2 is surjective on homology. O

Proposition 5.5.10. For the O(V)-equivariant projection maps with diagonal ac-
tion on St(V, VL H>®) x EO(V)

St(V, VLH®) &2 St(V, VL H®) x EO(V) Z% EO(V)

in the induced zig-zag of simplicial presheaves

global

Gro(V, VL H®)A® Z2% o 9% BOWV)A®

both the maps are global weak equivalences. Hence, in the A'-homotopy category

we have an isomorphism BO(V) ~ GrO(V, VL H*).

Proof. The O(V)-action on St(V, VL H>), St(V, VLH*®) x EO(V) and EO(V)
is free. Also, both the projection maps are global weak equivalences because of
the global contractibility of St(V, V LH*)A®* (proved in 5.5.7) and | EO(V)A®|.
Therefore, in view of lemma 5.5.6 and remark 5.5.5, taking quotients we get the

required zig-zag

St(V, VLH>®)A® giobat  globat |EO(V)A®|

Gro(V, VL H®)A = === 50 . o

— | BO(V)A*|

of global weak equivalences. Hence, this yields an isomorphism BO(V) ~ GrO(V, VL

H®) in the A'-homotopy category. O
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5.6 An E.-Space Structure on Simplicial
Presheaf GrOA®

In this section we will define an E -operad £A® in the category of simplicial
presheaves on Sm/F, and show that the sections of GrOA® are H-spaces by giving
them F..-space structures. We will also prove that the map f : GrOA®* — | KOA® |

induced from the map defined in 5.3.5 is a H-space map.

Definition 5.6.1 (F..-operad EA®). For a positive integer j and an F-algebra R,
let £(j)(R) be the set of isometric embeddings of (H*L--- LH®)(R) in H>*(R).
This set can be described as the following limit. Let V' = (V4,---,V;) (j > 1) be a
j-tuple of non-degenerate subspaces of H*. Let £Y(j)(R) be the set of isometric
embeddings of (V4L --- LV;)(R) — H*>(R). Note that an isometry in £Y(j)(R)
factors as (V4L --- LV;)(R) — H"(R) — H*(R) for some positive integer m. We
have the presheaf £V (j) of sets on Sm/F defined by X — £ (5)(I'(X, Ox)). For
j-tuples V and V', define V. C Vit V; c V] Cc H®, i =1,--- j. ItV C V',
we have a map of presheaves £Y'(j) — £Y(j) given by restricting an isometric
embedding (V/L--- LV])(R) — (H*)(R) to (ViL--- LV;)(R). The presheaf £(j)
is the limit presheaf
€(j) = Jim V(7).
V=(Vi, V;):V;CH®

In fact, we can restrict ourselves to j-tuples of the form H" = (H"(R),--- , H"(R))
only. Define £(0) = pt. Denote the presheaf £ (j) by £7(j). The symmetric group
¥; acts on the presheaves £7(j) on the right through permutation of blocks as fol-
lows: Let A: (H"L--- LH")(R) — H*(R) be an isometric embedding in £"(j)(R)

and o € X, a permutation. Let ¢, be the isometry

(H' L ... LH)(R) o0 g | | g)(R)
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determined by o. Define Ao to be the composition A o4,. This induces a X -action
on £(j). This action is free: For, if €« 0 0 = avoid = «, then ¢ = id since « is an
isometry.

For positive integers k; ji -, jk, let (0; Ay, -+, ) € (E(k) x E(j1) X -+ X
E(jr)(R)). Given a positive integer r, there exists a positive integer m such that
each \; factors through an isometric embedding (H" L --- L H")(R) 24, H™(R). The
composite isometry § o (A L--- L)) is an element of the set £(j; + -+ + ji)(R).

This defines a map
E(k) x E(j1) x -+ X E(Gr) — E(Jr + -+ + Jir)

(53 Ay ) = 00 (AL LA

giving a ¥;-free operad £ in the category of presheaves on Sm/F. See [M72, def

1.1 p. 2] for the definition of an operad.

Proposition 5.6.2. For every F-algebra R, EAY, = (£(7)AY,) is an Ex-operad.

Proof. To prove this, we need to show that for all j > 0 the simplicial sets £(j)A%
are contractible. Note that each £(j) is isomorphic to £(1) (although not functo-
rially). Thus, we need to prove the contractibility of £(1)A$, only. By definition of
the Stiefel presheaves in 5.5.4, we see that £7(1) is the presheaf St(H", H*) and
E(1)AL = lim St(H", H*)A%. (5.6.1)
r>0
Let O(H*) — O(H®) be the map of presheaves of groups defined by o —
(Zr ). Denote the image of this morphism by O(H™ ) c O(H*). We have in-
clusions of simplicial groups O(H™ " )A% € O(H™ )A% € O(H™)A$,. Since for
an inclusion Hy C Hy; C G of simplicial groups the induced map of simplicial
el

sets H% — 71 is a Kan fibration of Kan complexes, hence, the map of quotient
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presheaves
O(H*)A,  O(H®)AY,
O(H™1H)AY,  O(H™)AS,

(5.6.2)

is a Kan fibration of Kan sets.

The map O(H*®) — St(H", H*®) given by o — (0(H") — H*) induces an
isomorphism % = St(H", H®) such that the map St(H'*', H®) A% —
St(H", H*)AY, in the limit in 5.6.1 is the induced map in 5.6.2. In proposition
5.5.7 we have proved that the simplicial sets St(H", H>)A$, are contractible. Thus,

in the limit 5.6.1 each map is a Kan fibration of contractible Kan complexes, and

hence, the limit presheaf is contractible. O

Now we will define an action of the E,, operad EA® on GrOA®, see the definition
5.2.3 and [M72, def. 1.2, p 3]. Note that the presheaf GrO can also be described
as the colimit

GrO = lim GrO(U™LU)

UCH®>®

where U~ denotes the canonical subspace of H~*° isometric to U, and, the colimit
is taken over all the finite dimensional non-degenerate subspaces of H* as in the

definition of orthogonal Grassmannian in 5.2.3 with respect to maps
GrO(U™LU) - GrO(V~LV), WU, LW

corresponding to subspaces U C V of H*, where U,, denotes the orthogonal
complement of U~ in V.

We need to define compatible maps £(j) x GrO x --- x GrO — GrO. Let
b € E(J)(R) and (V4,---,V;) € (GrO x --- x GrO)(R). Choose non-degenerate
subspaces W; C H*®, i = 1,---,j such that V; € GrO(W,” LW;) (R). Let W =
(Wi, -+ ,W;), then § determines an isometric embedding Wi L--- LW 2 g,

There is a subspace U C H* such that 4 factors as Wi L--- LW; % U c H™. Let
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0" Wy L. LW, — U~ be the isometric embedding induced by ¢ by symme-
try. We have the isometric embedding (‘57 5) WL LW LWL LW —
U~ LU. Denote the orthogonal complement of Wi L--- LW." in U™ by Wy;. The

element

(5 ) (e LV LIV

of GrO(U~_LU) determines a well-defined element ¢ - (V3,---,V;) € GrO(R) and
an action of the F_-operad EA® on GrOA®.
From this action of the operad £A® on GrOA® and the general theory of F..-

operads in the category of simplicial sets gives us the following.

Proposition 5.6.3. For every F-algebra R, the simplicial set GrOAY, is an H-
space, and hence, in the A'-homotopy category the simplicial presheaf GrOA® is

an H-space.

Remark 5.6.4. Th H-space structure on GrO corresponds to a choice of a di-
rect sum of two non-degenerate subspaces of H*° 1 H*>. The simplicial presheaf
| KOA® | is also an H-space with respect to an orthogonal sum of forms and the

map h is an H-space map.

5.7 A'-Weak Equivalence of the Map £

In this section we will prove the main result of the paper:

Theorem 5.7.1 (A!-Representability Theorem). For every regular ring R with
1 € R, the map hg : GrOA}, — | KOAY,| induced by the map h : GrO — KO
defined in 5.3.5 is a weak equivalence of simplicial sets. Therefore, the map h is

an A'-weak equivalence.
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Proof. In proposition 5.5.10, we have obtained a zig-zag of Al-weak equivalences

for every n > 0

St(H", H" LH®) proj proj EO(H")
O(H™) " O(H™)

GrO(H", H"1 H*) ~ = BO(H")

where X, = St(H":H"OLgI":))xEO(Hn)

and the maps proj are the natural projec-
tions. As seen in 5.5.10, this zig-zag induces global weak equivalences of simplicial

presheaves
GrO(H", H" L H®)A® &2 | x,A*| 22, | BO(H™)A®|. (5.7.1)

Consider the pullback diagram of simplicial sets

GrO(H", H" L H®)A* — GrO(H" L H®)A® (5.7.2)
pt a To(GrO(H" L H®)A®)

where pt is the constant presheaf and mo(GrO(H™ L H*)A®) is the 7y presheaf of
the simplicial presheaf GrO(H™ L H>)A®.
The map GrO(H"L H*®) — (KO),, used to define the map A in 5.3.5 restricts
to a map
GrO(H"™, H" 1L H®) — A4 (hPY) (5.7.3)

See definitions 5.5.3 and 5.5.1. Let GrH be the colimit of GrO(H", H" L H*) LN

GrO(H™ 1, H"1 1 H>) L, ... corresponding to the addition of hyperbolic planes.
The colimit of 5.7.3 with respect to H_L gives us a map GrH — KOy such that
the diagram

GrH — KOy (5.7.4)

|,

GrO—"—~ KO
commutes. Denote the map GrH — KOy by hy.
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Taking the colimit of diagram 5.7.2 with respect to H1l, we get a pullback

diagram

GrHA® GrOA®

| |

pt — L 1 (GrOA®).

The colimit of 5.7.1 with respect to H_L gives us a zig-zag of global weak equiva-
lences GrHA® «+— X — | BOA® |, where X denotes the colimit of the middle term.
In view of the next lemma 5.7.2, this pullback diagram maps into the pullback
diagram

| KO A* | ——| KOA*|

| |

pt 0 GW A*

via the maps h (5.3.5), Ay (5.7.2) and ¢ (5.4.15). Thus, the maps of simplicial

presheaves

GrHA® —" - | KO A® |

| |

GrOA* —L— | KOA*|

| |

To(GrOA®) —— 1y GIWA®

induces a map fibrations of simplicial sets at regular affine sections. In the next
lemma 5.7.2 we have proved that Ay is a global weak equivalence. We have also
proved in theoren 5.4.15 that the induced map (g is a weak equivalence of simplicial

sets when R is regular and % € R. Thus, the induced map
hr : GrOAL — KOA%

is a weak equivalence of simplicial sets at the base point 0 for a regular ring R in

which 2 is invertible. Since fig is a map of group complete H-spaces as remarked in
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5.6.4, it is a simplicial weak equivalence for such R. Thus, the map % is an Al-weak

equivalence. O

Lemma 5.7.2. The following diagram of simplicial presheaves commutes upto a

simplicial homotopy

St(H", H" L H®)x EO(H") Proj n
A A A PO BO(H™) (5.7.5)

lproj Tn

St(H™, H" 1 H>) n

) N hP

where the maps proj are natural projection maps and the lower horizontal map

is the composition St(H™, H" 1 H>) orlma, GrO(H™, H" 1 H*) loN N WP

Furthermore, this induces the diagram

x —2% | BOA®| (5.7.6)
proj Y

GrHA® — | KO A®|

which is commutative upto a simplicial homotopy, and hence the map hy : GrHA® —

| KOA®| is a global weak equivalence.

Proof. The presheaf % is nerve of the discrete category having the

St(H™, H" L H>®)

) as its object.

sections in

¢ StH", H"LH>)xEO(H")

o is nerve of the category C

Also, the simplicial preshea

whose objects are the objects of the discrete category %

phism from H" L HM L H™ to H* L H" L H™ is give by an isometry o : H" —

, and a mor-

H"™ such that j o 0 = i. Let us denote such a morphism by (i, o, j). In diagram

5.7.5, the composition

St(H", H" LH®) x EO(H™)
O(H™)

2%, BO(H™) — N WP?
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is induced by the functor F': C — hP§ which sends the object (H" S H L H>) e
C to (0, H") € hPy, and sends the morphism (i, o, j) to the morphism given by the
isometry o in the category h’Pj. The other composition in this diagram is induced
by the functor G : C — AP} defined by (H" 5 H"1 H®) — (0, Imi) € hP].
Any choice of an isometry of Imi — H™ defines a natural transformation G — F
upto an element of the group O(H"), thus the diagram 5.7.5 commutes upto a
simplicial homotopy.

The remaining part of this lemma is a formal consequence of the first half of the

proof. O

5.8 Concluding Remarks
In this final section we will comment on a few aspects of the representability
theorem that we did not address in this paper.

This representability theorem should give us a better way to study the multi-
plicative structure on hermitian K-theory. It should also allow us to understand the
analog of Atiyah’s real KR-theory. This unstable Al-representability result can be
extended to a stable geometric representability result for the hermitian K-theory
as given by the spectrum KO defined in [HO5].

With the Al-representability theorem, it can be proved that the realization of
hermitian K-theory by taking the complex points is the topological K-theory of
real vector bundles, whereas the realization by taking the real points is a product

of two copies of topological K-theory of real vector bundles.
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