Numer. Math. 54, 575-590 (1989) Mlé%eenn'slgglke

© Springer-Verlag 1989

A Second Order Splitting Method
for the Cahn-Hilliard Equation

C.M. Elliott!, D.A. French?® *, and F.A. Milner?

! School of Mathematical and Physical Sciences, University of Sussex, Brighton BN1 9QH, UK
% Department of Mathematics, Carnegie-Mellon University, Pittsburgh, PA 15213, USA
3 Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA

Summary. A semi-discrete finite element method requiring only continuous
elements is presented for the approximation of the solution of the evolution-
ary, fourth order in space, Cahn-Hilliard equation. Optimal order error
bounds are derived in various norms for an implementation which uses
mass lumping. The continuous problem has an energy based Lyapunov func-
tional. It is proved that this property holds for the discrete problem.

Subject Classifications: AMS(MOS): 65N30; CR: G1.8.

§ 1. Introduction
We shall consider a finite element approximation of the Cahn-Hilliard equation

(1.1a) Z—L;=A¢(u)—y412u xeQ, t>0

subject to initial and boundary conditions

(1.1b) u(x, 0)=uy(x) xeQ,
(1.1¢) %=%(¢(u)—ydu)=0 xedQ, t>0

where Q is a bounded domain in R*(n < 3) with a sufficiently smooth boundary
0Q,v is the outward unit normal vector along 60,y is a prescribed positive
constant and ¢(-) is the cubic

, ut u? Yo 2
(1.1d) S )=y’ (u); ‘/’(u)=)’274*+71?+7“i y2>0.
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This is a generalised diffusion problem for u(x, t} the concentration of one com-
ponent of a binary mixture. It is used to model the phase separation which
occurs upon the quenching of such a mixture into the spinodal region; for
example see Langer (1971) and Novick-Cohen and Segel (1984).

It is known Elliott and Zheng (1986) that if the initial data uye HZ(Q)
={neH?*(Q): dn/dv=0 on 0Q} then (1.1) has a unique solution for all time.
A standard conforming Galerkin finite element method requires that the approx-
imation space be contained in HZ(Q); see Elliott and French {1987) for computa-
tions in one space dimension. Another possibility is the use of nonconforming
elements, Elliott and French (1989). In contrast, we propose here a splitting
method based on H! elements. Let us introduce w, the chemical potential, defined
by

w=¢pw)—ydu.

If follows that (1.1a, ¢) may be rewritten as

d
(132) —é-‘ti—Aw=o xeQ, t>0,
(1.3b) —yAu+¢u)—w=0 xe, t>0,
d
(1.3¢) 9 _o, Yo xeoq >0,
av ov

Clearly (1.3) represent a natural splitting of (1.1) into two coupled problems
which are second order in space. Integrating (1.3a,b) against test functions
ne H' () and using (1.3¢) we obtain

0
(1.4a) (gut*,n)+(l7w,l7n)=0,
(14b) y(Vu, V) +(d(w)—w,n)=0,

where (+,*) denotes the I7(€) inner product.

Let us now consider a quasi-uniform family T* of polygonal decompositions
of Q (by triangles or rectangles, with boundary elements being allowed to have
one curvilinear edge) with characteristic parameter he(0, 1). Associated with
T is the finite element space V*c H(Q),

(1.5) Vh={yeC%Q): xl|.€P,,teT"}

where P,, is the set of all polynomials of degree no greater than the positive
integer m. The splitting method is: find {u*, w*}: [0, T]— V" x V* such that

(1.6a) (ut, N+, Vy)=0 VyeV*
(1.6b) YV, V) + (o) —wh, )=0 VyelV"
(1.6¢) u"(0)=ub,

where uf,e V* is a suitable approximation to u,.
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If {x;}1 is a basis for V* and

M=, x) “mass” matrix

K;j=(Vy:,Vy) “stiffness” matrix
then
Nhbh

Nh
ut(t)= Yoy wO=)Y d®u
i=1 i=1

where ¢ and d solve the initial value problem

dc

(1.7a) M+ Kd=0,
(1.7b) yKe+f(c)=Md
with

(1.7¢) {£©@}i=(@ " ®) 1)

Equations (1.7a) and (1.7b) can be combined to give
d¢ -1 -1
(1.8) MEerKM Kc+KM™' f(c)=0.

Since the matrices M and K are positive definite and ¢(-) is defined by (1.1d),
it follows that the initial value problem for (1.8} has a unique solution on some
time interval, possibly depending on h. Observe that (1.8) is, in essence, a discreti-
zation of (1.1a) of the form

(1.9) %+yA2g+AQ(c):0

where A=M ~! K and (— A) is the finite element approximation of the Laplacian
and @(c)=M "' f(c). Algorithms for the numerical solution of (1.9) should not
depend on the formation of the full matrix M %, In the case of piecewise linear
finite elements V*=S"

(1.10) St={yeC(Q): x|.€P, €T},

with T* being a simplicial decomposition of , a lumped-mass numerical integra-
tion rule for the I? inner product leads to a diagonal mass matrix viz:
Nh _
(1.11a) Gem'= Y myx)n(x) xneC(Q)
i=1

i=

(l.llb) Miizmi, MUZO i:%:],
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where {x;}¥ | is the set of simplex vertices and

(1.12a) )" —GmIZCh [ xlly linl, Yy, nes,

(L12b) [ —CemISCR 2]l Inll2 VxeS', neH*(Q),
(112¢)  colxlo Zlxla=0 0" Scil2lo VyeS,

(L12d)  [un)—CemiSChbnl+lnld1xle  VxeS', neH*(Q),
(1.12¢)  |n—xlh=CLR? Il +In—1xlo] VyeS', neH*(Q).

We shall prove in § 3 that the following splitting method is O(h?) accurate:
find {u", w"}: [0, T]—S" x §* such that

(1.13a) W, )"+ w", V=0 v xeSh,
(1.13b) YV, V )+ (@) —wh =0 VyxeS,
(1.13¢) u(0)=uh

where ul,eS" is a suitable approximation to ug.

In §2 we show that the discretization methods (1.6) and (1.13) have the
desirable property of inheriting interesting features of (1.1); namely the existence
of a Liapunov functional, global existence in time and, in the case of y, <0,
finite time blow up.

The analysis of (1.13) depends upon error bounds for an H' projection and
an I? projection both of which are defined with numerical integration. These
bounds are proved in the Appendix, together with a justification of (1.11) and
(1.12).

Finally we note here, for convenience, the inverse inequalities

1\\1/2

(1.142) ooz (n(5)) hat n=2

(1.14b) Moo SCHIxley =3,
C

(1140 P

which hold for all yeS".

§ 2. Properties of the Numerical Method
It is known that the solution of (1.1) satisfies, (cf. Elliott and Zheng 1986),

(2.1a) fux,)dx= [uy(x)dx,

Q

(2.1b) %F(u)+|w|%=0, t>0
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where

F () =2 [uf} + (), 1).

(2.1c) If y,>0 then (1.1) has a solution for all ¢.
(2.1d) 1If y,<0 and —F(u,) is sufficiently larger then there exists a T* such
that im |u(t)|o = c0.

t—>T*

The functional F(-) is an energy functional based upon the free energy ¥(u)
and the interfacial energy y|Vu|?/2. It is of physical importance. Simulating
qualitative features of nonlinear evolution equations is a desirable attribute
of discretization schemes. The purpose of this section is to show that (1.6) and
(1.13) possess properties similar to (2.1a, b, c,d). It is sufficient to consider expli-
citly only the case (1.13).

The conservation of mass property (2.1a) follows immediately by taking
z=11n (1.13a), viz.

d h
2 D=
5, W 1)'=0

implies that

(2.2) (1), D" =(ub, 1)".
Let
23) FH()=1 [+ W0,

so that the equation

% Frwh)=y(V ', Vui) +(p ("), up)*

holds and taking y =u! in (1.13b) yields

04 LR =l = — w1,

where we have used y =w" in (1.13a).
It remains to prove discrete equivalents of (2.1c,d). This is achieved in the
following two lemmas.

Lemma 2.1. If y, >0 then u” is defined in Q x [0, T} for any T >0.

Proof. Integrate (2.4) in time to obtain

(2.5) F*(uf)y+ jle"ﬁ dt=F"(ub).
0
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Since y, >0 we have

Y(s)=—~C, forall seR
so that

FH )= 21w+ ), 102 - C
where C is independent of u*. Using this in (2.5) yields the relation
y T
(2.6) Elu"(T)(f+ FIw@iFdt < C+F" (up).
0

Since for constant # the equation (1, 1)*=0 is equivalent to =0, the usual
proof for the Poincare inequality yields the existence of C such that

(2.7) Inlly Clnl+lmn, V'] VyeH'(Q).

(Indeed using (1.13a) it follows that for 4 sufficiently small the constant C in
(2.7) may be taken to be independent of h.) It follows from (2.6) and (2.7) that
u"(t) is bounded in H'(Q) independently of t. Since u"eS” this implies that
[4"(t)o, » is bounded independently of ¢ (but possibly depending on h). From
this fact we deduce the global existence of a solution to (1.8). [J

Lemma 2.2. If y,<0 and —F*(u?) is sufficiently large then there is a time T"
such that lim |u”(£)|o = co.
t—Th

Proof. Without loss of generality we may assume that (uf, )=0. (If this is
not the case then we study @ =u"—(u%, 1)*/[1],.) From this assumption we have
(2.8) W@, 1)'=0  Vte[0, T]

where [0, T] is the interval on which there exists a solution. Let W: [0, T]—»S"
be the solution of

2.9) VWV )=@w"y" Vyxe$

with (W, 1)=0. From the relation above and (1.13a) we have
W= —wh+(w", 1)/1Q].

Taking y =W, in (2.9) yields

%%lwl%(vw,, VW)= —(V wh VW)= — (', ).

Noting (1.13b), this becomes

1

d
(2.10) EEIWI% —yluli— (P ("), u")

= —2F (") + 2y (")~ (") ", 1.
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Since y, <0 there exists C >0 such that

1
(2.11) 2¢(s)—¢(s)s=—L2234—§y,532—%S4~C.

Furthermore the Cauchy-Schwarz inequality implies that
(2.12) (", 1 z w3 /111"
Since, from (2.7) and (2.9), we have that
(2.13) Wl < Clu’|y,
inequalities (2.10), (2.11) and (2.12) imply that
d
(2.14) EIWlféKlWl‘f—4F"(u'6)—C
where K and C are is a positive constants. Provided (—4F"(u%)—C)>0, the
differential inequality (2.14) implies finite time blow-up for |W|, and hence by
(2.13) of |u"l,. O
§ 3. A Second Order Splitting Method

In this section we derive optimal order error bounds for the piece-wise linear
approximation (1.13) with lumped mass integration. We will use the “projec-
tions™ {@#*, w"}: [0, T]—S" x S" defined by:

(3.1a) WV yy=(—Aw+", F  VyeSh
(3.1b) (W'—w,1)=0, (—Adw+d", 1)'=0,
and

(3.2a) YV, V) =W'—pw)—d5, 1) VyeS,
(3.2b) @ —u, 1)=0, W—ow—235, 1)=0.

Thus {ii*, w*} satisfy discrete Neumann problems and because of the numerical
integration the real numbers {54, 63} are needed to ensure compatibility. Projec-
tions of this form were used previously for the heat equation by Johnson and
Thomee (1983). It is convenient to use the error decomposition:

(3.3a) W —u=0"+p* =" — "+ @" —u),
(3.3b) wh—w= 0" 4 p* = (W — W)+ (W —w).
Lemma 3.1. If {u, w} are sufficiently smooth then, for te[0, T],

(3.4) ID{ p*lo+hIDip*|; SCh*  j=0,1,2, ...,
(35) ID{pWIO+h‘D{pw11§Ch2 ]:0’ 1’27,
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and, forn<2,

(3.6) |D p"lo.  SCh*(log 1/B*~'  j=0,1,2, ...,

(3.7 ID{ p*lo, s =Ch*(log 1/~ j=0,1,2, ...,

where C is independent of h and ¢ and D{=(3/dty.
Proof. The key to these error bounds in Theorem A.1 of the Appendix. First
we prove the bounds for p*. Note that since (4w, 1)=0,
[D! 8| S CI(Di(Aw, )" =C|(4D] w, 1)’ —(4D] w, 1)|
3.8) SCh?*||D] Awll,,
where we have used (1.12b). The bounds (3.5) and (3.7) are now a direct conse-

quence of Theorem (A.1).
Noting that

(pW)—w, )=y(4u, 1)=0

(D] %", 1)=(D] w, 1)=(D] ¢ (u), 1)

and from (3.1b),

we find that

|D{ 85| < CID{(W" — ¢ (u), 1)P|
=CI[(D] W", )" (D] ", 1)1+ [(D! ¢(u), 1) —(D{ ¢ (u), 1)"]|
(3.9 SCR DI, + | D] )l ,].
It follows from (3.9), (3.5) and (3.2a) that

(Va', V) =(—du, )" +(&, 0,
where

1
and
|D] &1, < Ch?.
The inequalities (3.4) and (3.6) are now a direct consequence of Theorem
(A.). O

Remark 3.1. In Lemma 3.2 we will need the bound |@#|, ,, < C for h sufficiently
small. For n<2 this follows from (3.6). For n=3 we have, using the inverse
norm inequality (1.14b) on the subspace S*

laﬂo. o= [“z_ﬂhut|o, ot ]”h“t—aﬂo. w Ftelo, o
= Ch*+h™32 [n"u,—ﬁ{‘[o + qulo, ©
SC*+h) +ulo, o

where 7": C(Q)—>S" is the piecewise linear interpolation operator.
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Lemma 3.2. There exist constants C independent of h,u* and w" such that if
lu* (- M|, is bounded independently of h then, ¥te[0, T,

t
(3.10) 6“1 + [ 10”2 dT < Ch* +10*(O)]3,
0

(3.11) 16713 +16"1% + [ (16715 +16"1F] d
0

SCh* + 1 8*(0)lIF +10" (O)]i-

Proof. From (1.13a) we have for each yeS"

O, )"+ VO™, V)=~ ) —(FW,Vy)

=(—pt, " = (u, )" + (4w, 0"
and since u,= 4w we have

(3.12) O, 0"+ (V0" V )=(—pi—31, 1) VyeS
Subtracting (1.13b) from (3.2a) we obtain
(3.13) O, 0 =y (VO V) =(pu")— )5, 1" VxeS

Taking y=6* in (3.12) and x=60"/y in (3.13) and adding the resulting equa-
tions yields

1

d
5 31 1R 107 = (= pr =81, 0P +(§ () — )35, 0.

Using the bounds for p},d% and 8% proved in Lemma 3.1 and the Lipschitz
continuity of ¢(+), together with the assumption on }u*()|,, we obtain

d
(3.14) 519"I5+19‘”f§C[h4+19"l;‘."]

and an application of Gronwall’s lemma yields (3.10).
Next, take y=60" in (3.12), y =0 in (3.13) and subtract the resulting equations
to yield

d
(315) 01345 16 = (= pt = 8%, )"+ (8% — ") + $ ), 02"
SCIR* 10", +h? 1071, +10"1 107 14].
Differentiating (3.13) with respect to t we obtain

(3.16) 6, 0" —y(V 6,V )=([p") — W1, —85,, 0" VyeS



584 C.M. Elliott et a).

Taking y=6" in (3.16); y=y6¢ in (3.12) and adding the resuiting relations we
obtain

1d
2 O R0 = (= 7= 8, 0 + ([ ) — ()], 34.., 07"
Noting that
0
FrdCh )] =¢' W) [u,— a1 +(¢' () —¢' (W) &7
+ ' (") (@) (@3 —up),

the bounds for i, p*, p¥, 8% and &% , obtained in Lemma 3.1 and Remark 3.1
can be used on the right-hand side of (3.17) to obtain

1d
(3.18) 3q 1017 + 71071k < CLR* 1071+ h2 (0%, +10%],, 107 1,1.

Adding (3.15) to (3.18) and using the inequality 2ab < & a® +b?/& in the obvious
way yields, for t€[0, T],

d d
(3.19) \9¥Kﬁ+%9‘”ﬁ+z29"l?+z!9W13§C[h4+E8"\5+¥9”!§]
where C depends on T,u,y and {u"|, but is independent of h. The estimate

(3.11) is now a direct consequence of (3.19), (3.10) and Gronwall’s inequality.

Theorem 3.1. If

(3.20) [u(0)—uplo < Ch*

then

(3.21) =" | ooy + W= WPl 22y S C 2.

If

(3.22) |@*0)—ugl, <Ch?,  [#"(0)—w'(O)o<Ch?
then

(3.23) o~ Loy + W~ WP | Loy + 1 — 4 | 212y SC I
(3.24) e~ " ogary + | w—w* ]l L2y S Ch

and if n<2,

(3.25) =" o gy W= WPl 21y < CH2 (I 1R,
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Proof. The theorem is a direct consequence of Lemmas 3.1 and 3.2. Initially
we assume fu"(+)||,, is bounded independently of h on @ x [0, T]; however,
by a standard argument, we may use (3.21) and (3.23), a posteriori, to show
this assumption holds. (See Thomee 1984, pp. 154-155.) O

Corollary 3.1. If ul,=0"(0) then the error estimates (3.23)+3.25) of Theorem 3.1
hold.

Proof. Since #"(0)—u? =0, we need only derive the second estimate of (3.22).
Taking y=0%(0) in (3.13) we have

[W"(0) — w" (O)]is = 16" (0)]iF = (¢ (" (0)) — ¢ (up) — 55, 0™ (0)*
or
|W"(0) — w"(0)lo = C(lp*(0)]o +106(0)| < Ch?

by the estimates of Lemma 3.1. [
A more practical approximation of the initial data is obtained by the
H!-projection. Define Pt: H'(Q)—S* by
(3.26a) (V(Plv—0),Vy)=0 Vye$,
{3.26b) (PFo, 1)=(v, 1).

Recall that

(3.27) lo— P vlo+hlo— R vy <Ch*|oll,.

Corollary 3.2. If uli=P! u, then the error estimates (3.23}+3.25) of Theorem 3.1
hold.

In order to prove this Corollary we need the following lemma.

Lemma 3.3. If ve HZ(Q) then

(3.28) o, )~ @, M= Ch* vl [xlo  VxeS-

Proof. Setting
I=x—M, M=(y 1)/
so that
(1, )=0 and [M[=|xlo/IQ['?
we obtain
(v, 1) — @, 01 S0, D) — (0, D'+ M |(0, ) — (v, 1]
<I(P"v, ) — (P o, )"
+lw—P'o, ) —@—P'v, D
+Ch* v, 1xlo

Applying (1.12a), an inverse norm inequality and (3.27) to the second term
of the above inequality we obtain

(3.29) (v, ), D SIPF o, D) — (P o, )1+ Ch* o2 1o
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Defining p", p"eS* by

(3.30a) Vv )=@{ 4 Vies, (" 1)=0,
(3.30b) VPV H=(% A" VaieS, (" 1)=0,

it follows from Theorem A.1 of the Appendix that
(3.31) p—p"lo < Ch*|flo-
Furthermore
(P v, D) — (P v, D' 1=V P! o, V(" — P = 1(V v, Y (p"— D)),
and an integration by parts, using the fact that ve HZ(0), yields
(P v, D— (P v, 7' |=I(4v, p* ~ P S Ch?|4vlo |Zo-

This last inequality, together with (3.29), proves the lemma. []
Proof of Corollary 3.2. Rewriting (3.2a) at t=0 we obtain

(pw_ég’ X)h
Y

(3.32) (V" (0), V y)=(—Adug, 1)+ + VyeSh

and rewriting (3.26a) at t =0 using the fact that uye Hz({2) we obtain

(3.33) (VP uo, VY)=(—Auo,x)  VyeS"

Thus referring to the proof of Theorem A.1 and taking v=u,, v"=#"(0), 2"
=Pruy, f=—Au, and &=(p”—5%)/y we obtain the first inequality of (3.22)

using the known bounds on p* and &%. To finish the proof it is sufficient to
prove

(3.34) lw(0)~w"(O)lo < Ch?

since
Wwh(0)—w"(0) = p™ + w(0)— w"(0).

Introducing P': H?(Q)—S" defined by

(3.35a) (Brn—n =0 Vxe$
which satisfies, (see Appendix)

(3.35b) IR n—nlu+1F n—nlo = Ch*[nl,
we set

(3.36) E=w0)—d(up), "=w"(0)—F ¢(P uo).
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Note that

|p(uo)— By ¢ (P! Uollo b (o) — B d(uo)lo + | By d’(uo)—Poh (P! uollo
< Ch? ¢ (uo)l 2 + C R (P (uo) — d (P uo))l,
S Ch?|p(ug)lz + Cld (uo) — (P uo)l
S Ch*|d(ug)l; + Clug— P uo,
<Ch?

where we have used the approximation properties of Py and P! and the inequali-
ties (1.12c, ¢). Hence (3.34) is a consequence of the estimate

(3.37) |E—&Mo= Ch?.
By definition the following equation holds:

(&% 0" =W"0)— B} ¢ (Pl ug), 1) =(W"(0)— ¢ (Pl uy), 1)
=y (VP uo, Vy)=y(Vuo, Vy)=(&, ).

Setting E"= &"— BF & it follows from the equation above that

|E"3 S CIE R = (& EM— (B} & EM} = (& EM— (¢, EM
< Ch2|EM,

because ¢ = —yAu,e H2(Q) and Lemma 3.3 holds. Since
[E—Eo<|E— R Elo+IE o
we finally obtain (3.37). [

Appendix
Lumped Mass Integration

We wish to define a numerical integration scheme which satisfies (1.11a, b) and
(1.12a,b,c,d, e) in the cases of Q being an open interval in R, a rectangle in
IR2 and a convex domain in R*(n =2, 3) with a smooth boundary. The convexity
of Q is assumed for ease of exposition. There exists Q* being the union of
simplices belonging to a quasi-uniform triangulation such that either Q"=Q
when Q is an interval or rectangle or Q*—Q and the distance between 0Q
and 9Q" is bounded by Ch? when 0Q is smooth. Denoting by =" the linear
interpolation operator on 7, the numerical integration scheme is defined by

(A1) L)'= [rtmdx VyneC(Q)

Teht

which clearly satisfies (1.11). The inequalities (1.12a, b, ¢} are well-known for

Q being an interval or polygon. Otherwise we need to estimate | y#ndx. How-
[V 10
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ever, for all ye H'(Q), the following inequality holds, see Barrett and Elliott
(1987a; Lemma 3.2},

(A.2) Mlo,e0r S Chlhinli o+ Mlo.0an ]S Chlinly o

which implies that,

(A.3) § xmdxsCh* gl linlly Vi neH'(Q).
2\Qh

The bounds (1.12a, b) immediately follow. Inequality (1.12c¢) follows from (1.12a)
and the inverse inequality (1.14c).

The error bound (1.12d) is a consequence of the definition (A.1) and the
interpolation error bound on each triangle, viz.

Gem—Gen)fl= 3 [xn—at(mldx+ | xndx

Tkt 2\0h

SCRL Y lxnla, e+ lxly Inlid

T 2R

Expanding the semi-norm |y#|,, . and using the inverse inequalities (1.14a) yields
(1.12d). Finally the inequality (1.12¢) follows by noting that

[1—xlw=I7"n—xln S Cla"n—ylo = CUn"n—nlo+1n—xlo]-

Finite Element Approximation of a Neumann Problem with Numerical Integration

We consider the approximation of the following semi-definite Neumann prob-
lem: let ve H ()

(A4) Vu,Vn)=(f,n) VneH (Q),

where feH?(Q) is given and (f, 1)=0. The finite clement problem is to find
v"eS" such that

(A.5) Vo' V=(f+& " VyxeS,
(A.6) " —v, 1)=0

and & satisfies,
(A7) (& 1) =—(f, )

Condition (A.7) guarantees the existence of a unique v* satisfying (A.5) and
(A.6). We now present the approximation theorem. See Barrett and Elliott
(1987b) for similar results.

Theorem A.1. If
(A8) IEhs=Ch?
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then the error bound
(A.9) |v—v*|g+hlv—v*), LCh?
holds. Furthermore, for n <2, we have

(A.10) lo—v*]| . < C(log 1/hy"~ ' k2.

Proof. By standard arguments the finite element Galerkin approximation z"eS"
such that

(A.11) v vy=(fn Vies, ("—01)=0
satisfies

(A.12) lo—2"o +hlo—2z", SCh?|vl,

and

(A.13) lo—2" o < Ch?(In 1/)"? o],

(Note that H2(Q) regularity for v follows from the assumptions concerning Q).
Comparing z* and v* we note that

V="V =L 0~-f =& 0"
SCRflia lxly +16 1 x )
SCh Izl

where the estimates (1.12b, ¢) have been used. Since the mean value of (zF —v")
is zero, we have by Poincare’s inequality || z" —o*}|, £C|z*—v"|,. Taking y=z"
—v" in (A.14) yields

12" —o*| < Ch*.
The error bounds (A.9) and (A.10) are now an immediate consequence of (A.12),

{A.13) and the subspace Sobolev inequality (1.14a).

Discrete I*-Projection

We shall prove the bounds (3.35b). Observe that, by the projection Eq. (3.35a),

ln =P nlo=<|Rf n—xlo+1x—nlo-
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Furthermore, the inequality

=B nlo= 1R n—xlo+1x—1lo
SCIR =+ 1x—nlo
SCln—xlh+ln—xlo] Vxes

holds. Choosing y =n"# yields (3.35b) upon noting (1.12¢) and the interpolation
error bound.
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