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/30 Cosson Ao émor/o4/5‘ms o?c Yo;’;éas

boe will be S'/Uoflwnj ﬁ(c work of Nielsen 5/ /Zur:flan on Hhe Oo/o/war/oé/sln of

sSL¥F facrs

Zecall : The classibeation of closed sordoces
A closecl sar/acc ’5 A¢m<a)‘i0rlﬂélc to ene of He fo//o:w

*;' vitn 1‘4 ‘/'

"’#r #re

0o 1 L 3

ytma.s

A}-"omcnhb/c . @ ..

/2/’ 7 RPE = Klen J?of]l/(

Our cu/;/a:/s wi)l be on Orrentable s‘u'-;[aq: usval: o/ena/er(éy E ( From e
German. * Flishe™) . The genas of F ,o. 2. The nomber oF forus ramnam(})
w1l be Aenotesl .67 9. Ax ao/omayg//.ru of & ror/ﬂ.c Facwntl! fakebobe a
ﬁoM(omarPLsn h: F=oF,

At Flret it wou/d scem Phet Here 15 a o/zl%’rencc e (Onr/d/h—/ﬂj ao/a,,¢,/4,;~.,;
o; Yar[accr up fo /Sa/a;j or «p fo éouo:‘o/] Jéwl f/ert /3 ﬁ‘(_

7:4_.24_ ﬁ/cﬁo/o/olc aolzoma//iéls’/n: a/ @ c/o,fa( OV/(&/Qg/t s'w-/é ce @re /5o lzo/fc_
/Ac /:o/o/j c/m’:es o)r aa/am;rfﬁzs‘us a/é. jzuvn. rar—/«c :%rn a 5roo/a

under camposz//m. He classes of orrentatron pHEserving oo/aaro.?ézsws Forag

& s‘uéyroup of index 2 called the M1Bpp14 g c/éss qroup of F.
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7115 7roup Ad: 66:4- ﬁ/s/or/ca//j 9/0107‘(&( bj 7725 &/1{’(. 3 < 3:44‘5 F Le
i)l Occwioka//j Aenote This group by Aut(F) or Auty (FJ, the entire group
of surface actomorphisms we witl ofenste by Auts (F).

S'Wm(n) of Results
Tha The group Aat(F) ss :Cm;/e/J 5¢mr~afc¥

i Recajl @ Dehn bunst
Soppose thal C s a simple closed corve in an orientable F | Hhen <

has a nczjibOerod A homea morphic fo an annclvs. A & {'[}—) &1 12rs2f

< T.
s
=)

A sorface of genvr sitd A
s.¢c. C A Dehn Tanst

ﬂ{/‘/hc ﬂr. /.?_«_e__é_'_t ‘f&ws‘(‘ 1 C to be the aofomar‘pﬁw.& C'F""F given ‘7

He 1den //*7 of A asdd
' (r,o]—=[r ©tarr] on A.

K ( Dehn , Lickorish) Aut F s 3«0-41‘«:( 57 oll Dehn bunsts. Morcover,
§ the Dehn tausts Te, ;.. 7',_:3‘, 1 e cores silostrabed below gencrate Aué €

Cxa +2

Tha: (f/um/afrzc: ) rc,; e rc%ﬂ' Soffrce
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,:é_,::..‘ (lh‘éoc[ J. Alﬁ /97-5'3 jcamc#nc.pmaf /‘/afcxcr';’ﬂur;/'dn ﬂ’pe/aj /9&9)
This 7}-ouf 13 acfua//j ’0""”‘(/7 Prcsen‘/'cd. -

Eunayé : (Omfo:)nj 0<An. ‘ttzu/sil: luau/aé nofStex. (‘a 7/u< MacA /ns‘.lgAl‘ /.K/a ¢of¢:m0;;pélfmj)
/Juf' 'ﬁu: 13 ﬂf- ap'opoac.é o/ A/J(/San ‘Il ﬂurnlon.

; Re¢call! For an orientable sorface F of genws g, the fana’au<m/4/gro«/a of F
& /S given by

A GPERNE AR AN RRSPR B £ 070 B S R S S S

Where Hhe cuorves ¥y, Y, Arc given éj (/7norm5 beose points)

/:é_:_t (Nielson) LF genus (Fl2I, then

Aut (T, (F))
: A & ff (F) g Luner /fufauar/‘mws s 0011 1 {d ﬂo/owar/:hfﬁs‘/ m7,¢

An aside: e ao/ouor/;//:m: o/?%c— Corvs f't

Leendy T*atl “/2% | Hen Ats T* % Ol (ro) = Autlzo D)

£
Bet Aut(Z9z) 2 GéLCZ)’[(r 5 ]}7',1))’"5' ¢d asl ps-gr= 1“/]

P 3
Let A= (r s) be in 6L, (&) Then A can be considlered as a limear weap

2rantx - Ax . Since NN Z , A #q2$ Ftte //Se//ano(éacc
indleces a condinvous map 144 t 7 > T, Motiee Bhat Hhe neap é,, preserves
orrentation & detd = 4/, l:ur//\o/J ay Hé& G<, (Z)J‘ 444 /5 @ Ao&voﬂuylzgp‘
hoi A smirerse /:”., 5 andk /1;: T, (7)) =7, (T%) hos mafyix A
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bt w:;/\ i‘o au&r:/nu( f,(n .&Anworo[ Ad . //J‘rdmc q/</,4 s f

Com'm((/f{.t c‘amcf/«mnj/c ,wé/yam/a{ a; /4} < <. f . (/o :‘-5)8‘ + alff/y fo

As det Az ank prs s 7‘ru<_ (A) tecan writ< Phis ,po/jponm/ ay Er bR s o

There are 3 cases as He eigenvalves ofA; A, ae

1) complex ¢z Pr(A)z Ot -1 easl hy perroolic
2) =2/ ¢.c. 1v(H)= 2 call by Ha’lch/g
3) ofistinct reals ¢ a. Jtria) >2 carl by HAsomor

et Gaa//xc_ cach of Phescin torn

Cose 1) /\J PN <o-/,/<x

.4;,4/5, He Ca//g,]-/v/am/véa. Tl fo eack ,oosné/n‘y for frH , ancl you'll scc
Fha f /,A"z:/
¢) trHz0o =2 /48:‘1':0 -.—.74":-[ = A7
$) trhAs 1 = Al-p+lzo0 )lﬂa/}lﬁ/ICﬁ/IOA( 67 Arz =2 :‘7:*[50 f-)/ﬂ‘:f
) trAz-1 D APiArLz0 . Voger = A3-I=o e 4T T

Cese2) A ATty

Clapm’ h, Jeaves an essential S'M//c cloted core tnvarrant (allho F aw]l<

F/,/:; He s/rm, orrenfation oF He corve e o
PF! A has rational ¢lg¢n valves @ A hos a ratienal £rg¢t veetor i s e <.
= 4 has an /n/(jra/ (1‘74.«:/:( /ar x ¢ ‘f _’) /
Look 1 latice enol note thot thss vector progects bo __.g& .
a (p,g) Corve on r2. B
B} F\‘”d". nTa
] Pemark’ IF }3‘ '3 o;./un‘af/o,\ preserving é,‘ S a D{Aa f&-u:{‘, nﬂ p{j,:.\l /

orrentation Fecersing hy 15 = I Dehn Towsst)
Cese 3) A, N distiact real s44 AL >1% 1A aad ~al eigen veghes X, x’

-
Ln ﬁns lage L‘ has /ﬂ[mﬁlc orJ‘/; MOr OV,
no esseatial s.c.c. 43 leff inoarient . This 15

bccauﬂ. ”C one tonizc{ers He njuw/:ac:: -39 M¢

“ conrdinate axes”, applying powsers of A moltylies
ﬂ‘( X '<oara{mt37(£ "7 A )Gna/ a/:uld'd’ #& x’ (aarl'

inafe ‘7 A. Hince ﬂc ‘frncé afa /a¢,m7‘ (hf,a)
licg on Some Ajlatrbo/q, tw'f/\ 7“( (Ijtxf/occ{ﬁ'

és asyp )lo/<s.
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Notrce /"‘A.A/ for /ar5< Y’ , c[arm, a 5{0/0'/( /-r,ar-r:(»t.{f«/fm of e /sa/o,;
closs of /1,,‘6 (s.¢c.c.) yeilds a corvc n:m—/7 ”/;ara//c./" bo X ; while i”"’(:.c.¢j
becomes htar/y ”parql/\g/" tfo x°,

So a< have shown that +f lyd"(s'.c.c) s A; (s.¢.c), Hen mezn
Remarkt Al s.c.¢.”s vader cliscossion ar< (stzn.//c/; ¢ <. ’%‘) lo not hound ofisecs in F. ’
Notice also fhat franslating ¥, x" yei/ds vector
Frelds F, ¥ enc A'# carrics Fto V¥ andt ¥ 40 1Y
Pix:

Fuula;«Jg/ /Zt’j 100

Thm (Nielson, Thurston) ket ht F=2F bean Qur(omar/oﬁzru of a closeo orsentable
Sa:-;acc. Thewn one oJC the ;o//owmj oCCY vk

1) h s pertodic ; Cox. k" s isefopic bl for Some A . (N.B. fhs
1mplies (Nielson) h 13 t50fopic \‘03 with 3":1)

2) h s redveible ; el 4 %q sock thet g lcaves Some d'/sjc-mt‘aman.
of s.c.e’s mvariant ) altho #e 371»'/&, Orrenta bron ~ray reverse audl fic (ak;aoamé’
per-wfca{.

3) h us psevdo-Anosov; e, For any s.¢.c. CsF,4%cc)=h")

=2 men
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{1 The //j/pcréo/lc P/a.vc //‘/1

Jhe Poincars piodel: Let 1D bethe umit ofise 1n He Evelrdian 1R®
Dc[mc MY as Lut D?

: V0 .5 sardd Fo he f,{< civcle of @ ousl s nef Ny

5:96((51:. ~y

A 5eoa/cnc (or '5‘1‘»01541‘ Ine) 1a WE s Ca W ihere C s on Evclrelran

Circle 1a IR n¢<//~j J0 or/‘ajoxfgv Cwe also raclovole y/m("l/ Viwes Phra © bl
Conyher Fhese ar.Clrc/gy centered af Yoot

. The Infermediate Yaolu< Theorent
csserfs that befween cuy oo pomlts oF K Meve exss% a bnigoe 7{a/rnc

/Ac Qu /g 6(/&(4& 7:0/(5/(3 ’3 o/efmu( /a o f%( EUC//a//on a«’/(, 5(/(‘«(«,
M( Clr</<S Jt)l:nu-’ H(M

A smar/ o('zjnrr/oa.: Cnversions in Evelidion 5“.0«/4-

Let € be a Circle 1a IRY v fe0F wifh center O anl roddies r

Og/;'w IAVXPTION It C ey /ﬁ/c f'oa'cfﬁom A.‘;c‘
<arr/<3 o point P to fhe “nigre pont P’
I" on #de N’ OF sucd Phat
6F . 6P =1t
Qadl fa[{s QO Fo ®° aal o0 fo O.

Notice Hat inversion ia c o[g[/‘anc: an ravolevtron on /R ] | Ao saversion
centered at o 5 orlmarj re)c/c Frem 14 G lime
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[{mp(a, /v 2 [nuer:/ons ,of-:stru(. ang/c: ¢ £of reyers < or/otfa.//an)

a——

Lewma 1,3 Lnoersions carry C//c/tf fo crrcles (l'(jaro(mj Evclicdian lines as
T ————— S——— ] )
circles thra oo)

Here 15a praa;o; /- Z tHe oﬁ(cr,oroa//s /e/'/aJ Gn Cx€FcISC

Observe that +f 15 enovgh fo show that He akj/c betucen r ,;' P eguals He ongle
between 2” ;', Op . For his use siatiar fr/a~77c5

——— L cary

—_ oPr op’
- - — %, ccmemsnelmen 57
OP . 0P’ = 07 - 0h' 57 P = A 0PP i3 sumiliar fo 057

NMow /¢ A/mj A ectadlishes Hhe dlesired e;“/,/‘,_
Defime He rcf/cc//an 1e He 3eao/a/c C AWM Fto be Evchaian imversion 1n €
Observe Fhat tavertion ,n € woap s 1D =2/) becacvse € weels 30 e r/j‘/ oujfcr

F#rﬁ{(r a’(/;.w. Ox /$o/n</r? alf 4‘/‘65 Q pm/oci‘ o/ft)[/ec//Wtr /a ,falrﬂcé‘, awel
OL’?S'IMIC f‘o/ /3'0/'11){'-143' preveree On,/ts 56/‘%:(&- 3::06{(:/:3 (a/a l‘o S/jn}

Lemma 1Y The group of rsometrics cefs /Matn//n/] on 4T, anst Hhe s/olx/zjer
ofa 'pc/n?‘ A s H s /5omorphic fo OCz).
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praoff let O 5( {A‘ ((n/tr of 0 ) /4 anj
Po/nf of H1E. Then A ceu be carried 0 ©

t

g a s;njlc reflection su a gcodesie C./I//f‘) e

(— having Center on the rey OA . So Qxy R

Pa,./: {-vf/ﬂ/" ore “connacted " by on zSoa«/r] o A

that s a proiucfof af most two rFlections,
\1% ] Lx //’U of bl of Follons tat the sheb, /ifm ofcnj
v two );om/t m M are 150&97‘14 via caxjvjq//au . Jhes

we needl an/] determmme $tabC0O). Ths group con faims

He reflections oo tlie fimes fl‘wajl O, ard any rotetron abestc
ﬂ Can b2 expressed os fle prodvcf of tao reflectrons ,
asdl fhese Taum/c olz). :

7o vee that ©Cz) 15 Hhe extire x%a‘,/z;er of o )

notice that ssometrics exfend i1n & unigue mronner

to He circleat @ | So it s enough to show that

Gng /So;rvclr'j (.t’/tnp(t-'nj fo 7 on fhe ¢rrcle of oo

/3 ad‘oa//y the /a/u/::‘y . Bt For oxg ,:ozu.f P

In /Hz, bhe mtersection of 7(90((:1:3 rFr' nefree "
that the “ends'oF ¥, v are /’lln‘,ﬁucc r oy cre Fxed,

Gl hence P.

/.
ds
Lemaa 1.5 Lsometries leave s invariant aheve Fz Eveholian ofisfance

from Hla centerob D and ds = d ( Evchdion dis fauce )
Proof Lot Pe fer) , @Q'= $€Q)

2,57
e muﬂ":‘éow -)-’--(-‘-?- ~ PQ

| S {-r t

Notice this s trve for Pz’ center oE D
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Thos 1F3 (nou7L to check when P= ceater s P’ orh/mb} , Fs reflectron

1w CAMH, chere € has cexter © and redivs £, carrying P to £’

Q
PR a’
\_ v ——
pry Y
K
"rn&
y ra PQ
nic J-r'2 - ot

For Q close fo P

[4

Pq .

am————

/.

or' . k|

PQ ~ oP K(of)‘

’lvd’({r}‘

s l’-l"'z

nversion ry/c,

Erercise: Show thet 3(00@(:/:5 éu-r,l“ *his me'/rlc req//j are 3(0&?6:/&5
Remark! J an (/caan{' proaf. .

Def  The hyperbolic metric on IH' 15 quen b
Ler 74P 9 Y

(Ohutu{'c oR *

él’Qh‘a[ii :

1. Hy,:lr})cs//c c(:s/‘an“ or zp :j;

= r = fauh ’/1

r2dx

———c—

= 2 éau‘."r

2. The circle centered at o, Aj)uréo/:c redivs p

hos <ire ump‘nngc

Tr
21 . ir . M :277-2faa‘,ﬂ4'<or4z/9/z

l=r2

l=r2

A 17'.5’1&4/0

Creek leHers denote 57p¢r$o/:c c«(:szlanc; , Koman Euchdiaw ofis fance
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3. /’n’«. cu-c/(. o/ﬁc p}—ewaus <tau-,/c hos Qrea

Iy
fo 27 vinhtda = 27 Ceoshp-1)

J—' yrx J - / - 2-2 )
3 . - — g, s 2
o (T-xi)? 2 dx q7 /

[=pt l=r=

:/1__ 1.6 ( Gauss- Bonnet) A 3<od<:lc fr/anall- i IH® a1th anj/cs 77.7%4
: has arca T~ (x+ L+ ¥)

Proop wio6 the « verfed 15 at © , auel €3 e can subdividle ovr ﬁ'l&n,/c ixto
rujl\'f' f‘rranjlc.: ) r s T’_/z .

Notice k’mﬁde s rdx
= C.I_.g: r

na———

dx ktn\ﬁ

ForHuf ao *(, t

&

A de I=-r2
dA

P
Thus /4 = @ fCons/'aulL 2 L = -/3 ¢+ constent

Now chosing sz = Zf = <oas’/au:‘=¢
9 =

/.
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ﬂ{mrm-[:: Theorese 1.6 can be gchera /zgca(
Cer 1! An n-gon with aujlts a,,.., &y hes arca Cn-2)T=Ca,t...+a4)

Cora: Lf the vertices of an n-9on are all on the circle atoo , Hhe orca
15 (ﬁ-?)ﬂ'

9/#

Lemma 1.2 Leth: H = 1" be an ortentatron preserving /:o.«dlrﬁ Lh FL. Then

<xa:fl7 one of The Fo//oumj occur .
1) h has a wnigue Prxedd pamfm ///z, rno Freesd pa,..rS- on Hhe civcle
ot o=, Cail these ellintic

(2 h hes a amgut Fixeot {Jo;of-l‘ on the eipele at oo ) hone I = cort

these para bolic

(3) h hes ckaa‘/j too Fired 'pomé on The circle at o0 auol nome 1 1H*.
Call these /z'z)a{réo/lf )

Remark: ThAis Jemmai holels For 4: " st " auel The pa—aﬂtgwr-& helow holds.
l’roo; Recarl Krower’s Theorem : 4 ¢ ot —’Dz hes a gtctf po;n/

Cose 7 [f Here 15 an In terior ﬁxu(. /xm{, bl OC Thes ,;o/af /7 Fhe <¢«Ker

0F D . Hence b 15 a rotation aacl we are in cos< €1) above

Cese2: [F h Fixes two (or mem)pamﬁ' P and @ on fhe
(.'r-c/c afco s L leapes the «mgw‘ 9{:/4;;( PQ muarmuz‘,

Q
A ]3“‘(mc is Franslation by Isyfuréo/u. distance d. , “’

Cail thig ,cucnani‘ 70/&7/4 the ays of 4.
This oletermines b on the circle of oo as ,cr/:(.n{ud/ar ‘
gzaa{a,q go to /;¢,f4,a(/<u/-y ’volulcs ,axd heace A heos
<L’4c{‘/j 2 fixed points on fhe circle af *© | hemee (3) abor

A at‘ler 4's fa// mfo cose Cz) abowe.

/.
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Zéc Half -plane prodel of IH®

.[nsfzul af Hc a(/u 1D we can °/‘/’/7 a Scyau'-cc or[nwr::/an: and usk ;
the Lpper /mlf/o/ant I 6 as our model of /I

L this moeel: H*

circle at oo 2 (R U foo}
Qcoc(f.ﬁcs s cireles n.«f'ug R m
LA 0u5’<$ ;uu/‘zzal lines

Invarjant metric s d’/j whare 1R,

7 L /md,f&or, I:af(

ﬂ»eon» {, ? T/)c 3r0uF OF Orien éa*lox, prfﬂram7 isollu/r/es of IH 2 '5 /36/#07.94:(,
to Psc, ¢iR).

a b
Recall: Sty CIR) ® {(‘ J)I a,b,c,d e, aJ-bc:l}

sL,C(R)
PseCiR) = ? /tf

a b
A matrix (c d) in PSLyLR) acts on the upper balf plone
ag +b
va @ = T Note: This preserves He real ars.

Proof The gencra fors of PSt, (R) have Ewo Forms

First : ( l b) , &€ Z2+b This 15 @ franslation /oam//zl to fhe
o i

/2

real aris and ceu be r<a/:3«£ 67 o produvet of reflections = ae»/:calytaa&:/cs.

-at
Sccond ( c < ) , &8 = /g This a fﬁoa{vcflo/'/au(rnon ) a
- o
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Proof Ccont) civele ((nhrul at o of redivs @ ai1th lﬂc)(’/cct_l/ag. In He V-ayis

Hence PSL, Cin) ¢ Aut C/HY) . Foltlow Hhe :}e/o; hactuward osd 1F% eas

to check (Execcise) that amj orientation preseremy h can be H/rt:-!rt-/-a( 67
& matriy i PSLy CIR).-

/.

Remark: An exercise 1n lincar a/gcéra recovers Theores 1, &

e/1

e tv:s". f’o a(ep/(/cp Cqu!*[Qﬂf for [-2.3 1$QM¢1‘rj l’o 6¢ (//IF‘IIIL Ayfcréo/m
and parabohc

Zeed The ¢?UQI(IO& for Fixed /oomfj

Z = aj_:_.b_ = C&"f(c!-a)g..A =0
Cérd

The ciscriminant of #his ¢$oa7(ron. v (d- a.} +t Ybe , Zecall aol-bec =

and so  Cd-a) -4 (ad-1)= (dra)* =< ;5 the dliscrininant,
As ol+a s the f's—ccc of He matrix NFrcs’e‘«c%Gfoon. e obltoin

(ér) 2.4 = discriminant

w)%'
Ther

Cese 1 / f‘Ma;[‘ 2 = <on/u§a/c <o~f/<x raaxls' = ezac)‘/ one F: ru(

pomf n HE = cl/:,o//c. aasl Nfr::ufa( 67 & ro fa//ag i Poimcary’
Pise model

Case2: | trace |2 = 2 real roots = fao Pivex pomts on circle

akeo <> h hyperbolic . To ripresent b, use the upper hall
plane podel with © ,e0 &5 Pree poiats, Axis 13 then the 1m1dginary &XIS

az +b *\\TL

wncn

0 a”

bzc:
Czrd lemj O, - RN

z o
= Wotriy 15 (& 0) , €& 2, a G’I/a/mu
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Cose 3 ¢ [ 4race 1 =2 =22 e;ual real roots = “nigue fixesd /oou#
ou the eirele ot oo = A parabolic. To rcfresenf h us< the half
F[on-c wodel with oo the Fixed Pom{. '

azeb « b
z -3 :;._&‘ f,gm’ao = C=ZQ % ma}”’f 13 o a“

But ate'22 = a=t ) D matrix for 7«»04( Iaamlaa//c /:H(u-? 00

15 given b(_) ! b '
o |

Ret this 13 /us'f‘ z—veth , I,on;on*&/ #ranslation parallel fo peal avis. .
Yo parahslic F/xmj 00 preserves horogontal levels in the hatf plone
rodel . These are catled horo 4zc/c5 . Ln the Poincaréd olise model

(-/‘ Haro:yc./ts -

horocyc,/(s are Eucllo(:an Cer/tS' fadgtlt* 1‘0 1“‘(. c:rc/g af o0,
IZ(Maré.' ﬁc. 7roo/a ofor/at‘a //an. pmserwng /.)'onnfncs of /I/?: FSA,_ cc)

a b
Use The ap/er/)a//'fpaccmadc/ oF 17, /’5'43C ¢) ¢ [(c@')l“ be,d e, 0d-bc t!}

t I

$0¢A Gcl‘an. féc IIP/Oar "'p/ane ¢ 57

ce+ b ' ]
¢ Gaed /c ' /

Notice the real axis 15 I)_g_" pn:ovw(

os &Jb,c,d ar< COMF/t)’
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-Gt

Now Ps5t, (L) ;s 3(ura{<ﬂ( 57 2 2+b > /’c'} c,b e

Notice &8 =2th con be r‘!ah}(p( 57 2 reflections 1n vertical /ajpup/on:

in Evcliolian sfécc.

2 - -Q7§ CGu be h{gl,g(d L] tnversjon 1na Evcholian rfsétrc

So Hese extend zauguc/y fo 1somefries ofF w3 éencc auy Ae Pstce)
extends. As before #e unigueniss of He ex /u:/oq. comes Fros an In ferlcc/u!’,

geodesics arguemest.
§2 Hyperbohc Stroctures on Surfaces
0F A hyperbolic sbroctore on F 15 defermmned by an atles of chark
;p;:c(a——’/f/z Soch that (f,é"(d“ (aa/,%g)..a Fs (unig,) _

13 #c rtsfrufzon o/ Qe Onen/a)‘/on pﬂrtrwnj /:om/ra ;/9//1'?.

-l

.' ,dct
P

Loe arac//j r(?(/lrc F ’(,7‘4:. al/as 7o be orieated



4//5’ Cosson

Eramlp/t. ! Euerj closed orented /a/guas >! has a Ayp,réo/:c shoctore
777< ra»—fo<< F ‘5 mad(c 67 lc/enfzf//nj eo(j« Ofa- ‘/j 'jcn ( So J‘Am‘ al// po-//cry
ore 1lentifred ) . ‘ a
d b
e
d < b
Consider a rcgu/ar 5:::0/4:/4 'Vj -gon 17 the Poincaré ol isk mode ! o F 12
wncmﬁ'/c with DY | The angle sum of a smatl

43 -gon ~ ¢ ‘{3"1) 7T s 7r¢q/er than 217 I!9>/.
For a /arje. “9-9on the auﬁ/c Sum ~ o, S0

wecan Pind @ ‘/j ~qon i th anJ/(. Sune A7,

As the side hove The same /enj th , we can :“‘“‘é ;;"
lve Sitles boy orrentation preserving rSomefrics. pronde
F hes & hyperbolic atlas. Hhe u chort for Fondamental

]latr 1 a3, € &se 'H?(/( Verdex €qroa

1someteres oming <c(j<s to mabe charts For
Phe ed.es. Hs the Gngle Som 15 AT we gef a ehort For He verdices

Remark: Ln the consproctron H#e ‘/j -gom neeoln't be rcju/ar. L ovr cese, /naan]
the Fonclomental 5/374,4_ 6‘,' He 3/0(1::5 /:o/na!r/(;' gves a f///nj of W1 ¢ Pomecare).

Geoolestes in E are dlefined /aca//j , <.

¢ “ccan pull back Fe ycoa/a/cs s 1HE
\ Vra ‘//{g céar{ Ma,p?_
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D‘f_f’ 4 Ayflréollc s‘ar/:zcc ; /5 c_q_g,:/c/c // FIS‘ Couj:/cf(c &y a m¢/r/c. y}x«.
¢ The mefric inclveed by /u//lﬂj bact the melric 1n 1) i

Lemme 2.1 € /M/;of /-/0/.7)[’ meofL) Iha Coz«la/efc Aypo-éo//c ‘Surfacc‘ a/l
gfod’cslcs cou be exfended M&{<7Pm,lzl/;/,

Proof g(,/y/os(. bt hare @ boundcd are 11 the sorfuce

lvl-l:A 1§ 3<u€«:c. 7?15( a yg:ua'(,(, af ¢

/70/»({5 fc;ra’mj toward on end . This ;g;o(m_g D ® L @ ,

T3 Cauc‘j & 4 en ad’pomf. Take a chart ' .

with thiy cn.o(pam:f the center of Poincard disk. Mow ae con

<xtend the geodesic and pull back this extension to e wmandolal vea the chart wrap.,

TGfmi & max,mol ¢z1‘<nszon. pm'x/;c the proorc,

/.

72 tra'r(n 2.2 /dﬂj CO.up/clc) Conn(c‘/(a() 5""/’// ‘Caﬂlf(C/“(l ﬁj‘pa-éo/lc yurf:uc

15 1Sometric to #t

Remark : This implies that He unversel cover of a ea:u/mcr[ 4'7/70'60//(, sorfoce 15 H*

}?_f_-__ujf-' e con:f(rucf maps 0J E as b{,/ow

WE

E: E)(Palcu.['ld(
Chose A 1a F ancd a (!4ar'(C hug/éaréaod( d 74 — 4% S’ocd //a}‘ ¢5(4J=o

For xemd® exbend He geodesse ¢'Cox), Aehhe
ECX) s pomt on P'COX) with disblA, Etxy) = disé (O, x)
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D=z Dew/olpmj
Clam: There exists a cnigue mep D: F=* such that
1) D s a local /50»:4:‘»?

2) Dl, =9§‘ _ 4

D s (ous‘{ruc/cc( b, Zanel, e Canfhwarflan "

Chose apa?'a( < from Afoffin F ., Covtr ¢ bj
6 sequence of “round™ charte Uzl ,U,,.. ,Us with
Y‘- U, —mHt Chose /:o,n/: LAY { sock Hhat

Drp,xe, 1€,

‘S'u”)a“’ ‘?] : ?«,, on fhe Coa-fcuuu‘l‘ of ”7-/76/'.,
(onﬁhnm, X, for ] /.l we ansh fo /cr/am
Gu ndvcbion s/«,o, So Suppose that ‘P‘.,) A ?’; on
the canpanmt‘ of [("” U, ¢0n7‘amw9 | A

740'. (ﬂ(.ﬂ < 3‘.4: ‘P‘ A-bm 9‘- IS Ga /roualr;_
of H? aﬂl$y¢/7 Hefermined ‘] He ofata. €<,a/ecc
¢¢'H &‘1 74'—’ vl'h : a('ﬁ = MY anel mow e C&’#

Na’ps eru on f‘c ovvrfaps.

Set D(B)= ¢ (B) anol note:
(1) /?7 I‘C-([nlnj cooed 1nade covers , 1 Jortows that D7) off/aav(: only on C , no?

ow U, ¥, x; :
2y If €, ,¢, are bama/o/o:c,/aaﬁ(: , f/c; oAehrne He same walve o F DR ) o5 small

/rcpa/o,olcs c{an‘f /eare o wa»d;ufe cowver .

(3) F $tneply ~comnectecd &> DR 15 uetl -defined.

Observe that DoE = Tyt EoeDz1 ona )!o;!vtlnlv/] closed subset of F. 5ot as
£¢D 15 & refraction , LaCE) s open ‘7 snvariance of dowaic < this subsefof

13 alse open . F connecteld = E0 D = fF

7.
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A/’P/ﬂ this fo the umversal covar Fofaclosed Ajlaeréo//c sorfece F. F
)5 rsometric to MM, - ‘
Forther as F = ;/{a’uéfrans/«*ll/urf < /H,yf' where 115 a subgros
Jrecp
of PSty Cir) /xonvdr/a/u:. fo T, F . Aswx con L é-nltj“or‘aa/s ofpaw& o
the ansversal tover , rrs a oliscrete S’ué-yrovf oF PS4 CR). This Fact ako
shows that /1 - {1} confans no parabolic elements. Inoees | /"'cm-v./-uf
,_ = J a wntFormm ¢ on F = 3 € 0 such that For every q é/"[l} the
’ﬁ"%’ Injpcrballc olis Fance befween X ;"3(30 > é . .
In the lm/;-p/anc Maa(c/‘ G par-aéa//c ¢/(kv¢ui‘ /% H;,—cse't/a{ 47 a
}‘Oﬁgon"a/ Franslation Hrw a Evcliolion elistance b, Bof the me Fric in this
model 15 Given 5‘3 “J_f. and So pom/) "Inj.{ k/p" on the V-av1s" cre moved

Ou arb:}‘ran’y small h”acrbalic ol s fance.,
Notice that es the cetron of 77, F on w5 };«J 1= F1T hos no c/o’////c elements,
e conclude that - 15 has all hjpf)’éollc elements
Eemaré.! TA'S r‘u/¢$ OUT" Z@Z c: a :‘ul‘jmvﬁ 0)‘ /I;F - fom: /¥ ILgf ‘7P(r‘o/lC

N

Lemma 2.3 Eucrj essential closed corve ina closed ﬁwoc_rb‘o/l:. sorface s
'ﬂ-edy homao topic fo a unigue closea geoddesic.
E.’.E’-?_F Let CEF bean ¢sseatial closed  corve , E some
. “tomponent” of the preiiage m M5 Chose am ¥ oxC
é cud an & on prajccf/n9 to ¥. e can Pinsk @ gel P
soch that He S‘c,menl‘ 'S 5? goces ouce arovad £
As g 1 A7P¢réo/zc , g hes 6 geodesic axis Y. \7
Consicler ¥ = Image ¥ o F,a c/as«afgtao(a‘/c. ‘
Chose cuy pamf on ¥ and any /)aﬂt & comuc;‘/-’ ot ‘
to X, The circuit From the poind to ?,o/an, ¢ I‘agzl L
q/(m’ 32’. to 9 (pomt?) bock o ﬂcpomf on ¥ boundds

&« S'lnju/av "rcc/mg/c " a ///‘, twbcd( /ro/(c:é‘ Aown Q
To a S'mﬂu/or annulvs i F, Thes énnv/vs /3 ¢ fr’cc
ho»co/ofy from C to V. < j
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‘ff_‘.’.ﬁ.f ccont) For dnlgu(ﬂtfs : Let € be an essential closed corve Free
homa*oplf. toe closed 9<aduzc Y ,a..:f/x Pr« /)wwafcfy f: S'g[ - F
As before let & bea "comlooneul‘" of f“.r,’prtv//ﬂag(. ofC . 141",?://251'—0/#/&
cover f such that £ (iRr0)e & :
Let §2 FURXI) with endtpomts P,Q (See pix previow poge)
(laist I d>0 such that f(lﬂxf) € J'HU?ALO?‘OGO( of ¥ ( hyperbolic olrsfamec ) .
Phr d= Lub [Fepnln) | -
= L the Evclidian sense d ¢ 2"?) — 0 cswctend o Por@ . So
¢ campacf':;/e: fo a closed interval e th eno(pomfs Pa.
L particolor 1F €, Y arc fice homotopic geodesics | 1‘/«7 corncide.

7.

Lewmma 2.9 Eu(r7 ¢ssential r/mp/c closesd corve 1n a closesd Aypa-éo/xf. sorfoce
| /5 Iso f‘ofnc. fo a Unigue $1mple closedd geodessc.,

j'ir_ief Soppose C EF 15 an esseatial srmple closed corve s Thew The prcimage
of Cra W 1 clzsjo,,d‘ Union of open arcs . Note that ,f‘é‘, & are
o(rsjom{' , then ecndpu,nfs aren' s<pam/ﬂ( <. Lf P Q are He cna/pcm'f
of ¢ r’ Q° the <no¢'/ocm/5 of 2"/ Tien /’;’C? olon’? Sr/aant/( Plond @’
Hence the geoolessc PR docs not meet e geodesic PQ°.

Obtan the g<odesic ¥ o5 in Lemora Z.3 0nel note that by The above
the preimage oF Y 10 MY 5 q collection o F J/Sjbln‘/ 5<oa’alc: , Memee ¥
13 Simple,

Lt remasms to show Hhat C 13 /ra/apzc. fo ¥

Evercise ! Do there exist simple  non- closed geodesics 1n a closed
i’\ylou/bo/}c St.)r‘)cazcc..'7

ef ‘ESSodlla( s.c.c.’s C,,C, have minimal m/cr:zgf/_an ,;Mcr

aterseet f‘ranguuffr and i f jarcs 4,, A, R

., (2 r::lp<c.flv£/y hmv:nj Compon eaa(/:romfs ' €
and such that A, VAL 15 the baundar, ofa & @

dis¢c 1w F, 4:
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Observe that i f ¢ ,4 have non-rinimal sntersechon and are fpango"“,)
te can Find A, ) ”7_ 3 9/', = }4; Gasl 3 A, vA, bounds @ olise O aitbh Intl)

d:sjomf From ¢, Ve, Mow 67 Qn tnnermost disc eru(zxcni‘, ae have Hhat
ouvr curve C andd 9{0&::1& ¥ bave minimal ntersectron.

Now let P’ H—F be He universal Covtring Map
Choose a com,ancu‘ ¢ of pi¢ C) and examine how
1F 1aterscets a COmp onent ofp-t(y),

/?«1 an 1nnermaost are ar,ut/ntul‘ ,CNr minimal
= € meets no component of p(¥) more fhon once;
anol as before T his the same enolpoints as a cauponau‘
Yofpier.

. < cau'{‘ ﬁfcc‘{' ouy co;n/aaux‘f‘o/,:"( ¥) otler thaa ;'

ﬂ( o(tc[frax.s/a}/o‘: /I/Anj C /5 on /50/«(%») /eéaﬂn] C?,' ; muor/a,q‘)

So ,f Zn 3" #ﬁ' 1# contams an orhit of a Aj/frbo/lc /Samcllr/ cnol would
thos be infinibe . Bt 18nT181 D Cnved = cny=¢

Neyt ¢=r = ¢, 7 /MKIO/ojoas e e, f‘er tohound par/off[c
Sur)[dc(, 5 catl it M. Morcover €= ¥ = N has genvs O = Naw annvles
= C, ¥ 1s0fepic.
(N.B. Thes Fails For non- orientable surdeces . For Cxan,a/e._' »; Fhe
M&hius :7‘;-:/: , €= 6oum:{a7l , vz ctu"‘ral sT= =)

Lemma 2.5 LF C,, €y 0re Transuerse | essential | siple closed corves on
& A,/o-crba/:c sorface F Hhen €, , €3 have minimal sufersechion AT a

lvo»«aa-orf»‘lsn AtF=F ;30 ;‘a/a/:. fo 1, 3" ACC) hic,) are both closed
3¢od<s/c:.

N. fg, g’“p/mt/;; of (, , Cy_ +3 CS.N:./M/; as 15 the l:oméﬁ' Oﬁcar0<rlt(ot fo/o»oé/aa
ot Fh fhp/< Fomff.

Y " “ <, ‘L
:3:
i; X 3

3£oo(¢s'/c$ (L pues
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Proof (&) LF both €, ¢, geodlesic fl»tj have minimal inbersection becavse
no co»«POncnf of Pl ¢, ) meehs any COMPOIHR" 0}r"( €3 ) mor< thes once,
(=) Souppost C,, ¢, have mnimal iafersection with €y geodesic. 7y
IS fo/aj oofj’us‘f ¢, so ﬂmf Here are no 1‘)'1,/\‘. points, Mow 67 lewma 2.9 &
15 1356 fopre fo a Simple closed geodesie ¥, . bt must choose Phs /30(0/7

s0 that sF Jeaves € savoriont

¢ ot {b;pos( Auva boonds a ofisc; <, L< have mrinrmeal

M fersee fron r,C hove minimal 1ntesecfron

as both arc ’:adald = Cy N dise 75 a /’anu/y o

Y, /A Gres pessing "ﬂrov?a(" #he olisc From ”fOf ?5 bhoMom
s ' So we can choose our /S0 /0/7 to /eave Cy snvaridnt

(altho not pmnfwsc Fiueot ) so0 that ¢, Z:¢

Now we can /S0 /of?c ¢, fo ¥, veaan /sorlcfg POVATA
* ;s e roles /,/7 oufsiole a nczjl borhood oF an onaclos.,
As chove He piccesof €, oSt 90 '?Ano‘,ﬂ Y s
Gunovlvs (Imt,k they wind arovnd but this can be
Fired 67 ﬁbm(omor/ﬂ‘d‘n) cadl 50 c:.rcqu//y the

SomL /::roof e$ adose works her es well.

/7.

. ’
Everciset Defme ¢( €, ¢, )" inf { / C,’n ¢, [ ¢,
= the 3<o;uc1(mc. juterscetron nomb ev. Proug thet
C,, <, have mmmal m‘fusccﬂon &=
[C,n¢, 1=¢Cq,¢)

D_c_f Essentral g,..,,/‘ closed corns €, ,Cy S E with minimal mtersection &_/_/
Ff tuery (ar\PonenL‘ of F-tg, véy,)isa 2-cell. ‘
( Sec tilvstration ;u above Cxercrs c.)

Ex«'c:sc: On q.\y Surjcacc FJ ,;7 S.c.e.s C,J <, ﬁ:///nj F

”

2R
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ZL,.: .2__._C_ Lc.f h5 F"° F b< an GHOLILQ ;Io«. pNJ(kwdg aufomarpl;/:m a/(‘ c_/aseo(

A,p«réohc surdece F. LF for Cutry essential Stmple closed corve € LE
Tkx1 5 hFCe)2C  then Tn 3° h" s I1sotopic fo 1.

Proof Choose 3cadntc: ¢, ,¢ ﬁ///mj F. There cns//nkjers
kkl'(C‘-)“:'C; . Sosef k= k,-ky
Then hE ¢ Code € 21,2,

k,, /‘: s‘océ ﬂa!‘

The corves h¥C¢o Y have mimimal ntersection, so by lemma 2.5 FHere

e ts e 9 Is'o)(c'/ﬂc to 1 such that

Lk (C;) 20,2 15 aclosed ca‘/?slc
9 ¢ ’ g
f/enc(-

ghRecede e D ghfequa s ue
Considering €, v €, as agraphonF 3£‘F¢ruu/«ﬂcv¢r1‘k¢: of #his

graph ,so there exists an L Yo sock that ¢ 54"}“:: z:afo/uc to . 7
an F1F = E which restricts fo the idenhity on €, 0 ¢ . Now, v
5 /safoflc fa 1 = /\k‘c 18 ISo{of)/c fo an ;(v‘l“- hrsfru./t fo 1 !

the )dtn}nly oa &, 0 ¢, The Alexanslir trick shows that £

1$ 150 x‘a;m_ to 7 oy h&<¢ ISO{'OI'-HL to 1. !

Alevander Trick
/7,

Goa.[! Ddl(nm,m ﬂc areo o; a /:ﬂ;erbo/:c sur/ac.c,

Seppose Frisa closed sorfece made by Idfuflf)ﬂnﬁ the geodesic
lges 9fa.polyga~ m pairs .. Suppose this polygon hes 2e eslges,
thea this gives rise to a cell decomposition of Faith 6 single
2-cetl, & A“!ﬁ“ ) and Some Homber v of vertices

The Eoler characters bre of F, ¥ = vactli
D e vl -Ke D2es2lvel-¥%)
The Govss - Bonnet Theorem Says the arca ofour Ze -g9om 4§
2(V-H%g )T =27y s -2T K¢

/r(a. o{ c/osca( ﬁwper[o/w ;ur!écc g 'Zﬂ'ﬁ-;;
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—— oo —

Lemma Z. [4 :4 (ompac‘l‘ /!ﬂo(rbo/lc Sur;acc tw/li fofa//, 9(0»&:1& 600114’07
hss arca =277 'f(; o
£¥aup/¢ : Chooye a r:glﬂ‘ h:c?‘ay_su/a/ 9“0&314_ /»uragc.s
m IHY Tabea sccond copy and ”9/u<“ Cvery other
(c‘go . The )‘(39/7‘/#? tur;cacc 15 the lpnp{rbo/lr, “pair

{ OA} Y
LT ponis

I\ /,

Arca + 2 CYTT-37) = 2 | ¥ = =1
Pp___o_gf Douvble £ . )F geodesic = DF A,Ipo-éo//c ; ;conclaccf = 0F closed
and Porther 1!0/-' PR A PR IVE St Fcouloact‘—:) X to
4 1(); 3 Coﬂp-mﬂ\/} homeomorphic fo )
Yop® ¥ . Arca DF 2 2Arca F Fraishes the lemma onccwie have
the Fol/cuum’ ‘
Claim: Euor closeel /-yf,oébltc surface Frs made by 9/«/::4’ 7he edges
of a gcodisic polygan, m pairs.
PF e look for a ”fona’Mcxlalpo/ygonu
As usval £3 ¥/p , P discrefe
Choose Péim* and let Us{xem* [dex,P)sdcx,qp0) Veel'}
note U 13 ‘/‘”“{J ansl Vxe/M® there exishs a 30(‘ soch that 3(:5 &1L,
Weproceed via a semes of claims
1. U s A‘,perbo/u.ly convex , d.q. £ ¥y %74 fl{g:adcws n,nuf
Cy.yled

a ot . '3
gP P

Take the pcrpaa(:cu/a/ bisector of He 9«:1:;:‘. s‘qmcnt‘ [/" ,f’] qaol #ote Hat
Pam[s Jbs(l’ fo P acon Pside . Move An‘ce/or o/c:n ter Fo sce fhat & I}
He iutersec fron of A”goéolu- half planes 2 « I:y,:wéo//:/7 conmc ¥,

29¢
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2. Fri 13 & /ocally Finite uncon ofgcoo(esxc arcs
By the O(ISC'PV.‘{'”(SS of P there on{y f/mf/y mm‘y tranglates of
P ot the minimal le"&n(C ;raub X . TA(,Pam*x lauS{' [1< on
the 3<oo(<slf. pcrpma(z:u/ar bisector offP,sP] =2 ¥ 43
on at wost f:ulf(/y uan'y Such 3(04&3“—: 2 FFU /oca//Y
FM:*C,
Further moving ¥ sfzglf/y 1 Frit oloes nof 1nfrodice
new translafes of P at the minmal distance Lj the oliscretencess
of ' = x 1son agtodestc = c/armm
3. &Lisa po/ygon, with gcoaltsm cdgts
F Cm«fmcf 2 There exists a ol such faat every pomt of HE: 5w ithm d of
fome gP = L bounded = Frid sa finite wnion ofseaa(a/c. orcs
2 eloim. Call & a /)Om.cnrv: ,oa/yg_an tc)cr F.

!//"‘

F/na//y the ;«/ that 9/‘7 hes a Poracare ‘pa/yju = 30[56 rolenti red 1n pairs.

/.
Remark: 7‘?. aéavc pracﬂﬂts /ha(fpaa’a»f oF dimengion,

Lemma 2.5 An unbovnded complete hyperbolic sorface Faith Piaite arca
15 homeomorphic to & closed surface /ess a Fimife set ans hcs arca =20 Eg

Ex: [é’(a/ Tr/anjlé . Areca 2 77

Dovble an 1dleal triangle fo gc* a Thrice ponctored
:/oAu-c., Arca 227 wt

H*
Preof F Complete 2 F 8 Ptk i:scrt/:.,éu?‘,aos:zléf non-hyperbelic
elements cxist i M.
/45 s o(zscrg/c. . we Q,ap/y f‘< /tcﬁm?uc aﬁ ﬁ(c previoes pm’c Qg&m..
Get ez feemt ] dee,Pis dex,qP) b’gef’} , G§ belore L is eloredl,
hy/:erbo/mly convex , and Frit 15 a loca "/}’ Praite Uston of geodesic arcs,
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what can go wrong ?

- ’
9ot

' la [lnﬂl( d((l"ﬁﬂh3

s<’.u¢n“ o;gtadalc

“‘5(5 ?

[ /" ideal vertices ?

Llet o, be the anglg at the vertex V. Vertices occor ahen V 13 e,qwa(/r fant
from 2 or move distinct translafes 2 v 15 the mmterseetion of olisfinct
gcodesies = @, & T

,qaa,.; e, Prouu( Vid a Series o[ c/a/u: PR et 4 call that ﬂc area of U s fur/c.
1. The Evclidian closere of U sn the Posncare olisc hes Ol'/r l’m,/g/, #oGny
points ou the circle at oo '
LF n /aomfs , @3 U rs /o)lperéo/lca/// conwvey , UL nws?( conFaix on 1leal
F"’Y?“’ with these eadpoinfs = Area & >$1-2) 7 Sthere exisfs a bovnd Forn
2. Arcaoft2m 2 g (T-x,)
via Lat D
Taéc q :olu e nomber of inferior v<r1lla$ anol make o ;m//c /oo{y’an 6
contained M. Areca 63 (n-2)TT - angle sum
D AT~ auglc Some = 2T+ arca 6
2 Z(ﬂ'-acy‘.) s 277 +arca G
Remavk © This Shows % (7=ay) convergcs

3. The nomberoFvertrces ¢s Finite
Let A {vila, é 1”/3}; 8: {lev‘»z”/g}

Claia 2 =2 A Finite , How notice that as fhe ca’gcs Qe Iq/m%uca(m/)aw_v)
we can divide the verfices info eguivalence classes. Each soch closs hes
£2 B-verfices and 21 A vertices es e anglesume s 21T,

= Flmldy maur (?wvc/cm:c. c,/ass‘ts
> I'm;#;, many vertices
Cor: "/0 30,05 or 'a [lm‘l‘c S(gucuus opgczoa(({/cj,

26
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Now fabe a new palyaon. “©LU v {la{m( U(Hzlcﬂ } l’u—fo’mnj
Wdentifreations shows that £ 15 made from oV § iolcal
verfiees } bj ld(nhpyuj ea.'ja e pairs and fﬁas[c/cfmj
the 1d<al vertices .,

> £ closed surface - fimite scfofpcm{g

* Remork: This proot does not depend on dimension

Now F s a cell-complex with some yertices de leted | one 2-cell, ¢ edges,
anel v s'v"mwng Vﬁ-i‘lccs
aree L= (h-2) 77 - anlc font
(2¢-2)TT =27v  as the 1oleal vertices hove an5/¢ o.
(2¢-2-2v)IT
-2 ¥,

7”7
HE®
Remark - LF F = /f' 15 of Finide arca bt non-conlo‘cl"', Poen I’ hos parabolc

< lements .
Era»la/(, A 1-punc/w¢ torus - obtained frow 1deal guoaln/e/cm/J ar<a = 2IT

fcoupoullo» ’% pdméo //(. ;lxmj
this /a/ut/pom{.
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ﬂtarn—» 2.9 [; F 13 Q comp/-dlc h{plrbollo S‘ur;au of ’M:lf. ar<a, j’ fo"“/’r
grod ¢sie 6ovn°[m'7 L Finite nomber of §-component), Arca F =2
- 2”1; ¢ T Va;

P*‘OO‘ Dou£/~¢- l"') A.rca, DF e 214)"'(4.;
Yor * ¥e t ¥e~ Vir

| (or 2./10 ﬂt agrea o; any COMp/cjc. /:”ocréo/lc S’or;&u F u:fA f‘o/é//y 9(04’(:/(.

e entaEO

Aaonddry 18 ATT Cnze) . Lo part‘/cu/rcr, 7 15 @ lower bound for seck areas,

§3 Geodesic Laminatons

Nef A closed A”(rbohc sorface F jeqcodesi¢ n F o5 the 1m¢542;¢ Canf/c/c
geodesic in HEs P . A gcodesic i F 13 simple +f ithes no Fransverse sc/f
1 ferscctions. :
A (scoo(uMJ lamination oa F i5a naﬁ-cmp/y closcd sobset L oF F
:.-/wc.[- & o(ijOMf wuion OF Slmln/c gcadul(s n . e will prove ﬂo/‘fvc‘.
an L /5 a union of 3(941{5/43 Ia {vrf onc way. The 9(0(:3143 contamedd 1n L

cre called the Ieaves of L.

Examples F/m//y aany a(:s/om‘f s.c.c. grodesics Form o lamina tron

or

Fa4
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Suppose that A, 3 are closed subsets of a compact mebric space. The
Haosdor® distance d (A, BYc & 1F A€Ng (B)ank BN (4),

Exercise! Show that 2 Xz {nonoeMPity closed subsefs of X} Forms a metric
Space which is f‘oﬁ//y boundd g’ Camf’/”lc" A co»«/oacé.

e wieil use Conuvtratncc LY H«u nt?‘rrg fo consz‘rn‘f /mmno.f/am'.

ol
Lemma ‘,_’,J [f L=z ‘1;2 ,', J&& ?X 1§ G 9(00((:14 ﬁru, ¥ g' rx))’y ¢1M{V Co:ncm&,
or are disfont VX, 4el then the olircction the direction of Yy ot w.rd.

a.‘r c‘\arf vari<s (an*mwfw/y MH\ X,

&3:_[ Choose & chort For x (5:6(‘-"/”3' z [do‘sﬂ‘ . Ulﬁnc He olirccton
g_f Y a_f x (w.r.é @) s the &h,/‘ 6(*«;((& @Y ) ond the Evelidiown
paral/«/ toa Fieeol ling Hru PCv), ( Geodesics her are wuorieates)

@)
1447
Gh) ~
s

Now fvS* 055"0'(. fAc.f gcod:ncs wotl ,uftrrgt.{lf f/cu» a(':nc./zwc T2 4 ﬁr a,éu!.
The Jemmea Follows 6‘3 THINK,

O 2 thirecton of 3"&:{/

/.

lemma 3.2 A c(/:/'om‘f PLICTS v!ci/up/c 9400&:/:} s a closed C(ormenfoble)
Isyp(rbo/m sorfoce £ i5a proper subsef of F, anel con be <:Iar«:rra(

os a wnuron of 3<aa!<sl<: > /us} One way.

Provk F s closed /r,/owéo/lc =K s0
s F hos no c:m.ilmuou:/y U’ar/n, line Ae/l( O((A'hca[ Ot Q//a/:

dl!jons(‘ union of traple geaoéncs /3 proper
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Next considaer H % F

1?

F

L= .,L’{ Tx  we most show That ¥y 15 The onIY

geodesic thru x mi. Lndeed  we will Show

no other geodesic ore i L pesses thre ¥ .
Suppoie I an arc & vf @ geodesic with

XKe [a}-x , VN transverse ,anl( ¢l IJ{[M{_ MHE

96 taxll 2HEy,¢) —>pomtl on T‘} a ois fonce

¢ from Y ( Here ae have chosin an orintation on the

sormal fo « , MaYL‘ & hool Fo be shrank ) .

lemma 3.1 2 ¢ canlmyay,;
No{‘lct. that ¢ (xxil) € P"CL) . Given d » 0 R 3 U on Fy Sueh ﬂ‘{ f(‘ ,{y)’"‘o/,‘
d-nttakborhool of U € YCaril), Sef ds diameferof a Po""ﬂ*';pa/,?u.f’arF
= p (d-nbhd oft ) e @ =D LeF
VR
Skolum: Mo gpen subset of F €L = Jancinations Gre nowhere olinse

10/ 3
[4 corem 1_‘_/ Lot N2 N(F) he the tt/afa{/gcao(tﬂc lasecina frons on the closeol Covrenfuble)
k-“ur‘o[lc 3u‘,-fa¢¢ F. Haosdorff olrstonce d<fines a ccm/ocvcf metre on /.

Refore we prove this theortm we teed :
Lemma 3.3 The elosure ofa non-tay;{y O(ISfom{“mo& L afjcadcnu

13 @ lqminafion

Proof tee /uwfsA‘cw C isa o//t/omz‘ Unron of !‘Huj:/‘ g«wl(:/cs

Tebe €€C , Xa-vX Xatl , Y, aleafof L thr ¥a .
Obscrve thet the setof olircctions 0;3¢ad':uc: efx 18 ‘°"‘f’“{, | \\ v
incleedl ¥ RPE ‘
= Ja tvés(zofncc ? dircetion r,— dircction of ¥ thow x . x,‘;x
So .«f/acc fr.3 67 this fué;cgu(nct' |

¢ dircctrons meesvimd 10 Some chart abouf ) |
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Mext Falbe g on Y, oist Cr,y)=d, Find yn 0n Ta @ oistance d From Ya
micasurel tn Ha same ol c}/aa. ot y . Than Vi =Y
= XeYy SZ
> L s aunion of 3::6’4:/“ .
/h, tao geod<rics Formedd n thig way are dlf/ﬁ:n‘{‘ as ony geodesic So formesl

Can he approdimated by a geodtsic ia L whick also opproximates direchion
So tF two 5<ao(¢nc: Y, v' e L-¢ /nhruc/«ol, w< cold Firadl 1n /e&:ecfm] ;;
b 4

qeod<sics al A similiar srguement Shows ¥y Simple.

/.

Remark : The geodesics which cre members ofa Janeination are considered
anqncn./’cd. Thisis necessary for f one fo rms He /auum/,ou. adich *hmits"

f“."flguut ce” of longer f longer 5-€. corve geodlesscs 1F mottbeanorieated

- & ] f'éc (ramp/c 4(/;«1 f‘owt

Goe are Hap(., o prove
Theorem 7.4 The set ofall 7:04({:/4 Jomcinations ena closeol Corientable)

hyperbolic surfece hes e Coufccl‘ metric defined ’5, /"/da:a’orlyﬂ/ﬁféﬂf—‘ .

Recall!? /JOOSJor#Jls/nncc - X {Oﬂftt/i”t/rl‘- ) 2 ¥ 2 {nan -f closesl fa‘né
¥ K} ] (ﬁcx.'{f con-/ogfas,g Z}
d(A,R)<Ea> A S Ng (B[ K5 WeA)

Mofe : d(/i‘g):cubﬁaa
fopo/ajy on & X Oltlooufs aaly [-Z" f‘c "ofo/ayy aF f es c:./ fr«o Aud(r/cJ

on ¥ 0w engc!od‘

X compocf ’721 ca'-/u(f
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Proof I A,xA F Veso IN nxN = ANy (An) ondd Ay Ng(A)

2 P

So 'I"I:‘”AA: [rel’l Ye>o IN Y arN = Xél‘lf(l,,)f
Let L, =L 1 the Havidortf metric ,vach lya laming fion . L 15 closed, /.vcé
vel . weectw Frudk neerby poinfs Yabln . I scbsegoence svck that ¥, =¥
a geodesic .

RBuf suppose you chose @ a//yoa)‘su.‘n?aucc . Thea maybe e ¥
you 9&1' m:,if not hove the same olircction as the First. So af this :t‘agc fhe

previovs [emma musthe peproved, Instead, we control the direcbrons ofjv:o-(a/cs
65 well. :

Consider the Frc'fcc/lvc tonaqent bundle PT(F) s {( x,6) ! xe £,
6 aclosed geoduic scgmm(' of length 2, 56y, Centered ou x §
TOPO’OS'S‘ PTCF)Y with chovts:

<x,6) PT(F)Dp lu)x 4xnP?
l T LN e
x F 2 « ——==-u
S chort
¢i¢. Take the collection of p Cchert nc:,“u‘ud&) es ¢ bous For He fop/qy
p PT(E) = £ .5 contincocs , PT¢ £)isa co.-,ua‘ 3- meaifolet.
Morcover PTLF) mt}ﬂ’q‘k =2 PTCF) coa-/ut‘ﬁv(/nc = 1”") ccmpogr',.,g/rg.(é
Cien Y a 3wd<nr_ m F, we have the ¢ h/t’c{)geéo/a/c $:lcx,e)lssy]
In PT(F), Notice *Aafcwry ,:oa.n‘ it PTLEF) [res on @ “nsgoe /1 Ftesl 7«»’61:..
For L & lammation ,a F z ¥ ¥irec 1, Afl 1LencF)}

AMow ¢
L e Prce)
lat
onte 4P i7 bemma 5.1 = f" coutinvovs oa L Sp a
.3
L ¢ F h:cm(omw?lun = L <¢n~pa¢é

(v-sP&Ct

iz



j0/6 Cosson
Hence H‘ Inl{/to( [Qmma.{lox: Gre 1% ZPT‘F) =) A £ Zﬂr( )
e ant A closed hecavic:
ZF /"’105’6(0"5’ = /] h'oosd'or):} ,
te

l’nﬂ)(cmpacf,so B A closed in zpru‘) oafy /vl l"'
continsoss A c zF

“ pres)
71 €2

them A wnpacf
D Pt A—=Nn a Aamcamarfﬁun

=% A co-‘fmcf

A Ares)

. vA a
So svppoie L, € N, Ly,=A €2
Pt L s pLAl Note that A 15 now-@ and ccm,oact‘ - £ com'png,{,

R S'Aow: Az Z For Souv./amum/(on L.

¢ty L ss aunionof geodesics
LFrel, xspea) ,aeAs PTLF)

ar (X, 6) 6a lng th 2 geoelesic scgnmf ohich et witl <s/.,n/}) call &

.Y
Now Fauel, 3 aume. bet ¥ center point of panl, Then xo=X and

Aircetion an = dirccfion & . Lef ¥ * pro/amaafzon. ofa , €3 Sefore rel
(z) Fcfuz‘ the Or,wmmf of Lemma 3.3 fo Sce L a d;s/-.«.{ asion of rm/;/¢

Qcaahncs
W

Remark: Thorsfon considers two speces of lominations
WL 2 mecsvr<ol laninations | YL = geomefric Jominations

6g- 2 - (ditconbraver)

<uyu/:ﬂur9“~’ ~

-~ io-ad acay,

f‘le‘n:f'/ﬂ"
Joece Clontinpeed il Csonvavth
Becbor out f‘f:‘!“i_‘.
P

gcalger nulh,/a
of mgosurct B post o MHovsdsrt /o/tp/.':’y

A ’éO//rn a; #he above 'pro'//:
Lemma !"_.i“ Hdos/o’-l[ a’;y/auc. on Z’a-d z
o NLF)

)
dhid 9&/;”(- {{(Fﬂﬁ'& /Ofok,)/
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i0/y Cosson

D_e_f Alaf yofa lam nation L 15 1solated tFSorcich xe¥ T o nnjéé.rlaa,(
U of ¥ such that (u,unk ) s ‘omtwﬂo?/uc fo (disk, Viometer)

Exevcise! This holofs for “.’"Y yey & i1tholds for some ¥ € Y

Set L' = ¢ - {lso/a/u( /(nv<s} . Nofe that L’ 15 closed ,//L’ﬁﬂ’/ac call
L’ the Aevived Jawmination of L.

Lewmma 3;5 LFf L’:é , Hen L 43 a /nu/¢ cuson of s.¢.¢’s ondd L 15 o1
Isalcf‘ﬂ‘ poln\‘ 10 NLFE), ‘

I}_a_‘_-‘_f LF:4 , e/l the leauss of L or< 150lched 2 Ltsa t-dim fu‘mlulA/&(‘
of £ (notec that notall I-dim sobmonibolds ore lonimatrons cw//-/v;//s'a/o/wl
leaves however)

. lsa a/':/'aml" amon of §.¢.c. geoslerics
; ¢ v Such flml‘ m '8 4 o(*sfam.‘f Unton o/ O»anv/"

Suppose Ly 13 suck Fhot dCLly,L)¢6 . LelY b<ca /<ofaf[;) :
YENLCL) D ds.c.c. 3¢od¢uc C ml such that YENGCC) A Ne€D

= Some hfl‘o; Y st 14 A/e CC) S Bt He M'y 7:90(016 i
im this muj‘ bovhooo 13 € a4
corze = rel
A

Ou«rr,i 2 1) [s cvery solabed Fomf ef AICF) a 1-oltm sodmanfold 7
Example: Takc a frved s.c.c. anol 0pply Dehn fo13fs 1a ofbers

s £2

b 8) — .

Here Cap, % fle rn«,/g 9(0;«'«6:/(. ;‘am/oiug fo (7',)“ ¢ 7;_)'“ Cc,)
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2 elotesd leaves
L Inci? t (

L

2 opea /nevcs

me‘ Lanmaf:mv; 1 //ousc,ary fopa/ﬂ,y

Dclcilc (- 228 vpu\. /(atc ‘5 Mc n:su/fm? /ennna"/on. ISo/a/eo( ’
1) Cow you find o pe»fuf lascinaton? 2. a lasmination L 37 ¢ ‘el

Lemma 33 Let h: £ -“F‘ é¢c a houconor/bsn of closex (orrentedle ) éy/(rlo//c :orfuc:J
Gugl Icf IT-. /H‘-"Ih" b( Q ////0/4 fo f“g amurrfo/ [{-T7 "7 2 740: : /n: < um,goc

I 7/
Contrrvevs cxfeasion over WEU S, ,akere Seo t Crre/e af oo,
Remork: This theorca 135 $r0¢ 1n /u,.lu olrovansions 63 well.

Proa, boe a/rtufy bnow e lenema For 130metries cs Z .8 acucnkf), confimvocs
e h{c fo‘ lalreon, M¢1‘n¢; o ﬂ‘ Pomcart disc.
e shell Show Fhat Ffor a 7<odﬂ'/c Vi //'/‘ ‘l () Coacvtp’d fo Qf‘ﬂt{

e S... weot [<f Ai (o)s ©

A
A
ey

Nofice that as Z , Z" ar< 5 Fhs of contrncors wiegs ofclotes "fp{r},/le S'af-/:sa{
f‘tr are an:faru/y coxlnwwt .. b Fhe ‘,,oer‘o/lc sectric. Meace JTAv0 secd
that
% LY
a’(x,y);‘I-bJ(lor,A,)fA cr)
dlAx hy)el = dixy)s 42 ,
drdiia,kyth o drdnys "4
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- - ~_ U
Set we [dItl = gt B (Guy=>dz -y
So 1f JCx,,)! A ,‘Mcn. dx 9/ , boe 5‘1‘1"& COno(l/qu_

& & J‘k, )
d(x,y-)az\#d(h‘hy)i y/,\ cz)
ﬂuuprk: bc. wauf 1"0 I'v[c o‘/l' ";f;rellnou
Y
D 4
Lef ¥ be aw oriented 3(0;&3;:. thra O , sct P‘, < h (;a;w/ on ¥V aclishace t From ©) »
Pick a Freet reference line thra o, le # ('Qé be He a«,/«. Sctfween OFp oust thig

fixeot reference lne . e want G, fo hovea limit o £ =

Every pornt ou the ave fo By, hos elis fance

2,
b4 é/A 4 4’/4“ pY fr-ou 4] 6g () 7 b’ ‘I) ufor(nc( fe ter
ing
d(Ptth',)s A Z Qt"
Eucry point ou the geodesic are Pe b, vddeof U J
h‘l‘ dlfﬁgl{“-g é/l‘ - A ;"ON o] kyféroofws
2 t/30 f 62 2xF /3
Now I&t‘n'étl é{ll

d(lgtlpffl)z are ot '01'01 3 I@t"'aél'fluk /.'{A 2> -——T—-’“

\ é
% (e =) x 32" ¢xruy

Oe/
16,,-0,1%vAe *  Fézad’
For 4> é% 2A* M

,&u'@él !g
7

S'm‘ X%
So

-5/ - &/,
‘/JL 24 ds =z Ce 24 lu‘(r‘ C s a./:mc/ma of 4 g../),

-

= /i G exishs catt 1t B.

& »y 0

So w< can oefine vunr ¢x fension of A ) A , 6y /a/u«j e e,.,(/am/; o/yeo/azq
fo Ong/c @n S";., .
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Ls His continvovs £ Note that a m,uarémc of k¢xs can be h(ou,/dl of as
e J¢€ cscctor 1 exterior oFa cirele aﬁ[//uwbo/lc ron’/y:/. To Fiad a
nugkborlwu( of x mopped 1nfo this s<t, cousider He cxterior of e circle

X~ £

-bfyy €
o;Anurbo/u raoliys max (AP, b ) whae 6,22 and C2 2 ¢ {?
anol of wiolth A<termined 1-7 the c'u/u,w/, of hat A (sec PpX abeort)

Note : .\f 1RSLrCS 'Mcf/mn,c ofcivele 18 ouvtside of crrcle o rodivs f.

e

Reniovks
7. ku/A & &} HMore wr‘- ﬁ‘“;,po//zru Coun Ac lv(aéu.o( to h a ‘Aonot‘o,;,

cquivalence A
2. La ha,&r Arwrensrons this 15 He F1rsf shep 1n He proof of o5 tor’s
Regechs /7 Ticomm . {n that Gr’uo-u.l‘ ong conclvdes Phat his homo fepsc to du Jsaau/fr,
3. LF h k2 F,=F ok Aomotopic vie a ﬁoso/ofy MHeE el =F
anel 17, s 2',, are. TAe I:;/s of Ao,é; resp. o0blarnent 47 /////.7 &Aonol‘o,y‘ Hen
Alsh, £ kIS
¢ M wufarm/r contingous = Ay/:r‘:/lc d¢ 2,, , /‘»;x) 15 boonded
D as &k =, Evchsdion d (hy ,he) =0
z,cy) - 7,, ty) F ¥ €Ses )
This also holds in higher olrmensrons
§. Mosteyt Fornel, usc ahove ar,ucnaf; Hen show h1Sl 2 some
/$o~¢/r7 }S':, ¢ False tm slima ), conclvde hZ /so,na‘r,



10/12. Casson : : 35

5. In dimension 2, 3 an 1sometry fe b.’ day sclcal Triangle fo cay other
yeleal *rlanjic.; buf ot all the 1dleal simplices 1m 1143 fave He same
Volume = maximum volome poss, bl | any fwo ore sometric . 1o
show that te 1 FE of a 40»-./0,7 ¢’Qwv4/ucc Fohes Caax, vof ) —>
(may vol.) ancl that #h:s Jomo/a-/ga Be action on S5 ,04¢
looks at fle unajca} a face ;) 2 pomf: on S5 8/1ve a max yolome w¥
3:»};/««.1 ) ;?‘ .‘v'//': r<//¢c/rw;. , 30 oax s lect 1o Cons/olring s<cFlechions.

Open Qgiﬂllﬂ* t Doxs At (F) act ”ava/um//, “ou £ ?

¢ <. 2¢: HOI"‘O’(F) -—-"Jffc (//Onco' (F))ziv{(ﬁ)

15 there @ 1=¢1oledl uverse?

¢ .<. Ls there @ Grewp /wmouay/»(a:u. ¢: /’ot( (F) = Homeo CF)
Y ¥ =1

-y 4

Pa»—f'm/ S‘o/e//ons.' )
1) LF T CAFCF) s Frarte 8 Here o grocp /)oancopa—,l:tu.
$: T => Homeo CF) scch that &4 2 7,7 '
(A) Nelsen €1930%5) Yes 1F 1T eyelie , r Ferated c‘;rgocncu“ gives
Yes T Salycé/g
(B) kevehov (197%4) Yes for quy Pruibe 7T , ar,uonuf 43<S Jhors fon's
compactibication of Seichmouiler spoce.
2) Consicer the tmif (4&:(»* bendle , a double covar of PT ¢F)

UT (F) = {( ¥,§) { 6 an orieafed geochisic u,mu.* af/u,{( z.}
/401‘('{) GU‘S na’lbr‘//’ on UTLF)

Homeo (UT (F)) —————> OF (7, Cur(F)))

No ,: fangnt v < i¢ L oeE) s o (reelf cuter
ma p here $ map S N l
Diffee (F) S Ot O, (F)) R AP CF)

AeiBoa

"
“’ 3 Q 9y~oyf ;’Quohar})}usn b‘:t,‘ 71#15 -3 cononzcal :v//.‘%lvtouor,‘n»g

o0f UT ¢ F) Prom cach 4«1‘0»:0»-,‘::& ok 1= € Cromey -~ Cbet,ov)
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hemeta 3.8 L} F is a closed C°~p/v-/c Corrented) dyperdolic yua-/uc,ﬁa;
urcf)s Y whime F 2770 andt Y2 § ca,b,c0 10,4, ¢ ar< olishuct
Jnmb on S 1n COOhil(VC/OCéA—/!L orole, §

Pr_g_(_:f: chlni,giY-)aT(F)f(ﬂ,l,c)—P(P(x))ab) c ‘
twhare ¥ 13 the Foof of the perpenslicilir geodisic From \

¢ fo ab
NO"C *det 2 1% Con#lhuws DAI( 0&"0 2 gaed ,q.(ucgs

a hom-cnmarplusu V/p —? UT(F) M
y/48

T‘ <O 3—1 ( Gromou J C/’ttj tr) /44', Olicn /a //o-s p}—t:(nnn, /‘Omtouor,hsn
ht F, =» Fy of closed /x,,wybal/c sorfaces maluces a homeo morphism
R UT(F,) => UT(F, ). Morcover, if hok , then hak 5 F ki Fp iy,
C21,2 then m 2 Z". z, Ceak T21). In additron /: carsies I Fted

9(oa£cncs fo (1 Fled geoolysa,
/Hl;/ g ) -
i:tg_o—ﬁ F; = r; ;c‘oou h i pd® covering hiF, = F LF 9,"/: , Then
11'3'5 317{ Forsome 9, 6/% |, 9,2 hyc9,) el . By Theorem 5.F ac com
erbind B Fo kv S.:. -3 ; 3,,:,,_2' CTRETIRY
Notice that
¢) h preserves orrentation
ée ) 1nduces 1"! Y=y Tnll’l/ynt’ g,,s 7:1:
Fil) melecces Ao Y//', -7 y/f‘,_ ;5o Z:w‘(ﬁ;) =&l ¢Fy )

v) A s mo(:}mu(m‘f of e choice of LFE o A
Now htk = J 1145 ZJZ soch Phat hek

h=k
L A F' e - - 7 7
Moreousr , we Can choose hyh, 3 hye k, | o hih 3 hy-h, 2 S4 =5 o

m ® Zt' z'

ﬂ(hdvéf Thes o(orsn'f bor/& ﬁo, PTCE)

A *‘C) ‘\lb)

k
SN Y
hed)

a hea)
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LF re F‘ /3 an ortentek )cao(azc. let ¥ bca lilf fo e ; gorag From
a Fo b onShy. Th /a//ﬂlycadulc Y in &KT(F) .3 { (e,é,¢)] ¢ onS -{o 63
Soch +hat €0, b,¢) 43 12 covnferelockamne oroler§ . /10; ACT) s
§ ] (R cay, i (6}, ey | sraboc § a lifted groclesic
’ /7.
Nok ! CF ¥ 8 au unan{nrld 9(05&:/4 m F, i1tk two N7 )"'*J )1_ 1w ATCF)
then h (¢ 7.), A (Y.)ame LFts of an wnorientesl geockssc her)in £

Theortm ? o ,4'!1 orlf.nfaf/an ﬁP{J(ruluj bontomor/hﬂc 4 F' ""-" of c/o.«/-
hyfcréo/m 30:-;4“5 ma(uce: a ‘0»«0:'0;-/4:5»1. h N = ACF ). IF A%k,
thew b2 & andd h;l. -}o by , 11

Prool For each unoriented gcockesic Y & £y, J godesic A (ryick; l:l)-J
Ll 2 b Yo) 2
y+ S Ur(E) —— uT(F) Atr.s)
Y In
Yy £ F Fa h(r)
€.¢. Toke eaclpoints of ¥ fo nd/,a,.../s of Fev)
Ld’Leﬂ(F} d(;ntg, hACL): © k(r)

Yel
b S,. - ‘\ (a,)
A(Q))
a——
[YOH) "
q, Qq hb,)

Mow: a, b, olo nef s<poratc @, b, =P Ecq.)Jf(G,) don'# S(,pamt‘c.
htay)  hthy) => leaws of A (L) s o('s]'om{' Guol f:..,/é

Ld ,
¢ h preserves ordir on So
a

Ls & <0uilm0005? z
16 artF)) = ur(#,)
l-FvlaL Lowdew L Jf’; ti"

- I 3 4
L ¢ F Fr 711((.):;‘/;64.)

]

Yo
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z co»-pacf >k ¢Z) comPad‘, so

A uret) ha arer)
n, 2 — 2
% L @ i Plb i "xa
N e F A F,, 2 N
'\\\~ A h < o 2
;] A
P tud L& = Pie b .3 (o;d‘lxyays
= /v,

Croen & lamination LEF , FNL 13 open o
Theores 3.0 LF L 15 a ’raa&nr. [an natron ona closcd omentable /‘,ﬂp;h//(,
sorface £, then FSL 13 2 isometric! with € =36 forsome complete
I:”ur‘a/tc sorfoce 6 with fofally Teaoﬂulc 6oam:14»y onel frnife Qrea.

f..“_‘.’f Recatls Lsomebrc 2 I PFSL =26 =36 whichss 1-1, onfo,cnd locally

; ™ Y nom-cfml . Thos Arca (F) Finite =5 4rea € Frarfe .
- Let U ke QCOMfancnf of F-L , ;Qﬂ‘,"lll‘-‘;

Let 23 be ary con-pan-u* of,"(a), Zisa co-,uuf of

e T whare T = plCL), LetZ 6 Fred) c.e. 2eForl

Now ;‘S’cf‘f-&*a IH"J & 13 on omegi/de | ¢ 6. For smatll

¢, N¢ ¢ZInilsa n»«,/e co~/0n¢ué of N,(?} -7

( For ofherwise | 3 a Froatierposnt im the hotf olisc on

Sflaqaa.l('/n <odlisiC = Y not ,u Fr L&) )
2 & 3 asortace with fafa//f 9"00:/:.

509&9(06'7 .

magle wo ly
htar 2. GM,;.M‘I;'
o

S‘IMI /Icr('r «
= d? 15 & warverial cover of ¢

Set [y = {3&/"[565)'&}. Then u:“/f‘ . The groep

::/)?xrbo/ue//), convcy & & confrectble

F.actson E,rc?“ Z

Ve ® //'“ z

aacl nofe Hat Vi 15 @ sorfece aith fbfo//y gcodssic éawrdnr os (’2. /5

Houvsdorl, and 15 a subspace of " ;/ﬂq, ;& Couvtring sorfice Por F.
Morcouver V, 15 alse (cm‘p/t/c. andl 4,f<r$o/fc_; LtV sv-dVvEL

Sos<t Cs UV, ,nofe that Area 6= Arca (G-J6) s area Cres)é AmcalF)
&
.
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f?_c_f A componintof F-L /s a principal reatoa brt. A baono(arly tesf of @
principel rgion s leaf Fof b 3’ Veey 3 an €30 3" N Cx) N K contams af
[cast one component of Ng ()= Y. (o4, Y 15 1s0lates] From one Sidet As

hefo condition Forsome ¥ & conolition for att ¥ )
Remarks f)’oundavy lcaves corresp ondd fo the 600;“(4.-7 comﬂonu/s of C/ bt

Hhis corres poncience (s not alweys 1-1.

C_?_! /4 /ﬂbfum.l‘lon L ‘F hés On/, plouﬁy maur Frmapa/ﬂylax{ JCQcA &/"1 /:n,o[/’
many 600)10(::»7 /eaves., '

I’_r_gg_; Arca ¢ Prinupal reqion) s ATl forsomen®o0
< At most =2 ¥ € ‘/5‘4) frmczfa./ regions

.

Exeruse: Total number of éawm’arr leaves hrl s cfﬁvonl -6 ’VF (/29-/2)
Lemma 3.0 Thewnton of all boundary leaves of L1s densein &

Proof [F vel , then aré«fraw/y closc fox Jewue F=-L as Ls noalere Kasis<.
Let V he the First pomf on The 910&3(6 arc Proma o K whichism L, Men

viion Ldunc{arv’ lcafof-’-.

TACORt, 3..3 A geodusic lamination L € F a closcod Cortentable) /r,,wr!ro//(. sorface
hos meksure O . ¢.o. Arca (F-L) o Area (&)
¢ <. Arca (C)z Arca (F) alue G isat in lemma T.)

¢ L. 'y(’" /"f.'t)c < 1-/;
Remarl' boe ou/); sé‘/ck f&-/rw/’.

Prool: Stp 1t TRerme cxists a coatimuous Crmbegrable) tine il §an F
fﬁljut fo L Cu-crybiu-c with t50/atid s'/a_,'y/ow/ns as +//estra feot below
(aasl ou‘l’ .“Id:/fy ma-:’ J’oc/&)

Recall? Jine '[:c/d T na,lt’&»ﬂwd’ e /90/4!{ A 4O ~Orrendtd LCrFIon of

a now hore 3ero vector Frela.
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S‘ll,v/arl l7 frpd :

Lnolex o f flkju/orl/;l

/7:_/ The Qc_g(g of a singular /7 s .;',:i— Cainoling nomber of Ha fine Frelol restrcfed
to 1%‘ 60000140'? a[ﬁ O(ISC- He 49/‘50’!'@0’( u[‘f‘& SM, y/omf} ). ¢ €. OPI<L{ 1%‘,
line Frell /ocm'/y ) count Ha rofations of a '/ouj“,f vectorecs yo« go arvvndd
th hounelasy of ¢ ofise ﬂclﬁlcévr/umd( counttrelochuwrye.

This Iime Frelol 3 coustrucbest Firsbon princpal regrons | smel<ed on How Fondomental
Jomam of soch ) He line Frald 15 Gu extension of e /tuynd‘ Freld fo lomination .
Example: Geuus 1 aom- <o~pacl‘ surfoce with real line bocndlory. 7 angles
helow most adot fo 77 so that #e éovno(ar, s fb&//}« 3(05&4/:. .

Regin 1a a hovohatl fau:,u\.t‘u‘ ax 1deal point.
3(7;4 the 1ia< Freld éq c‘oofmj the geodesics
&ith te 1deal posnt 63 Gu ¢-u(,oomf. 7e /e
£reld ait! be pavellel fo te werdents Free
bouadasy ccupu<;{:} of te F.R. awhats left
of ta re§on 19 compsct! = linc }_"‘/‘{ will be
coutinvous.

Conc the bl Uer 7‘/4"; cenfers o f fruite
¢dgcs bo form He s<poratrices ancl cx feasl
tha line Freld as 1/lvstratest.

index o1y

Avored b’ "P"/wéc;zmu" @ v aedex 1.

.....



to /20 ~10/22 Cossorn ' &9

S*(pz : ; indax (Y X 1)[ f(or/(n{aé/“,(/ogw(

F

Regard Fasa glveal ,Jo/ygon with vertiees rfjv/akpom(s anel GSsomC
that He line Freld 1s fransvevse fo ,Jo/”on’; edges.
£xm-'p/s : Genes 2 sgr—ﬁzcc

The line freld pomh to teo nterior au3/<5 , all others e Freld “cobs accross”

Now count awua(:-;, avmber fo gd‘ fofal inaley = ¥p . Observe Matbrf fan,"g’ occwrS
relantifrcatbion cancels if oot

Step 3 Lk F 13 conﬁcf sad fine freld s fﬁ!jm“ b 6oona{q,7
%’mn(tx (s) s 11; ¢ Douélmg frick)

8) F & closed surface = Fimite st |, formola holds oF lime Frele i
6 _}{L at Poc*ura :
/IN\
) Dou”M5 Trick 2 for;ua/a holols For F a can-pufs'un[ecc *)Cm/c

sg\‘ (F line Frelelis as __}li__ of;uw{m—u anel ns%&f 3'/904:"urt$.
7\

Here fa Formula 13 ‘ZludtKCS) s ¥e- ;‘E ’L/;;

Shep ot F=L % C=26; ¥p s &omdexts)z 4‘5,“(“(;): ¥, -5%,
ja Feb 19 Laté

=2 casore (L) = arca F-ar<ca b o

/.
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Lemma 3.04 L &isa Frmc;m/rcjmd oflceF Hen T L) =2T,(F) 13 M/u/wc

y!
}’_c_o_:; F e //" L2 T UF) | Ut & b<a cou,an:x{aff"(a). & 5
a /:nuréoflte//, Conwcx 52t = & contract ble

o T L) =T HUF) s ut/ec//uc Crueleel Tien) el He
oeck - transformations of £ ahicd map & ynto tFself)

/.

Lewmma ?:_:’i’ Here i5s & boond ¢ de}uu{m’ 0~/, on F) ox #e /“'j H o/:‘l‘hcr‘(y
seonolomc Seguences of lowminations F 2¢,° 24,

4 LR XY

Cor : For any L, cirther L’ ed For some n,or I.“J/Spﬂjtc/.
LF L hes no clesed [cavss , then FAL I pa-/ec/ Fov some n.

Prod F =l; e F=Lyp,, 50 eack principel region of £, 13 confamed 1 a

amgoc ’r:xcrfﬂ/ r<gon of Loy ansl Ceey p.—ma,./ reg/on of ‘fu Con farus
of lcast oue pn.u/:a[ r<qion of i

o B Cprincipel requons o Ly, ) € #Cprincipal regions o ¢;) £ -2 e
{es ceach p"uec,fc/ r<gion of L, hes arca ot /ecct T,

Lts (aavgl to bownel [eugth ehea # Cprincpal regions) 5 consFant,

Remark: One *\'151/ orgw I“ﬂz f& #(éowu/ép/ /eq«s’) 7§ q’cc#-eétmj, 50)‘

Cousisey

{ none g Icaves -L

9- lcavf(

In this tvample the closed leaves are not boondary leawes as Hey arc wot
150lated From one-sicle . Takel’, 9“‘:»:/7 the closed lows ahick are
600:-:\'«’7 Icapes of 27,
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Jur.-mj fo the p»oo/ Eack prmufcl reqion 4(‘" of Z," cmc/au-:
{v'f o4 pmnupalni/an “u, ofbpy Aypts dease i Uy,

f)lgu.:s/on qds V-2 V vV a ccm,/-a‘e. sorface aith /o/a/// ,eoo&szc oowm(o.»y,
LFAc s (o:u/pqct‘ W< can Choose & coauf«.{
sorfece soch that & (s homeomerphic to Lo - ‘v,

wetl soch that Ac Intw
(L 3 ¢t -cotlar Cenels))

So suppose Uy S Uy, € Upy, ovo  preper 1eaclogions
95 deage rrJ‘ub
V) U u

Wy r4 w‘." < w"'l seee ”( Amun'o’/‘fc [ ‘V."‘J‘V

Obsevve that & ( boundary cvrves of vy ) & #(bouvndary leaves of &;) £ bounsl
dcplna(u’ on F
Horover f‘u-c <!13{! 'y ‘j rac( ﬂcf by ™ 0, /% a /)wuo/a,y
(;mua/uc{. (we' are homotopy (Iwm/mf fo &N, and U, <> K snslvecs
ou ssomorphismon 17;.
Next It & s IH = F be the unwcrm/cowr LCf k 6(2(0::/“\'“{
of prituy), ‘° 15 @ uniwrsal cover of Uy det t( - € 4(/ ety
Clasm 47; connected
Take fuwo poix fs 1 R, concd‘ Hem 67 4,:.:‘4 .a é?} 7ep ﬁz:pcr“
to a /ooﬁ n t(', , 7, (l(,) -/, (!( ) +5 6nto :am,ch loop 1a K,
Lo Ft ts loop bo d. , clam Fol/awf
PRS- 4 ~- '3 Arpcréa/mn//y coavex , densc ia 5(,
o U x i
S U U

/Z(p{cf the above fm— all Pruc:lu/ regions = S'(;u{nc( Sﬁhlljd
/.

Remark: Examine ta proof carcholly aust you'tl se< if works For @ssencling

Fegotmces @S well,

C?Utt}/onf A"G’lzj {{C 661‘ /t”‘.ﬂé/t bovadt ‘,’ ( (o‘l' : “/; )
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Lemun3.l6 LF LENUF) ana 4! I; ~Fp 15 a homcomorphisa , Thea A Crsolabod
Icef S s an 150/4)‘4(/(‘/’5“ h (d-lealtsa J- /”'{ hewce AC2*)s (4‘((})

Proaf lEa leaf s ts0/a Fed € From t-5ietc ) tf’s L1/t Fo ¥ connot fisue 50/{
on(,omfx Oppiro :(uu}w( arhﬁun/, closed 4; HKe cadposn b of e L/t of olher
[caves of . This ss preserved by .

/.

Renordt Zu) /5 ac /ua//y 5°~romwflzc tot

§4 Aotomorphisms s 6 fter NMicloon (Ia modern Permmolosy )
/4 % g

Lemma 40 LF R F=F 15sa non-periodi Gotomorsbism ofa cloted Af,vz‘o/lc
:orfacc FHhen ;NJ=¢ Jor Some L 1n N(F) :

Zecall ! Perrodic = I n soek tat 47 15 éopo/oﬂc (-On‘a/o,/c} bo 7
Alsa , h aon-periodic , Thm 2.6 & J 5.¢.c. C €F scck fhat A%c) ¥
Fov alt a>0.
c AT Ce)FAhmCe) 1Fmpn
I’:g_o_/ Let €, be fhe 7caal¢su f.¢c.¢C. /:op-ofa,uc fo 4%Cc), Cy,, 3 /:((,)
Co € ALF) ; NUF) Compect ‘;-:-? {(q} hes G coawrjtxf ty/!f'?ucutt
(,,‘, - K e N(E), 4
f<t L3 U!' b7 k) | toc clom thatl s a lammation, c/en—/y icelse
re
Remark: chu, closure 13 vedundant.
The Cn, are distnct, hence ko5 a0t on i50/ated point o N(F).

Lemma 3.6 3ays Hat k' E E. ¥,
Faf' /q.(l‘(’ﬂd‘ t, B Kl CF’ /C/ k’/jk:’ 6" *“ f'(
of freasmrse /u/vncc/wps_ of k,,kz s {xer lrer ke b EN f

be most show z’(k')/ﬁ Rice’) cgd fcrall fﬂ‘S. Lhs
(nouylc bo shows et Free’) Abied (m?& f“av’J( I:’(ijlfﬁ £5)
(Thes shows He leas 6 F L cre olss l‘uc)“, a/lreaddy Enow ey que Simple )

k, 4k,



t0[35"- 10/2% Cassen _ | , <9
Z<call thatl C,( - K, :’( Cup) & ;:'Ct) , a2 fhat 67 3./0 Z 15 com Fravoos,
Frer , AP Cen) s Copp = Ah7tE) | €2 W70,y 2 44" <)

D 1 Cyppn, A Cnp | & LA™ Camc))aa eyl s 147¢c ac L= Ny
minimal 1 as corvcs are geodesics srobe Proasvesse Firsé
ALk
‘ SOP/OIQ Ik /{’ ‘:r(k) I ”Nr . 7B£c 0(1:/0:-:{ ﬁfl’[“’/lvoa’s
of the transerse intirsecbions . As Cpyp 24Tk, Coqp 2k
For sofficien }/7 lorge € ; Cny, Cpopp wnt/ haveat less t one
trausverse inferscction 1n cach nighborhood. 2. 18q.0C, ., />N,
i k
v Jkd R(EVI $ N, <0
v KA CR W) 3 8 as frcasverscinteracchon with @ non
/‘:a/q /c.( {cap Ianp/l(} in .puufc M/{r&'td‘lon hc/‘ /ﬁ /ﬂhulaflm .
KA AT ) e b as ChTUEI) % R k)
anal the tmma pal'/ou.x

/4
Rimarkt: The rng i the above ,/-oof /5 /a:/ a ﬂa./z dusr00

Def htF =~F 15 redveible ,F there exi3ts a mom -ou,p/, 7-manstoled C & FF
CCs d’n‘fomf sacwaof F.c.e's ) gacl & Aonconar,‘mu 9 + 4 soch Hhat
,CC): C . Otherwese h ;3 yrvedveible

Lemma 4.2 LFh:F=Fu srredve ble and zté) ss forsome L ¢ N¢F),
thea ewery pr[nc:,;&[ﬂ’lon of L1s contractible € o cochk 15 tsometric
to a fimite sided (deal polyson 1a 1) anst e t! ¢ote. ! perfect).

Proof NotcHat L hos mo closed [caves for ofberanse te anion oFall closeol
leavcs of L 1§ @& hoa- (uf/}: 1-~¢~:/a// Cmotice - a ﬁaz:‘c nw&romeu/auaﬁ)
mvariant ondler R ) zuf/ymj h redocible.,

L(",’ 1o F be He artrsal cover, A a /ann:.«/pa/rt’vu ofL
which 15 connccted bt not contrect ble , & a Liffof tt to 172,
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ékapp/c U ot fwice '—’Oano(dl-)r puncfw‘u( Qnnolos
L 1 ohtaixed as 1/lvsfra bed below | % 15 obtrned bq Hfﬁka r(u, He

patlern via tHeayis of the hyp«réo/n /:o/-u‘:—y useol fo ”3/u< Y. This oyis it

B
P
Slw:n’ csouu‘n, \L‘Z IR Au/r. rr;wuu
of geodercs
of
“‘{:?; /najc 6; au‘.oil
l1aes the ,Iwuj ucncﬁ-y
7 «

7

""Vﬂ“( fo f/c “eore ™ of U
A Simslrar /4“.04-1«0. accors for He bovnelary ,mrc/mo( “Yoen /J/Mv,r”

H (aufuf core wibh nen -(a‘.f“f 6aunA’¢», .

Froat fa:—‘nct

e /urm-’ to the prao/: Lef YA, Y:, =ty 5:,. be ax ertension of reme

LWEt obb: F=F, ihe 1oleal vertices of & heve f“cfrofcrlf Hhatf r
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/1T a //;/ a; a /<tfa/ A ) f‘tu no /‘vo V(r/lcef a; & fv(fdra/c Mt f:u(laom/s a/ ;:.
Lacteed tHe verfrees of & arc amacimal St sord. Fhoy /m,c,/ .

R ocarores Mhe vertrecs of & to He vertrces oF some 1 FE f(wofp ,ounc:,a/

reqion L’ o FL

[F Cisa :u«,/t closcot eoree 1n U R esrentral ia “ thew € 135 essentralin F

aad 50 hAomo fo,lc fo a 3<o/(¢:/< Yia F. L5t ¢ n ;" , Qnat a 1FE Y oF v aith e
SGace (nofpoml‘f &g Z . & has no elosed éauu/o», /(lvt: s ﬂ((oaucrn" af & ‘

DFc i ; So The ‘Ono/a/oxof( to ¥ :/‘dyzm U,s0rcu
Next write! .
Uz wulwzlo,o)) W€, U..0Ck & ¥ 0. .U}
ae v (Wrloe); lw's /0. v ¥ U..0¥,

l‘-«bm ”’ !

)'l

4
ses i G ¥, T, are closed georksies s “,a'nrf ansl Lo, b (ompou‘.

Clam: b carries ST 9% to r,’,_,, I, in some order
Thes follows From the Focf that baym{arr {ouluonﬂtf!‘ ar< He om ly
simple closed corves for which every ofler s.c.c may be howmeotoped
off of . Heaet ¥),.., ¥, are fhe ounly 5.c.c. geodesics 1w h whiih

are o’/s/omffron Cor cormerole wibh) all s.c.c. codesics a &,
= M p»o,ocr/r lS,vr:t(rw.;(lr h o= ks L aqust the c/éln Follows.

Po this Por all mon -contrackible /.;rmu,A/r'f’Ions of L. ¢ 0blemm
a c(/s/om{ Union Y of 5.c.c. geodesics ia £ 5 A (ri=r
oooh Hivt.l‘/(

-——*"’-
To S'A‘aw Llpcr/«.(:

I: (L7 )¢ ” , So f‘e p;—mc/fc/ #e5/0n5 oF L” cre /’u{k yrélesl

1deal polygons . Seppost that ¥el’ 6(/6;'55 to an 150lated lecf
oF L' x g,

"
s Yel a promerpal pegron of L, a Frasbe sioteot ‘\
1At polygen. L« consisbs of Csome of ) the /-’:.://7 beany
d,ajonalg U = x 15 0n anssolated [caf of L. ( CHernse, ,
in Hhe umiversal cover thire wovlel e I1Ffs o F leaves ar‘o/ran/, \‘
clos< fo x ) '
——

/.



106/30 Cozson

/2(»1«:r£‘: f‘ 5S¢ /amuu floxs’ ar< gw/c (OMF/I(Q /«(, G5 tut 1//05/»-1‘4 &/ow
Evample: Consider o pot on a bowndary I<of.
/4rb,/‘ran/y close Here mestbe bo um{n-, Ieas,
so Hercare lobs oBprimeipal reqions.
Lndeed on a trausverce gcodisic fo He leof
He poiat lives on there s « Contor set of sntersechions
YA ol“‘lr éawrd’o,, leawcs,

§
traasuerse §\
geodesic
A,

Recall: Giuen a homeomarphiss hiF F , get hy W, (F) = H (F), Choose @ 4315,
,<7‘ a matrix A. Set 1(‘[/) s :la,«/eus/:c,oo/,vpomo/ofé,, s /A-¢L/

Lemma 4.3 LF %, (¢) 1s 1rredvcibdle over Z aad f‘¢3em: of ¥y (t) arc nof
compler n? rootc of uniby for any n, 924 ¥\ (t) is nofa pelynomiel 1u ¢8
For any 031 then h1s now-periedic anel irredye, ble

Fco_a!: LF A I)CPIOJ-IC , theuw 47 & 7, For some n ) Hhen alf He g¢res of Y, (¢)are
Complex n-th roots o;an/,. ‘
Lfh ~Averble | thea C(cffer /30/0,,) hec)sc forSome 7-svanfold C
whose componeals maybe as5umed to be <ssential ) ¢ <. geodesics
Cese I1 Lf some co»c,:oqa{ C, of €5 nou. rr/g(.m/lay ; Hen OF [C,]eH, ¢£),
There €xists n sech that 47 €€, ) = ¢, pre3erving ortcafufion 2 (hy)"[c,TeL¢, ])
so (A )" hug :;5¢.v¢/u< 7 = hy hes an u # ;-a./;/am;‘y os om e/5eavalve.
= Jeros of ¥, (4) cre complex roots of km/y

CoseZ % Al (au,un;s of C S(,oarafc

lse CGan )ema( & COhfonund‘ w‘:c‘ I3 /[4 fo fa/ 600;»(&;—7 o; o (Oh/o,g-(i()‘
of FNC . Fee pie hcx/po,(
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The <vists a camponul‘ £, of E=C such that FrF &%,

let Froe h"F, , there evists o <ot u soch that £, = £,
Now P

HF)E H (£)D .. @ H, (F, )@ H, (€) )
( mobice: G might 6<apunct‘wu< t,lcvc)

T‘IS S'p/l /‘/"') ” 'h-muar/onf' AR A, p{rpu;rs £,
the H,¢F) cy/:cq//y. ' u

C hoosca hosis For 1, (Fp) , then He matrix oF hy |
cail 1} A, s (nsd):

© o o B ©
I o o o o
A= o [ o & © Nofe: Clnc,be o
o o L o0 o
o o ©0 © ¢C

Exercise 1,,(1‘)" [A-¢L] = lg—é"II'IC-fI’

At IB-¢"L 1] 1sa Po/ym-mm/ 1 ¢°
/.

Example : Leb T¢» Dehn taiston Co a5 Jistrated below € positra toistfo n,l:‘)

(O [
T
Clam: T, Iy FERT TS o drredvesdle § wox -periodse

Remork: ( Pomcss Proe = ( Penner) Any kord where odol 1adleces carry Sem< 3ign,
8ud ewn nelicts the opposite 1/50)

S
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ro/za -11f1 Cosson
Use Hle basrs

By

¥

f‘e lhﬂ‘nr for (’C‘ D(/ta l‘lw:f /%

{ o t o ! o &1 /1 © 6 o
¥
% ° 1+ o0 -y o/l 11 7. z]l01 o1
I, = Ty = s
oo ! o 0o ! o o | O
v o o | 0 o © ¢ oo 0O}
! 0o & ! 6 ¢ ©
' ¥
% ol o0 s ot oo
1;.'.’ 'q.
{f o t 0O oot o
o 0 o | ot ol

Exercise: f’olynanul s E9-9€51214%-9¢ #1  anet 15 1rreslocible over T anst

hes ho complex roots of “‘”;7 ¢s geros.

lemma 4.4 S.“P/”‘ /:(L) L, U a contrach ble canpa:nfa//"*& , C o WFPof
K fFo the anzwnt/(aufma, of F£. Then T mro oasl a 1FE 3 of 4™ w4
extensson E tock Hhaf k Fryes o/t Phe ver bices a/l‘('.

zf_"ff-f There exisfs a caan,aoaen‘/ Vaf Fol cuta Lt V oFV <
Such that h Cuvevhicesef &) Fvevbices ok V1. As [wrt‘nr: ’ N
of &f 13 @ Srmihe r-(t‘/oua( :;m/oca/l:y 47 geoslerscs , 4 Fuertres l "
af&? 56 Frnibe s:f/omat Cyc//u//, l] ’{Oa((ylti. ﬂj e ‘ ()
Cox /ru/,h/llr of w , K=t hovonly fm,//} wony (ot-/”«u/:, -

(h permotes e ¢o-/;/r~<n1‘co7 regrons) , 50 I m, 20 soch that
Y {blrt‘lut of &f : [ t«'(r/lttl vf l?'] P 7 5’13 elro & ///’/o;ﬂ . Aow rﬂ,‘
cxisbe acleck romslatron g ¢ » oL ’;{ A

Put i,x g’ R=t, then k, fvertrees f &} Lucrkiees of &}, mayée

k, ,urnw/cs’ these vertices | but os Therc ars only }',.,/{/ regay L:," Frucs the verbices

of & For some g, - Y«H‘u, msm,q,, P (9";"') ¢ eo..,»/-e/c: fl-tproof.
/.



wlr -ul3 Casson

Goal: h irredveible  non- fcmoo/cc 5 k erbended l,/fo;[ AP The verfices of
A are of{»e(fm, Fixel ponts oF B = rcpd//n’ flru(/ao,m/: o; F.-
There ar< obtained &7 0(0107 the same ,ra««d'wc te 4
Pyt

l.umua. 9.5 S'u,;/ost. h (c) K im NF) (n,=tee) k on ex fencleot [/
of Kt h™ forSome mvo such that £ hes }',xe-(pom/s on Sk . I.u‘ C ébe
a Iftof ¢ to the anversel cover with enclpomts A, 8. Then fim K Az 2 A,

- oo

l1sa B = Bo €y¥! of , Gre ;:xro(povmf: of F , and etther Aps Bos ,or
rodpor -
oy §eosdesic & Hn. Hese ecadpoints O S‘.'o - 5:.

p (AL Ba Yisaleaf o FAYCK) Porsome o ¢ 9 <,

ProoF LFFta): A, then Az ﬁu.lf[(l)fﬂ leb X be p
a ;lru! pauf of FIS.‘, . le t Aas be #he ;lrtf'fu(o(f»omf 1123) 2 X
onthe ore [k tA), Al of $h can/‘amm, X. Them
E[A, Al £E(4), Ay ] end ‘/ consfroction Am
is the o«t'y f:xcdpoml‘ ou [A Anl. A
P(A) A, stmiiarly K (R) > 8 °
( note: c-unoi‘dd'crnuu t‘ﬂ« dircction A, B move 1) 8
| JF Aoy -rg,, cell the gtoa’«u/mmm? thea ;‘ aaol 5S¢t )".‘/;(7').
Now |, there ctis b inbruidly mdny np sn 30me pesidue ¢/oss modm | Henmee There
<xists § suck that n ¢ g arery for m//m//, many ¢, Takea 7u6:e¢mu<e
So that n, TR /or el cust r«wm.‘-cr
"rece) - ¥ k)
A" ce) = atcn)

5y
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Clai: ¥ s a leaf of 2’ (k) |, e ¥e //ausa(cr////m:/of ;"'(c)

Ary tek¥ , choose 11F} B on ¥ . Canchoose & sulfscsently lorge (depeneling
on € ) such that the uo(/nmb E7(A) ) f"'lg} a,/roruu‘/t /V,,JE,‘ - ¥
Cowm be appovtimated arl:/r-n/, c/a:z/, (€) by s pont ofa geodlesic poming
E™(8), k")

Remark: This argwauz‘ presupposes He exisbance of He Havsdorf /1m0t as
He con vergence deserrbed obove is not um borm . The existayce of Hiss Hevsaarf¥,
Imut sn this case 15 Goaranteed by ofher feeuves

V4

Lepema ‘{_._{ S'a'y/osz ALF=>F s l(rfﬂ’aa‘/c Guol ; teled Forsome & & N(E)D,
Let ¥ bea M oFa leaf Fel aunst € an ecsseatral s.c.¢. u & . Then 7 ’el
Gact a I+ FF ?; of Cq ehere Hhe uo(,-mfr ﬂ/en/t the (ndf@m‘f of ¥ oa §he

Zl_-ggf Supposc not onst that € s5sa closed geodisic . Thea For otf g2e& cvery I
of h%¢c) hes cadpeints not separa /M, the eaclps,nts of ¥. Lf gse, then
€ hes no transperse nbersection aith ¥, morcowntr, € hes no Frenseerse
Igftygcc//cn rth ;u “3(y) For 96 Z.
Ce. hoS(r)b o
Now Ls RCL) , hence ":(H i5a feafoft. et { = ;%z.’(ﬂ €4
Then CAL,z & (for otherasse Cunould mectlobs of k-8 cris). IF Cne,z g,
then ¢ 15 confaimed s some co.u,onent‘ of Fet, .
But as A (4,)3 ¢, ancl b trredicible, Lemma 4.2 <> F L by condractée (oa-/maA‘
D € suessentral o ‘
LFCAl, 8 ¢ ussa Jeef o b U, 2 @ Jamnation sifh e closes feawves.
/.

D_g[ LF F: i hos & len(/.”m‘/ A , A sa (on/rouln-z fu’ed’pa;«f o
"‘f’! ¢r::6 a Aujﬂécr‘ood f(a/.# soch /[ﬂ“ X e = f"u) -N‘? 8% kD ¢ o0,
A 13 ea expondling fcrgo(,ami‘ F Here evishs a nwjl]ariua( HofH sock Hlat
relh @ F¥x) A as H b =00,



/s Cosson . $%

Lemark: te neyt consider @ special case of @ main Heorim o Nielsan

Theorem 4. # Ut biF =F be trreelverble ond nom -periodic (b oriantation prec.) Fhen 0ny
cxtendea lift ofa strictly posibive power of h hus f/mfly V
Many Fixeo pomt‘s on S';, , a/hrmh/’ contrac f‘m, aasl

Cxpan a(lu’. Morcover, there 1S a Uniguc pcrfcc{‘ Jantin - Le

ation LY invariant under h ,Such that (£ k& i35 on coatracth..

cetended 11 ft of&(S’/mci/., pou/lw)powcr)a; h axet X,V i’,’ff(

arc Con S(gul/wc, (onfracl‘m, Fn'(ﬁ'( pamf: o; E ISL@, “F"’""“)

then p( 9(0-(4::‘ foming Yaud ¥ ) 13 a leaf of L3 Fieed point
L

Pemork + 15 s called the stable lammation of h . The unitolle Jamination
of A , L5 s the stable lominationof h=' ( dadt 15 04 femed hy fv‘l/:/yi‘/17
ttpandm, Fbr Con/ru l‘lﬁj 15 f"t 0400!)

Remark! h and 9{ (g elt) may have d:/y(r,nj noshers of /;xe.l/oom/: on $h

$fra lfzy of Pg_g_of.' Ge'll frrst constroet t’, ZF E 13 cn exbended 1Ft of @
(U‘Hcﬁy ponhut)power of h , arc ghall consssbr 3 cages:
1) B frees the vertrces of a component & o = p! (LF)
Ln this cose we'll prove that the vertices of & arc cu/nc/.m,,
anol Fhat any tug uerbices ahich are conseguitios ercspore bed

57 a unigue <‘f“"’“‘1 A“'(F""/' Nobe & hes at lecst ¢ Froedd
pombs nthis cose.

1) k Frves some non-boundery lesf ¥ of p='t¢?)
Here et wiil Show that tAc adpoml;o/ ¥ ore "“/"‘"“"7 saol

prbra !"J 69 two trfandw, f""‘pom/f { Qact "‘lfﬂ’ o/‘(/
ﬂc k(‘( poux/s (rlﬂ‘)

) E oloes not Fix the au{aon-/: 6/037 /(4;0/,9"(4’)
Heve twe'll show that £ Aos ”“}/7 I ¢xpanding il ¢°¢/n¢/l‘7 or no frreol poim #.

F-mol/y &'l prove L’ um; ec.



11)s Cosson
e shatl needd fhe f’d//o«un, addendvas fo f.?

Lemma 3.13 Let L bea 9“/«/4 Jauination sithout closed Jeawes on a < foseel
A”.créa/m surfoce F svch Hatatl He coa—fanu/: oF FNL are condracthble.
Lf Ve S';. ) on/,r Fine l/’ Ardny L Fts of Jeaves 0F L hove ¥ 05 an uu-’,un{,

P"°°" fvppa!e l‘l;nul‘/’ "'Q")'l H(& Ihf;/n//}/ Mauy /I//I 0)( éo.wv/lr/ /eaves ‘lrt
<Ao(‘pouv.f ‘f‘ as f‘( Aouno(n-, /(cv/{ Gre o/r-rc . fﬁ(mz f!l:fs pn/, /"nnfly Auou,

orranted bouna(hy Icawcs 1n F A

.. There exists g ¢ M- Carryiag @ 6ovn/h~7
Jeat écjpun:nj at ¥ to another svck leaf. 8
Y 15 a fired pasmt 07(9
9 /-ng”bo/m = g hes ox aris ¢ Ouering Qu esseatial
closed corve € 1n F. A "
As the toufolnn/r of FNL are contrachidle suat ¢ ® 3
heviag no closed leames 1F Pollows that ¢ AL Z H. M
. < iufersects some lea F ;" a; ,“(LJ frﬂm’ucr.ﬂ/r .
406 Suppose that ¥ 15 Fhe con /mcfmj //rfv(,aouﬂ‘ ofg . FPor /ar]g n, q" y
hes endpoin bs on cifer s16c of ¥ meor ¥.
3“ ¥y (a leaf of ,"(f.)) i fersechs leaves o;’"( ) actd (aor’/;.,m)‘ Y.
i

7.

Mg_f v # /?r Lemma 4.0 (h Hch-ffrlo/rc) Therc evishs a 5.¢.¢. €
soch that A< (c) =K as n, > tos with K'Z L. Set L2 ORY W)
Then he2)zs. " b
Ry lemma 4.2 Ch yrredveible ) L hes no clogedt leaves 5o ¢’z 2
Set L=’ :.,lnc‘ 15 p(r/ccl‘ s Z A ENA . the caa«/o,u.?‘r of F 3
are confrectible, (o—,nu/x oF /H*.,"lz’) are Fruite sécledd u/ar/,:o/,joni.
Cese 1 Suppose that k , @n extesded IifF of 4% s f' Fives Phe vertices

S——
aty

ofu , @ cou-foncu{'o; /I/t-'f"(L’}.
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Let ¥ hea houndary leafof & with fno(pomf: Y, Y. Lemma 9.6
= For sOme 7, there 15 a 1t E, of the 3:o¢(¢ﬂc‘c¢, Aomo/‘g,;c I 3

to ‘14(() such “u* H't(. eho(pall b /4,8 vadm)‘t X’, Y. X " y
)

Remark' Call theare XY of Y:o with no Uva(pwu/s a/‘? #he
S'[orf arc aadl o(oco/( lfLY L. Ylnl/llr/,‘ call /‘t Of‘cr ‘
6re in Y:., f‘g /3:4 arc andl oenote 1f l,’ J. ) 7
S.bp,03¢ wiloe f/’éf /qf [ . ”r Jemrma 4.5 k.’t/’) "‘14,, ; i'(&) "’J,.
as r—vem . Either Apz Be or p( geodesic forming A, Bp) 3 leok of
I‘: £ (k). From tle ;noaf of temma 4.1 b hase ; # ¢ k)AL = 4 (Kuurl} /c/oc//’
showed l:Hk)AL sd)
oo p lgeodesc AuBo) A G d ; In anltv/tr geedesic AoBus A¥ g
Ao ¢l Aoy eT . LFAmism LatI  then BozXor ; Suppese Y.

Ao AsY 15 a 5oon1¢r, /u;, J a/eoﬁof,o"(.’.’)
’ dréri‘ran/r clotefo ¥ , buf mn‘/uu'mg Y as an
Y18, (au/fom* (lemma 3.13).

As shown atleft, suck o [eaf would mect

geodesic Auw Be h—anuosc/’
._—-*"'

Hence A= Kor Y, say X . Lt Follows that ¥ s a eanfrnd‘n? frred
pou\f From the £-51de.

Choose a leaf 3: af,:"( L%} so close bo ¥ suck tha t
1) Duco}u, the (anom/\' aFTb’ u,v,; ff') ¢ [X,ﬂjir,

1) U 15 eloser fo X, then ¢ /‘tra; Vor Z(V) X / Y
This ;s fun,b/t ¢s Yis Freeod and K continvous,

ud¥X, VEY

C/au-:I;QG[V,\’Jnf,f‘o./?r(C?J-’Vc:r-—"*ﬂ ‘
Prooft k (i) most 90 fomards X | k ?/1?6 & '
= k(v) goes bowards ¥ = k (@) goes fowersls Y.
. Yisa canfrtcfmj plxv(pcmf of E Prom the L siele.

A
¥
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/4,:,9/7 f'/vc aéou< arjuﬂnm{' to a/l Hc ta’ges of « f‘ln all He wrfur: a;
éc are confrac “Inﬁ Fi xed pom/‘: af -

e howe shown Hhat here exists a leaf 3:0/,;"(1.’) wi en/,o.-a/: @ v
fac/t tHet Fotuy ax , k") Y ae notm,
E™" (u) 2 Us , K"V = Ves for Some U, Ve
kﬁuu Uenot ¥ . TF U, Vo , Hhen Up 15 an
(ﬁ/aua(u-, ﬁr rta(pcu/;or l: Gaol #«c Oﬂ/, ﬁxeo(
}a:-/&f/(- ‘betuween' XYaud V. [;”‘, # Vo ,
H#e geodesic Up Vo ,;mjcdx bo aleaf o £ L5, 08
L3 15 cloged.
Lu this cese | Hore exish o lesf E:, Le L/t ef 4 Feod
(homolopic fo a geooleste Cq ) whose cuddpom tr Aaant 13 sepore fe Uy V507 A

Ues 15 s The réorf Gre. £ (R) A, &% C8)— B, as n -+,
4 ‘v- Eithir A 2 Bm or p(geodesic Aoy ) A L$:¢
A_ & short closed orc U Ve § Ses

v By € /°‘J o ” . "

‘?, Ln fact R & /04:5 closed arc XY in [
- 3“/4:/:. A oo Boo meets the leaF f of,;"(!.’)
trawsversel
= p A Be) M E Y

——

Hence Ut Yoy cact Hese 15 0 unigoe ﬂ;dﬂu/m, Ax’(o//aamll 0f Eon I,

(éfc zZ: k Frves Hhe eno(/,,./: ofa leef )’ a;f" (L’J bt //:«: He uer//ee:
oﬁ ke (amlior(rtf of Wt -'(‘-’)
Il Vwesa .609.&4,, leof, k woulsl L the 1sofaled side = & Fryes

2he yertrees of He whole regron , & con fraclic fron,
Hos ¥ is not a bounder /-(M"J ¥ s wodssalolesd from e Ker ssete.

Us< fhe Same Orjutmo.ﬂl ey mease 7 Fo f/aw that He l'.ra’/om/: O;F gr<
I<-T) /I‘C({/d /rta{pam/; I{/art 7{(-( 5}« G/O/rof(:;uana(;xj g#‘a(ﬂo;«ﬁ‘
li‘x Ao o/llrjq.r(o(paulr d/k



wlto-iliz (esson 6o
Cese 3¢ E oboes nef Frr the tuclponts o/é.tr /n/o//a =1 (e3)
Suppore £ 1S4 Fixes some x5l C1f not there is nothing to prove )
Notice that X cammo F be Fhe (nd,ao/ui‘o;mt’y /10/0/,,0"/4 §). For by L2 /7

Hhere areonly f:m///'v #iiny soch lee<s | 5o one SoCh ool hact bobehred.
Let 2 be any 9<oa’(¢;1c tith one ua(fam‘f X. % mechs

some I<sf ¥ af,"(é’):‘mniuﬁul (otherwise

/s contaimed 1a some Co:v/a/v(u!( of /l/t-/"(L’) aasl

f/;(k<;orc a 'O’Iajo;‘a/), 74,: J‘ny: X/: SA (no{/a,,,z‘ g}'
a /(C;c, ‘p',((,) *)

/?7 Q Couf.c//wﬂ ariu(lun?‘ tos obtan For
frodesics %, X, ﬂrw,l X that Haore are /’:u//, neany
/ea~s i‘;,,_,/ ;k 0[,-'(L’) foch thaT cvesr ;t" befaeen :

Tg onel & mect Some )‘f'j . 770(/»:&, Here exishs o ;¢f"(4’JMc¢/2~ Jy ansl

®, fMarwnc/,J So Phare exists ? cpitl’) i Th (;rd'/o/n/r »4,1? pear X cael on
6},06://9 sioles of X.

Zf c/ose (awv,‘. ;(”) ans K?(/g) ¢r< lso close pA X; I(‘”/ A oa one s1Xe
Gaol ECR), IS oa one Siole., Lt Follows Phap Jimm K"CA) 3 /1 E=en) , G

Aodd oy P ed P apo

(Ou /Hc {wj

PP - o

;’/X(K’IJOIK/J 0.4( /fb\ ;h(‘.’l F o™ k-n (6) 73 On (y/a,/l~’ Al(d

Bt oy

pont,es & Prxes the enclpombs of no leaF

Fona //;, , tosee thaet L5 .5 Unigoe; cons/ler a ,o(r/;c/ lawsnetion contaimsn
the 7(04’({/45 con;r(c//nj He <aa/ﬂ¢/m] //.Y(d'/;o/x/.: . s oa )‘]cy‘m-/o/[(ﬁnz
.5, this lenma most conlain Fhe bovndery feawes of ¢%, Ar Hese leases tre Hewse
a5 our lomination mus? contein ot/ e leaves oFLS . Any ertra leaves lre
n /fuc//oa/if]/ox: ofpieds). Butsoch ¢ #eglon is a Lruite sietee toleal

polygon = <rtre leaves cre ‘Wogonals ' 2> cxtra feaves Orc 150 loter. Kot
there ane no s50lateal leaves 1n & perte Flominatron.

4
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Theorew 9.8 Lvery leaFof L3515 olense tn L5 Csoonitiirly forl¥)

Cor Evuy /(o/a/[rmet/s Cuery /eef ofL% f‘rﬁd:‘z«f,ﬂ//

{_’»__-a_:»/f_f Cor: Therc existe c lecf ¥ of L’ aucl a feaf § of L4 /nu/mj )‘ram-w/svt¢
g‘.j. Jabe ¥ a 600:«:/47 [¢of Gaol let Féea /W Jown fuoﬂ
-€v/aaam’n’ flr«{pouf: to 5-tf ? £ f"( ¢9) rock Pt ;'zf‘ ;

/8 s'/nj/c/vamf.
Mow le ¥t x‘/S be aqy /(JW: of ¢ T cuet L « rt:}ccc}rw/f,
As a 15 olense1n LY anct & oAensem X , &
Bree /S/g frﬂui'”(r:e/y c/ose fo auy/:omf'a/
Y4 yf"awu; the COra//cry.

=

ﬂroo}' 9__; 7.f rv/,o“ L, ¢ LY s a 3‘05/0"/"47[/0” LLFLE L, there exish
-——_-Gu velinu R where U 15 a con a.r(a‘{ bk Frlg . 1’-4(/5 bea 60#»&’0:,
l<atbot e, a iffof U fo //'/xl oucl f5y & 11 FF 0F f5.
Let /?,"/2; b< a/joccﬂl baana/a,/ leaves . Continve.
Gt f/?‘ | k e.ﬂf , Thesecare all ofss tract os ofbermise
; &ts a Fiarte !//ep(/oa/,joa L.tk x on o diegona! leaf,
*%‘ Such a leof 15 1s0lated. '
& hos only ;/m//y meany 6oa~a/a.y /au:"::
Phere 15 a dleck ﬁmﬂ’éﬂl/au q &7 such hat ]/?;‘ﬂ'

far Jome AP0,

New g3 Ay/‘l’éa/ic Jio § Aas an s¥IS E Caacrznj
o closed corve € € F. Observe thef #e ena’;nu/f of the /-?:.‘J’ Fentd fo
the (deelﬂi‘t of . Thelis rf B, in are the endpoimts oﬂ/}: , ol
X,V arc fle andl po;u‘?‘s 0fC, Bn Y cin=ovee B, X o5 no-ee
Alse wot< that there are no lcaves aF ' (L3) befween the
/{: ‘s anel C a3 suCh are diagenals and 50 ssolatd.
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C s ablra simple! For otherwise , Hhere 15 a €’ with cni’eg.

C mestbe o’fx/om'l‘ From the /?,,': , So aen endpomtof &' mystalse b
8 ¢rofporut of some /'g'; ;e C%s the avis of a ofech fransso Fron 97¢ .

/4,0,0 //1;1, 3' fo /?n wou/a.’ylyc Gn /n//m/( noneber o;/«vv\': af'/,'f( o)

arth a common (no/pém/'. o

Da ths ﬁor a/f }‘/‘g baana/a»y Jeavs a/’ll. G'-l/a:/’s/’am‘# :/u’/c
closed ézclﬂld Cyo) m&’éaam’/mf G (aM/ac/Hj/an W, eith colfars’

VIJ"/ yk .

Jromelric mede] s /a/;o /oylca//, L - /M.,/c

* I nosder d;/dO}a(/: oa C, ’s.

Now LAU < w for l/any Jeaf was i @ colfor , Hhen 2 em.;a,,,‘/,- of
743 /eo/&voalv( coracride corth thot of 0/?,, ,d9amx /fob/mj M /(4£
LS c wuUFNu (a a/u/o;n‘/l(d/an.)

As x e l3an , L Tpon # ¢’j et /5 a c/a;u( raé.se/ofa Comr(cizeo('
surface ; 5o 1F L5 5 olisconnected , some component of £\ L5 /5 no?
simply conmected | a contrmadicthon .

LA u e B W pScu ¢ ALy = Tl d bt L, <l
b
Hence L hasno soblominations < cvery JeaF s atense

%

6Z



11)i5- 1 [1# Lesson

Lewma 48 LF ke F=F s irredveible caol non-periedic , codt 1 FC 15 an
¢sSentraf s.c.c. in F, then B7CC) & A7 CC) 1fF men.

)’:__o_g_/ Lef C: be He 7(.7&;/4 ia:u-/o/:/c to h¥c¢c) with o2 C . LF the lessma
Fo,led For C , U C’i /5 aﬁn./c “nion af?zo/ﬂ'/cr.
gez
Let ¥ 4ca /:/‘/afa/a;)' o L% L. th (na.’/aa,x/: 1/// cHhicd are
ffru(b,a///fl Za;alzouero/b. chLY s, anel v
Yo ptFlosdense u t* | Lemma 4.5 = ch4 T 4B, N
. Therecxistsa it CofC such that SAT # 4. Y
Lot A, B bethe cu(’.;o,.«f: of &. £Fewe sterate L,
A=An,RBR28a (Ou/i'dt./mg Frreet Po""‘" RAuf ,l/f, A
Y are gtfgndm’ /lxco(/aamﬁ‘ . -A

o

Unoler oor assUm,://an. P A C} Yisa closed
subsct of iH*, The geodesic A Bay 15 not 1a His sobset,
501‘,/;,,0;/ be 1 Phe closure o3 ?’ - 9<u((ﬂ¢. A V- i ;
( Alternatly | notc that k%ea), E(R) 9 Reo /gy € Sow a5 v b
plAn By s an 1w Fims be gfaz/fs/c. ¢either alleaf ora o/m’ona/o; LY ) ondl
& periodic Seguemce Cg can't Conetrye fo o jafin e 7«’0/(;'/;)

/.

T/‘(aﬂu .10 1.<f h! F A F 6< /)’Na’au‘/c ,ﬁon-/de}-/oo//c_ YL /a//vn -
preserving aw‘omorfh:n ofa c/osed byperbolic sorfece. Fhere exishs
au s> 6 s0ch that forony simple closed geodesiC € € F

Jine B™7CC) 2 K, exists k,:Steble Lt ofC

71 - S

Mortover k,2¢ 5 auot Hrere Boe bof f/m}{y many /0055/‘/// Fres For £,
(d/c/athaflﬁj ow C)

Proot Delercel
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/?(maré-' ;Mm &/mcea(art be /o:.J oxe can (ox:/#yC//dvormnr‘ PICoSLres Ok
lanecinadons ( féorsfm) .
fxan-/:/c 4 /45{01"\: yoor me /k/c /5 ruroaal/f /A/J so #lj‘ %fp/c/arz; be fon
',0/4'/)’- (0‘;/&,« ﬂ<‘aa/omo/péd‘u At 7“ . f-(.’ . 7:“-. r;‘: . ':.y' 14 {l(

Couved Stuen below:

SN

NSNS

Let €5 €y we wish Fo sec bh7Ce),
Frosm the C;'s form a ‘tram ticek’ as ol catfed below

Vl;!

@ @ A e

Notice that a Dehu twist su one of the €% hos no <fect ou the lro/o,a, clags sk L.
Now considdtyr 7": Tc;’ (¢):

- [k

Tc:’ Tc;, <)

7he a;p//aﬂ‘/ou of 72:17‘;’ ?o € gives the ',wo/é Yofa'trawm’ on the
Prosm Prack. This peth 13 grien by a J’,y/eno/’awjl/: on He Prict. Amal-
704\'4//:7 }74,‘/‘://{/ Précds cavses the (d{/’,‘/} fo adol. Thes Hhe wesy A witl
Inertsse aecoring fo & lmeav role as you apply Oehu fuishs.
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;éc/: ! l) 4 given rys/z.m c)[uNl?AU: CArritS A URIGUE /’-S'ué/’rauz/:v/a(.
2) 0"/)' Conol fron on twe :j/u‘: 3 Hhat M«, ,ya/,:fy

_%»A
é

7) (f’umcr) This fl-am. ,‘,.(“[« Carries ﬁ({ ./(ra /(S h7¢c) 67/ c/hjiv

7%( 61/-(!5‘/5
Here ss heed: [ LG T T (0

S0 one can waork oof the ¢v<!5‘/r Fer A cC). Praybe He limitss wof
7:0’5&0’/4 » 60/ /‘( /le/ur //ax 1)es s ga & -n(zyléar‘ood(o/flc /H;x /N¢ é
Fortler more one cou precdlsct the nomber af fonclamental regjons,

dusl M 1nvoriant lominetions.



il -ul9

In oor ¢ramf/< !

“”P L ] u{ca/pom{

Fondamental reqions : (om’/uwcn/ar/ regions of tram frock
Here 115 toao 1ddeal gaoa{r//a/oa/s‘.

Remorbt Penners method opplres fo those aafomar/’é/sws which cre Dehn troists
5. c.c.s awhick coube oividled info two clesses sign of H<¢ fw/:)‘éemj

cons /a.n‘ O (otl C/&:S.

f_rgﬁ_f q_)_c g 10 : 6’), lemma 4.1 for any essential C the hometopy classes of He
AR CC)’s are oll listinet = the closed geodesrcs F7Cc)orc alf distmct.
[FRmcc) ke NCF), then K2LS. (As (L Q% ce))’
=> Some /(Gfo;[ Le¢ k R then 4. § => all lesves ¢ K a5 kf:t/a:n(.)
There are only f/n;//ymany [ominations k,,.., & con fcm}nj s
(os ko2 L3 0L dicgonal lcaves) . Lel V.., V, éc neighborhoods of
kE,,.., kKp 1n N(F). .

There €xisfs ny>o such that 1F nwn, . Hen h () ¢ (5 v
/‘l’

( Of‘cnw:e. ] Q Se?wncc Z!' ”"(C) bt M no Iuésqvja(nce. éww»,::-i o
any k2¢%. - ne wnuer,uf Su he;amcc , Con /mr, ro 71CF) I(gozx(/a//;u

cotvlﬂcc‘i‘) .

Now B permote k,., bk ;50 Im>o such Hat i Frxes l'j for a//j',

Choose Vj so that the V]-'S Ghe¢ a/u/amf acl Vp 11 ime V.)s g For e'#/'
Thex jh. So 7“0/ nen, = 4“" ¢c) & V, (S‘);J

Smaller nujléo//mo/: > 55" (c) = Kk,
/7.

¢é.
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Remarki) There 15 @ bound for st 1n ferms vfgmus (F) ,
z) Lfat f)‘c prmc:/uf H4qilons 0F L3 are 10leal f"/“'j /‘ff, Hen for
A
cutry C, A¢e) = L‘

Everciset LFLF hes principal regions of/?uaa(»//a/era/c, hoew larse
nel m be? Inparticolar  our example previoos.

Theorem ‘é_{_/ Lt h:F=F pserrrcdocible 'r'nm - periodic o¢ /owa»;a‘:{u ,/a.
elosed lyfcréo/:c sorface . Then therc exisfs L(4) em (drpua’m on
h owot the metric)seck that /’a»(wry essentral S.c.c. € im F,1f we
denofe by Cy the geodesic homotopre fo h¥cc) anof F 9 15 Sofrcton #ly
large then every arc of C: aﬁ/u.g thoatleast £(h§meehs cvery
ove ofF Cg o;/uJM afleast £C4) *mn:wrsc/,,

Lemork: Theorem does n_gf hold for redverble oypfr/m/zc Als

p:_g_g_/.’ By Thm 4.70 there 15 an m suck that Cﬂg > k215 gun C_ng
- L"2L% as g D too.
For the nanu/, assemie sz L
Mote t‘4ai‘(o4ry JeoF v of E¥ mecets every Jeaf § 1u b7
( Consider ¥ - a lamination 50 ad,;/mqf wnion of leaves. LF )’(lf
Hewn as Y €K *) v moustbe s Fomide tnson of/fo/«:/(c(,m/fm/‘ leares,
bub ¥ must alse be @ lommation , so there mustbe G closest Jeah. A contractiction.
So Hhere 15 a Jeaf o F (¥ in Y . At ths Jealrs olenscrn L5 D ¥ 2 A
Similiorly , §20% 254544 S vhTZd )

Now fabe ye l:"" y ¢ L™, let 6 be the open /fa/’.\‘cgmu{ oF kt centercel
at v of Iu,/’/m L, & the open leaf sejnu{ of & of /en,/‘l L. ‘
Now :f/>1(r,7) Phex 6{'?- have an sntemar Proasverse imtep - 4
scchron. A3 i/esheled m‘r/jd #, this LCv,q) works for d-mréy d
paiwrs ( Y., 7') .
As k*v k™ s (o;n/oacf, Hhere 13 on L ahich works for
el r,’,,; ¢ Phere €13 ts on €CX,9) such that //6‘, 2 crc 4



itz Cosson (47

as Qbove , @ a geodesic arc of /u:g/'A L aithin é(%,y) of 6 in the Hewsolortf
metric, anet /4 a geodesic are of /ujl-»( £ oaibhin € (v,y) ok 2. f‘«u'azﬁ/!/d.
1?7 Compac fhcss , 1‘1(«»: IS & aniverseal € >0,

P()’}OVM H( aéau(- Orﬁdﬂwnf /5 fhe Unt faarjulil éana//c pi/‘ f‘-c,
(guwa/tn* //ous/orfn}(/)-lc. l’a/nll‘ Aere IS f"ll‘ /;4 pe ¢ qasl faaju‘f O/IN(}IOL
are close fo a second posnt anct Fawgent direction s Ur (F), then fhe leng #

L ores ore close.

So there exist @ such that 95 Q P every o x of (g of leng th
£ 15 aithin ¢ of Some arc of kt anol q¢- Q= every amﬁ of C; of
/f“eﬂ L 15 within € of some erc of k”, and hence a/ﬂ{f A

The L above o(ff{lols on kfﬂnd k-, /fu/ﬁo/c.fﬁa/ there are 0"/7 ;un//’;
mauy possihilifies Por ¢t ther ktork=. Sochoose Lh)zmay (L (k* E°))
kt2ed, km2L4} .,

So we olon’t netd wez)

7.
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§5 Measored Lominations

let o, , &, be c/o:ra( aies Transverse fo a /anma//aa. Lener).
Soy @o~ &, 1F Fleve existy a homofopy H:Iv[ = F seck that
HtLeo)z &, , H(C Lxit)se, , HCe)ys Al For some Aer
where A% agnt te,nt,

g H, Htwontl = a,nl 1scalled ;:_g/(cf'lon c_/_g_:v_] ff_e
Itavss.

U_gf A transverse Mcasvre p on { isa collecton of fhn/<,ﬂon-nria/wc
measores on the transverse arcs to ¢ ahich 13 1nvariant am(cr/ra/ec Frou

olong /ceves, consistant cith restrrctron z//d ¢, ontt suck Fhatu (&L )z 0O,

Example : Lef €,,.., ¢, be o/f:/’o'xl‘ s.c.c. geodesics. LT UC If a 15 fremsversc
) 7 fo L onk Ucx zsa,ocn,a’e/:'a«,“(u)' luacl,
- This 1s the Caanllv measure 6a L.

Mope yqerc//, , choose a,,.., )g 0. 06/;«./4 twls E A Junc, !
Phes s “.’..f..’!i{f.‘.( Coun /M} AT UM .

Dk A mcesored [amination 15 ¢ lomination eguypped with & fransvesse

SICAS .

Pewor b : The .?(/ofﬁmenuno( /fomvina //'ny o= a ’OfAtt a)c](av: g Coa $<
mede 1nto ¢ fopological spece & R ¢ Fhorstin)

D:f A leaf ¥ ofl s - nesTen bal F Here cxrste cn are & soch Hhat

vhiInte dg Gad yi ()3 O, 74e &«g,a_:_r_/ of/a L= Upeimesseatsal
/eawes,

N'a/;“ f‘a/ 7“‘ !t/af,a-/ntnea.//t/ /(tvr: ’8 o/ﬂf- ('0:/;0/(://0'( olfaa,

Jeaves leams yi 1mveriant) | Ferchore sepportgr 15 closed,
. Su;,dorf(/t) 15 @ losina ron l;/lt fo.



1wlzd~ 12/¢

Notice that Qay ss0latect /(a/ m ru,opoﬂ‘ ‘u) 13 C/OSa(,
Suppose oHerwise . There 13 & fromsverscare & #o ¥ aifh /{.}xﬂ y/ =z,

ulxyzas>o. Therc exrst posnts in the surfece . v “
& pproxime bel arél/rin/y c/osc/)/ 47 Y. For ﬂﬁr Y [
tramsverse f8 S ALE)E IBAY]-a o3 we cin
moke « arb,/rwd, sbort anutsFshil hes messore a,

¢e. plx’)ia forany x'ex soch that Latu'nY #4.
Se For ccch ia /l""tc/ld-& fo/nfof/!n 7 < gc.f Q Con/ﬂéu/u.’ #o A4 (/fJ.

(w-you‘ Proasuersols weed ¥ oaly /3."/'7 oFfen
Sy closed

Remark: The /omina //oa glven be low /s mof e sb//or‘!‘ 0/4 mrggsvrs Ju/g
Hhe limit of 35.c.c. ’zu(cs/cg . d‘?c"aa—lm,, Pao mcesur<A [Gminalrons ¢, ) L2

o3 quo/u/ /F P (¢,)s & e €Ly, ¢ 5¢f e space of/c_ojcc/wc meesoreol
/dmma//an.f F 4 g ‘3" £ r‘fﬂ'!"ﬂ\) . 741: Fpoce /3 fo~,-¢)",$o //Anl“ rlu//lnc

messore . Lu oor cXomple belon this measoress sopported on Fhe closeat [eaf.

closed leaf

{ .
\“}l’ isoloted non-closed leat

Lemma 5./ LF tenced s then there cxssts o non-2¢r0 Fransyerse mcesvie

2 wuf‘ 50//90#/;“} L.

Preok: [F L s al- Suémam[;/o( , L hés a Transverse messure ( the cova tﬁj
messure ) 350 WeoC Lis nofa /-5a bram FolA. There exss# co.,puv‘
Gres &, , .., @y transverse fo L seck thaf very /fr:/of& mee s

RIT O,U...uey.
Note that some /(a/' Y oF L meeh = ln}:m//r of Fen ( 7elbe
& hon . /3a/a /a( /(4;, conzioler o f)-ﬁnsucrxo/. /"(»( are °"’)’ //m //,

many houndary Itaves , o one most meet Ko fronsversal 1o fin ,//7 oFlen ),

fc
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Now Yz UY, wheae ¥, 15 ¢ (o;ulaac‘f r<5ngn{' ok ¥V Gael Yy < ¥y,

D{ch a messore U, onr & VLiI&
/A,,(“)‘ 1 v.nal i };/-
I ¥pnal
«| “uw
Nofice oS/u,.(uJﬁz For atl U € &, ~
ﬁ(a):s/y

Now a theoremof 7 IQOqu (cF: ke lley - Geaeral fc;pa/o,y pIiz)
Saps that fhere ¢xis fs a seguente fnifsoch that p,, —> messvre s on & su
the sease that M, (&) 2 CE) Ffor meesurable £ ¢ &,
(<t A 6: a Fronsverse arc ehick can k,praj«fu[ eémg Hhe leauwes
to & scbarc &’ 1n X. U(fme/c on /3 ‘] /oro/u/ua’
’ ﬂ o toe a’.
\ Seppose A also projeck fo a”s o« and syppose

o’ f‘dll “ S/{ (orrfs"éovn(s to k’;u a’! sadl L7 in a”,

R e Notice that
—F X w /a’/;r,,l-/u.nr,./fz aad
14" vnl ~lUnY,l $2
Hence
ra’n Tyl ) T U5 v , 4 e as ¢ —eeo
lanva,l lanTel ) letn ¥y

utu’) =/4(u")
J(ﬁla;hdd o;/u. %3 (anuf/a-d‘u:/‘. pwj¢¢1‘lau O/On, f/( /tdvif_

..

Fma//y note Mm‘/u IS nom-3¢ro as /¢(¢) L3

e

C_q:: L Fh:F—F 5 spredvcible ano nom-persodic | Hea L S, L

Suppor{' o .3('-0 }‘m;ra‘ycrrc rILRSLIES



12/§ Cossen 72

Ue__f Lt Fbea ‘yp«r/)o/lc sum(au. . A i};ﬁ: t:f..‘:.‘: ¢ mF isa Fraite
graph lee & l- Cou-,ltx) enhedded 1a F s0ch that

(1) The ¢olges of the QNP‘L ( the branches) are clenmbeddedd.

(2) Al ¢cdqes at a vertdex  ¢.t. & swifch) ore fangmf there

(3) El/uy U(r}(x'/s mterior fo some C'arec 1n 2

(y) LF 7 cenotes the 3¢t o fuvertrices ahichk heve on cngle O 1a a

2 of F=2 , then for cach suek caau,axea*

COn-,oaun)“
40

/

Pemark : Conols )‘/on. 4) rules 091“ f/ll FOI/Otulng:
or

EYauF[c.' G enes !’ur/uo(

o) o)

v

f/ns )‘r'd/n l‘wc/‘ hos ;00’ Ill'/anju/ar £o~p//~m (G'?l ftflans.
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0__(__; A S‘;Cura(&rl( nu,/«é"‘aw[ of a frain frack & si5a nezjlla/‘ooof é(of?-
thich s Folieted by arcs ¢ called t1¢5) #ransverse fo &, Sech that
coch transverse ore meets & ix jo:f one pomt ercc;/ near the swibeks
Condd cach bronch hosatleast ont such franscesse arc) . The swifehes

have h(lj-“or‘oo/k hite:

T,

A lownation s carried by a frain track & 1 # hosa standere ﬂéfgléor/ron(
@ svch that L ¢u anod Lis traasverse bo Fiz fres ‘

Locel E)(a‘-p/c :

0 g v o o = S8 o
"""3""'3§=..
oy
g
‘.~~~

0 o g SN gy
- ok
"‘..—---...

.

lemma 5.2 Evoy gtodan lanimation L € F 13 carvied by a fraie track

/:’raa;-' Ne (L) hes no more thaw Kg ( IIZ,-/Z.?) verbices . The 1tmination

L hes gero ara
. Gica Ng (L) 20 o5 € =20
LF € 15 smail , Phen theress 4 §v0 soch Fhat
1) Ne L) contains no dise of cliameter §
1) Two pomtof L that are aithin ke-§ of cack 6 thev have close

; u'&% »

fang<nt Airections

Nemark: One com s¢c the hovnd ou the nembar of vevtices 49 /;/fm, Nelt) fo

- the wumiversal tover:
; The nferror cvrv't.:,rajcct( fo He bounddsry o//Vi ).

‘ 3\;; - f‘c, are n_a_f 9«;«";;:;, ‘y!‘Orc arcu/sr arcs f" rét
ﬁ‘( wr//us . 7%¢ 1 berior ang les are :uo//, bebro.

HE



12/s Casson 7Y

ﬂ(’lof;m-, to the pmcf'- In the sorfoce fhe 50(/:16,&»7 of Ng (L) looks like |

T -

7/§ of vertex .

Foliate the S-;ﬁl,‘ borkoods o} He vertices by ares frausverse fo (. The
rest o f Ng €LY 15 a anton of ‘strips’ of width less fhan §. Exfend the
Foliation ooer them , stayng transuerse €o L. Then & 15 fhe *core’ of Ng €.

/.

Remerk: Thursfan passes bo amiversal cover. There he uses 4omzy¢//c arcs fo

foliated nuauorholr ofvertices, to begin Phe Folia troa.

Remark: LF your € s not Smell enovgh He trom track the above ,rocu/»c

Froa’uctt hu,/tcv( ’fx#:-o.‘ fmr./:s.

S'p),/o“_ L Aey a Fraasverse mocasore g, L Corrred &7 € s fandavl
nu?/cbor/moa( U of & such that L 13 trensverse fo Phe f1¢s. bre Con 4353195
fo cack branch b oF 3 the wez’{xf y é) <g val fo te measorc ofa tie /m(c/n,

b1 a tm,/‘ Fa;»/.
Node that the wa,l/s oo not depead ou e clalcc'afs/mu(ordx\n?,(éa/lo.,(

bacl they sa //3[7 He ::_:fd Conclitbron ¢ <. Svae of e wv,&/\' of He ex/ow,
browches ¢quals Hesom of the wa,ﬁ/s of fhe <xz¥/n7 branches,

Py
Ny /(l,
#‘\ / = 2:/(‘- : Z'/(‘.’
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Lemma 3:__3_ Téll’c s a/magf‘ onte 9(0’0/(5/4 /O#f/ﬂd/loﬂ L rgor//n( :wfé
& transverse measore 2 (soch l‘/cl‘ $oﬂ‘par-1‘¢'/¢)s L) corvied 46] -3
giuen fram track ai il grven cuu,A/s. -

F_:_____om; c Leb b bea hranch of fhe fram frack 2 o, fA wug/w‘/AQ L et X
be a stondard hugﬂéan(ool with Fres trancutrse fo L , o e tre M¢¢//~7
L n a 7""‘)/" Paln‘f .
leb a be an end’/:ow.ll‘ofd. fif yexnl , lcfjg(xjs/a [Q,#J,
Observe that :vf//a Cy) s put &) then me [caves of L meeta befacen' g ensl
3 ¢s 7u‘a,)ar1‘ (/u)-:. L. MHtace 9, g2 licon 6owu(cr7 leeves , Se called
'ad'j'acg,‘f" &aando», /(ny(}; between whichk he o éz/ofﬁlak/.nelfo/rrjun.

171)(:
- - & - -
- h
L5 /
— P b
ﬂ‘g}:/‘?) =2 P"'I(,l’.} R‘,IM e ‘:
- - == bl —— - ‘—“~ e —— --‘-.-

So a pout x o antl s r;u:///m( '57 xlx) and (Sometimes § a
t or - sigx o(u//n:wslmj a//’«u:‘ baaufa"f Ixaves.

Meabe & uoedel of He standorst na;l&or/moa( o5 follswy [ start aith
¢ axd the wqﬁlu.l‘s . For cach bronch of & tabca Evelidion :/n’p of
width g, and splice these strips together at He sasbekes

Example

Remark: & 15 flc':pmc' of teresolt
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Crocn » & [v,/lb] and @ 54 + or -, fe# ), he the 1mmersion of
R into the model possing thru the b strip at a ofssfance m From the &-cdye.
LF hecessary , use Hhe +or = todetermne the dircction ot a 3witch.
Pix:

Remark: Malbe Hesame chorce at eack swi bed a5 above. This corv€Spoads
fo tHhe Puf that a non- /so/a/w( boun/»7 lec F 15 isoladesl consfon H}' Ferom

ona 3de.

Enmbed He model s»uoat%y m F maé,u) He bransoerse divection short
(d <. sf‘n,or Hhin) . Note that He wmod <l 15 ”..2?‘ /Ioncfrch//, embedaled .
If mzmix) for véeaxnl , the /(0;)'x oF t thru ¥ and Hhe 1mmersson
Ay hove the same behavior af the swibches,

So I:/'/u, e embedded mode! ausl L to
He anversal cover oFE =IH te sce that Ty aond
Aue have LFbe f", s S,_ which remam a boupeles
Jistance apar:‘ 1 the HEmetric.

Hence the (na/pa»c/; oF ¥, orc fhesome

as the cuolpoints of i, wniguely dﬁ/crmmur’ { foe bt o F
Yy given pilx) sl q,k]. g ‘.:“:{’:{K

Remerk: You m,jl)l worvy thot sucxc) us uwatomable, t.e. No open arc
of o hes measore pecx). Luthis cose 1 # Follows Hat yy 15 4 closed Jeaf.
fh ﬂc. Ava/;/ f‘(b( w1/l be o /m-u/’ of c/oxra( Jeav<s ahich //// fo ¢ ,C,,,,,?,
o}curvcs eith  comsron (mz;aomf:, thosc o F ?y S €96im “"'ﬁ""ﬁl (/(A"'/llﬂj
the leef Yy, :

/-
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lemma =9 LF L € N(F) | the sef of Fransverse MIEESOIES 4o lot A faﬂpopgﬁ“) <¢

1s natora //, @ non-trivial closed convex conc 1n a finite distensronal
yector space

Proof Let V be Hhe Vt;/ar space of signedd measores A1y aith :a//”;‘?,‘.)
contained ia L . (/“- mm-m'ja/:u onst finibe on :oa-/acc/arcs)
Let & be a fram frack Carrying L 5 b Fhe set of ( not ,ucz::dn/,
positive) s'ys/ud of werghts on & adick 54//54 Hhe suihek comndlition,
Remark:! Tle seitck conds brow 15 not secessary for brmite cf/nlnnuc/:é)
bo 1t olocs lswer He dimension ‘
NMotrce that ﬂv-t 1S &« linear wray g —e ;-.J:ck/ seasls a messuieof
lamination to the vector of associatest wugd/:. /5’7 Lewmma T3 Fhis wtp
/3% lﬂ/tcfl/vc.
V 15 finite olimensional
The posihive measures form a convex cone For v X, q are elements
o F this sehset o Vard u, ) arc nom-negative 5 Hhen Ax+uy us also
16 this subset. Theorem S/ shows this come to be noa-trivial, ¢ losure 4
C/flr.
.
)7171-{5510'\'- fu,p,ooﬂ A:F =2 F /5 O4 ap/a’o///m-' s L€ N(F). Corvrn & measere
fl wr H Yu,v/orf{ m Lo whot 13 He rcesorte ;9'//) 4
[F Kee)- AlL) | ae can ol ¢ fime

. . ""..\.'
Z//‘() wra ! . ' - /\
o transyerse fo lv(l)) Af;‘) («) —— /
. L L

'S/o:f/a (4"(1'!})

0btim Z . et & « ;”M)
(o geodecic Segment with tadpoimnts of He chole geoolesic He smverse rmoge 4nsler
A of He Caclpo,ats of apm/oa,./mu o 3) b a tronsuerse! Po b € lraves nccrfmj
a) . Sef ;(/a.l(k) =l A'ear).

Zn geaerall ( ff o fo He tmversal Cover
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Prx:

vt
- =

o
——
h

I’A!ONM. $5 Lc/‘l‘;"f"’ﬁ’ be hon v,d(klt’o(zt. /rht/aué/c wr K snvariant /dminetions

LI L%, Then there exeste positve measores s ,/4 su,;ar/el by AW
0nd & consbont A>1 such that & (ust) s /\/4’ Gast A Cus) o A/a.

e call 4 #he :/rc/a(;-] /’ac/or oF 4,

-~
Proct? L<t m’: {Foszf’wc AMEQSOMS On 1.‘] 5 A sy =3
A -
h 1ndyces & [tnearv #rap W 2y 2

Nows

prs
//ﬂf Is @ disc , 30 67 He Brower Fixel Posal Theoreo Herme crss?s

&/a’ vo S Such that A //aU : ,l/" for some /a:;/u/c Cons fandt A,

Neow consider He /1/1‘ bo H¥of a ﬂrznc//pa/’ffléh of L5,
Recotl that tHe W o some powtr of 4 leas tHhe vertoces
:nuanmd‘, ro Me L ofa powsr fokes Aawydarf leaves ¢
Hhemselves . Further , the vertrces arc con /uc/u-j Frweel
yo;u/: , SO wc con Bpproxiame e bovndlary /<aves by leacxs
whieh 5f/c/05¢r <> Prousverse arcs 3hrink wlon ne opply
A = A0 cx)y s /a;-’e.v Phom a ->,u JuCrcases
s Ay

&

5'/,-”/16»'/7 Hhere cxish a Mtt:arcﬂl‘ on LY it 4"(/4‘() z 4;«.“:‘.:/4 A<y,

&e sheteh ﬂt/fao;ﬂc/ Ad’zy
Define « 2 /q,-a.uc/cr measore f /¢ ou L3aL%
es o tlows :
let Rbe Hhe /o/o/a,aéc//waic of a r<C/4~j/c. e F
atl ’Aam!“/a/'«{j<: d,»;/om/-/ro.u ¢T enx “vertreal’ L
fa(9u a(.«;/omf/’ran X .

r
Ny

2%
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Node that /a* 4 ’fa/a') -':/a“ ( “boHom') én(/,(f( ‘IefE) s/a’("m’ét“)

by the 1nvaripnce of He measores andes ,aaxé'mf alons Hhe leaves. .

So define /a’/c“ (R) a3 & S¢'vertical <alyge’) -/a“( 'éorzfoa/a/a/j‘_')

@ul cxtenct o a meesore on X = LA L%

Remark: Jhis .avus'a»‘-c 5 0(/09//)/ ofehiwed on Hesurface !u/fo,o,a»-/a/an LiaL«

aadl 13 frnitc on <o~/u¢/ @res Gual 15 AOR-3¢rT .

Note that A (/4’/&‘)- f(/d) . ;(/<4) @i a5 before o(«z/m;., 2" im ferms
of He exelpomt consbraction  ue /1:»4 :
A Cutia ) (X) 2 ulu  CACx)) = pdut (X)
LX)
RCusy K iun) (X)) = (Aat ) (Aa) (k) = AN usut (X}
LA sy,
/.

Goal: L (F)* 5:/0)[ o/l mcesired Josminelrons on F (aith necosores P””/’”‘;
Finife on compict cres  aud Scpport in lominetron) hés @ nofural precesse
lrmcasr s/ruc/c/rg

Note: Thes re? o/r«uj, bes He shoetore oFa won-Frivial cone | oned e
<an Jimearly combine duy Fwo ercosoes :

L4 forlows that 77X (FJ/ X hes a Hc/ynf/p/(ctb/;( /,g'«.//v( shoeetore
/4

8q- #
A,A:eé -/arns ap/ /oét— S ¢

.17:_/ A c(,a?l/o( Pram Prack 13 a tram frack & w.bha ﬁon-ﬂf;m//uc. 4.;:/,4/
Ay «tsigned foccch bronch & of  Tech Hhat He u's Ja/x:/} Hhe switek

a.d://on.



//Z‘/ Cesson Fo

Lemma f;_é 5(/17!.‘ cack Iutly,(/(d Frain /flt[ ( ?,/u‘) /5 e:sacm/m.’ a «n/fpc
measored [amination (L ,/4_) Y74 fo/;/aar///( P O,ﬂnml‘ lv(/,[///vis of

t+ arc associa /n(- [/ M a(/s//u/ eas oredl lometna //ans.

Cor Lt Lef Wy b flf'c:c{o/wuyi/»cjs of & (. . lfon-ﬂ!]&AM/lb
Ca /::{7/4’ He s fek (ana{//aon). Lt /? Dkl = X (F) b< /a/cﬂa/;
dff;lv(é( 67 lemema 5. 6, JThen ;;. /8 /n/'cc//u( Cool L (CF) gJ ;5 (W;)

Remark: LF follows From He Prao/ Mot f (‘-,/) 135 coarried 47 (B, uy)
Hhem f} My ) s (¢ ,/‘)

Z:_g_o_/df{._f Grven ( EL 4D, copsfrw.l“ « wodel For (4,/4) as rn f‘tp”éf
of 5.2 . /Zrloén cach ér(nnc‘ of & ‘7 a Eveliolian S/rv/o of Cv/o(f'A/lé . go//cg,
The s/r-;/a: afthe switohes ond 1mbed The union of He s/n,o: i F itk
t s spine

Pix! ' ’
\_____/’"
M, #3 47 2
—s D

J“z' /" f\/‘\‘
'~

A Jeaf o F He meodel 15 0blamed 4y following Hhe lines pora el Fo He

<dg<s of He stvips
Remark : Shovlo a lea Fon Hemodal meet *he 7 vertex” ala swith

3)'4

I-(:ard f‘a/ /(tft!' < /;4 " o/ /(dyt{, Qa z‘/’ﬂ(’“ Gael a S0 wesr " mc/ézny

a courtstin? choree ¥ coch “vertex’ me¥ 5) M l<e 7,

Erample:




B,

1/24 Cesson

prodel: % —
N\

%

Notice that no awn 6/7 vous [¢cues dppear unless ue ¢ :/,,,. )30, Ln Hhiscase

these leaoee howe jero measvre, Ged So 150/a /cp{, owof Hes nof sa ro,a,aa»///-tl.

Ke /Urﬂu:, Fo te /rao/) ///f to Ple unsversal Cover :

Clam : Eack /NOj(a/d' weodel teof 1, Fhs Fo a curye in H':"! i Hhoaest o/(/l‘n(d
Gaol d/!//xu‘ (Jra(/om/: en J';a.

/ﬁ'ommj Phis clasm s Detime & leck of ¢ Fo be He m05E 1n Fof He
geodesic forming the cadlovin s FHhe 11ff of a montel teat, Hese leaves ore
o('s/o,.‘f Caot form « closel u/‘ dacl are Phes a /omsmaltion.

Notice Phaf the Pramseersals fo Pl x/w/r sm At hee M//dc,«f.f.( messores,
7/uf~gaw<//c/¢/’mzo( measure on L.

So atl that remamny o5 fo establisd Ke above ¢losem.
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fo A sorface ootk cesps 15 a ¢ sorfece where boundarg poxfs arc /oca/:;z
modeled by & regson dovnoled é] fwo 7‘:.5‘ at Clcurves,

Ul <}
,,{]Hl - ”)
Inward cosp ov tward cuip

éra:«p/c: Lftisa C Frambrackin F, each tauﬂanu/o/ F N2 besa <o~,u<////<o//oq,
ehich 15 a 5w~;a<¢ stk cosps, ( o/l ovliced) . Oher Cesps orisce cwher

5/00:-7 Cam,//a.ut/a'7 regs0ns "054/40’
re
ﬁ////{}/
!
”/“'h
 Lemma 5.2 If G,, Gy 0rc cowfect{ C’ surfaces with cosps Juck et ¢ 1c,06,

Cad C,1C; /S a l-scbaranifold oF 36, , Hhen 1!’( 2 1’;' 4 12‘ aherc
‘Y; s 'l" - { (#(ou/waw( cus,:) . O rnaarsd coyfy))f '2" - /’; CU:‘,)G

Proof lef x & G, N6, - Lf xée TnttC,né,) i ther x 15 rgu/ﬂr or XI5
an nn0le cosp of Gy ond Gu ovfward cosp of Cf . Prx:

% '”'H[jr , )
C"[ C‘- gl"’"f‘,‘/"“’"'j Joses /). ;rom. Zl(‘,') 50* Gelols %
l} ,)”) | ’

to ¥'(6;) 50 there 15 40 eHect on 2%

LF xeldlC,ac,) Hen crther ¢- ””””,

1) x 1% amn tnwarAd cesp ote G, n Cz c,-)llliln/\,h
(-2 d c‘. “h

2) ¥ 13 en oufaard cesp 07‘ G, or Gy G.”“lll”"
or 7

AN L
3) ¥ /35 an ou fard Cusp “)[ 6:; 63, Gusk G 6””{} ’
(L
/]

or

Y) X 15 1ncart fov 6"-) octwerk for ‘GJ'J Gnol tnecril for G




<
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Observe that i all cases: cosp (€32 cosp(C)tewsp (6y) =/ 3C6en]
= ”z cesp 6= %“")9 e )¢ 4 cus’p(é‘) - V‘"’CL )
But HG: He, s Koo - Vopug, ; Comporiny gis e odlelifouity Formila.
' /4
)3_‘_; let 2 bea ¢ tram tfreck wa £ A framn reuts s & o5 Ga (:UW‘/MH’
cliss of ¢’ 1mmersions ﬁ-’fz - F Soch f“*/’ (RIS T

Here (nga/encc '35 rcﬁarcu</n;~//on. andl .
be reguive Fat /m-,a(f) anel l1ne #CE) ol nof <ts5f.

b v

by oo

Notres Hat Here ecxist * rovtes.

Lemma ?:-_f Let # bea frain frockia £, Py :‘l</:r<.h«a7¢of r I F e M. Assome
7¢15 <O for Cack Compeac Fhred Ccu-,o/nue.ufory Fegrom G of £ . Then
Cuery traix route sn F 5 f'/m,o/r. Guel remains @ bounoled A,F”éa/zc olsstance
froma amgyclj d<fined gcodlesic ¥ 1n A

Remark! /45:%4 cwery fram rouk hes lve//-o/(/;n\-gl (nq’/omt‘: on S';
Porcouver dostnct Pram rovtes (oritnted or Unori<cnu Pel ) sm Z €Orrt5,oatu’{
to disfinct geodesics . Two Fram rovtes in & juterscet (o F atbarl)
fanjuflc//] manarce (posss é/; 4 rmj/e.,o,nf) ,

Pry:

/Dhoa; [;c f’mnc rou/c,a ,5 1? 121 ﬁaf :’/M//‘J f/(r{, (\(/3‘/3 Gn Qre =
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5f/0 o(ucruéu, a S‘/MF/C. c/oscal Curve 63 Ac/“./J 600»//1;5 a ofrsc

O =<0 G

G 1x MY with at mosT one cosp. Hemee B 2 % 20 . Bt G206 ahere

,
<coch '“c,-“’ , G cufroo(/c)‘/on,

Closm: There exish a co,‘s/anf Ak Het s 6 152 rry,o«nt" ofa
¢rain rov{C /rom P to o R f‘cu. - ¥4 /ﬂ!jfﬁ (G) & A . d(l’J Q).

/Z(maré: A con b< u(rj /Grag,
Provt of Claimt loc con assome Hat arl He Components 0f £~ T Are

confrecboble as wecan oolol ¢cxfra brancles bo & preTerving He 2 comotitron.,
Hence ot/ req/0ns of MECZE orc comfocf sorfeces with cvips , inofccol

dises «ith cwsps.
HAssome Frost fhat fhe A},pcréa/lc oistance o (7, @) 5 [orge anot #Hatk

the Srgmmf 6 mects Hc 7<oa’<r/c rtjmml‘ x From P to @ o../’ af He (a.,/,wu/;,
1<t G he the closure of a1 the regrons NV AY 4 »
meching the bovndcd wm/anui" of s (avs) ) 2
/‘/o/t that & 15 the «n/on Offlfﬁwn./: o;‘oam(tr?
C°~/aﬂ<~/x 6/€0~,/Imtu/0r7 regsons ok T while wis a0t
C /5 zo.-./yacf" yw-/’cu. we cosps ¢

Eyereise: Shoaw 6 a A1sc.
/97 coucring 6; oyses of Favice HMe maximos Arometer of He coa-p//an/v?

regions of ? Containedd 0 G 6~a(~o/m7 Fhat eack coa/m;q 0n/7 -3 f/m/-c_

nombtr of colps 1 Sollows Fhat
#® cosps of & & constant . & (rq)

So = ¥, £ constant - d (A Q)
Forther | Hhenember oF req ons oFuf3NF ju 6 13 af leasT a
Constant « LCG) a3 G 15 4171 of branchus bounding Phose regions , @ region
hes buf Frubly mony edyes , snot fare i3 @ fower bouvnd for He fength of T0ck

(;/UJ @ <onglont F ((qu)ﬂ-c//)

(- 4”‘“(4-
YO - ¢6 2 co~s/a;q‘ . /{(f)

,((5) 3 Con:/‘n{-i(ﬂ, QJ,

/""HC‘
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[[-' Jd (P'Q Y 75 smell 5 f‘ea-. Lls Y13 bovnded 65 ///S (kauyA 1‘0 COHS’I‘/-LV
those 6 mecting « givca Fondamental region . (o»'/u;fnas qasl Sfu..’/lu/j
o; frea raafu, Notw ’IU(S 7‘(4 Coa‘/an/ /9 ;ar- :Aan‘ 7"'0:~ rou/ﬁ’,

[; & meels A in 1n /cwar pom!": , d(co:n/a:c (-3 /a/a rwépoufcs’,
Anet the c/asm ;0//&&3,

Fhe lemma Pollows From
Exercise : € of Nalsen's Thm , Ltmma 3.9) A frain r-u{c/d m T has et/

ddcmcd. Cna(fwm/s on S‘;, ) q..d/J 3‘)‘(4,{ é boonded 47/.0460/“ olistance
Fbon\. f“f 7(06&91c /'Ouunj f‘o,$< (’hJ/’alu{f,

Nev? Sugpose fltf/J,/x_ have ofesconnected 1nlersectron.
Thew Phere <vist Tegmen 56,6 a;/,l e (oéauna/uj a
CW&f&:f 1ar-/¢<.c Cinadced, @alrse ) G aith af most bao
cusps, Hemce ¥ 2o . Lmpossible a5 bfore.

[/‘/’, ,/z correspons o e sam= 5-:0:(::1(., sclect
an </ auol /7 € be Fhe closur< of Phcanion
of as7 the »<glOnS of #¥ T wlicd P o

{r(jlon. cobecndded ‘7 /o ‘ﬁ‘) N sudalise of 47 ef
Evcliolian rodivs r,

Stace 20,/ arca bounded Ayperbolrc ofistance
Frow ),) the number afcus,os of &3 6<w~a'¢a£J So

- ¥, 13 bounded ahoue Forail v Bot the number af;—vj/ans of 6 ~m o0 as
r—--i"

- 1{5 - &5, & Co:d‘radl/cf/o«..

/4

Dermark : Two Tram roufes hawe a cOmmor Cm’//om‘f exce f/j when He tao

Frarn rovtes arme 1aentreal ear” He n/pmd{.
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Now we are fgcn/r for

Lemma {.__( lef & bea fram frack in F oo 1 #h yc’zo Kor ever +egion 4

of ANt ana let Wy be e n/»/zuuj//znfr on & . Jhemw Mere <itssh
a na/txm/// c/.e/;n{d /n/{c//on f,,-' Wf = mL CF)

p}_-_o_g/-’ Le# (/a‘) be a tu{ljé!/):y Lrt .U He M/J/t‘: fo e branches

of FecFanit. A tram r-ow‘e/o /3 f_?_:}pl/:é/t atfh (/‘) //(orr(y.

)ma//ﬂj o fun:wrrcé ortented dranches b of £ Fhere are branc h

ﬂamlwr: AE ¢ C O,/ubj fa /:s‘fymj f‘( ftu:ch Canp(,//an (See é(/ag)
and svech f'}ml‘/: can be orrented so fhat ho branch nomber 5 gero.
Swibch ¢ond, fron:

= ’ 4
At "/"r-; ¢ ’\ e 7‘:-: 4

Lu the model:

M, N /)‘ { “
NG

)
o T

Note : The branch nombers or< folj/](a( 011/] t branches a leaf

“ visibs

Next let L <F be the ﬂ/ofgea/cm; Corresponding to all train rovtes
(o:«/u:/; ‘/c (glf‘L (/ﬂ‘), 7»0 d/:’//ﬂc/ﬁ'dzn rcvu/e&‘ A ? co,-;,pa//‘/c lvr/ﬁ,

74
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Cuty ) correspond fo a//.!/'ou tgeodesics. Suppose Hat He endpoints o

/),/' separate cack other a1 g, 0" Freverse a
Cortmon f‘*éd:ucr:e/, orrented branch. Ln thi 0
Sttvadron ) H e éhﬁ&c/( .nomélr's mosl be (;oq/: b
Bt now 7 most correspondl fo a O branch neobor

6n He 1St onel Hhe Fotl measore on fhe r/j/#, a

$1fvaton we have peled o,
. ﬂc (m'(/o/x{r cfa//:l{"rc/ fmn‘ roo/ts olo Joil y(/anﬂl{ (6:4 o/i{(/.

Exwerse: s closeol

Let € bea branch of €. The branck nembers AL mx/ure//] o che
] anSUersc easvire OR fAC' ftf a; leaves of Z corrfspos»{/~7 /o fresn
. routes thra & Thss Aefones a Prensverse messure on s¢ Kczm?‘{, short
‘ ,2/\ Prinsversals fo dny V<ot oF ZJ hemce /c’rra-ny conpod‘ Pransversal.

EY()—(IS(: //a—:/’ 17vCpiCrie. aqa&V ,orzycc//on a/anj /(:zu(: 0/ ?‘A f"é/n.
rau/c /(ye/. )

For /n/ec//w/j ,Teppese /P; (/6) = f; (/{") : ( u,,»/w},/aj
Eack /f"; of L <¢H’vrfon&/~7 b a f”dm. I’ou/Cf (om,a/; ble asth Caty ) axil
to & tran roulte /’ Comp at é/c. ""‘1;«6’) . e “n;;a(a(:!fxf!O*'lemc o F
/"tp/lti /J ¢/¢ / ansd Aavcc/é{b s/" . V

7.

/.z_t_/ A tram treck € is carrred by ¥ JF Hese s a stndord ‘Hr<’
ﬂf/yl‘ar‘ooo( U of some 7, 44*-6/(411 Irc/cplc fo ¥ sochk Ml &< «,

‘)‘Nﬁ:ufr:¢ fo ﬂ( ‘//Q’.

7



2/2 Cesson

,Qg,,,,,éf In a fe n(,’[.éorf‘oa/o/a .f/lj/(. branch of ?“ the Freasmn ﬁ"dé
misst be a tice.

Def)ne g! V?; -->' s CoriHen 94,27 ) 47 assigning fo a unj‘//nj
PARY wujkf/nj glp’l of * s follows: The weight of a branch b of 2
Co rm:/o-o(;ug to the branck 4, oft, ts e som of the wy,;{/ro/:‘lc branches
ok’ Crossing @ fre of b, . The suifek condition soarantecs Halths
lqu;(r' /8 M&Iam/fm‘/ oF He te chosen .

lemma ::__2 94, 4 Pl —F W JS a lneayr Lonction afcomxx lones
Such that the a(m,mu.

)
‘4/?, ac— w

/ Comme /(S .

MLCF)
Further, 1F & carries t7, and ¢ corrits 7, Pen T carsres &7 ansl

T¢475 Jt9e Jpipn "W T

/3:_4_2_; ﬂ:yomg 1—' 18 )11 & '}‘A/n ! S#ﬂﬁa/ard n(/jléarloo(af? . ﬂ(h (U(k/
Fdin route n &° p;—gjcc/s alony He tres fo a fratin route i &, Mobrce
ﬁ‘a/‘ 1%1: /‘c: Ao gﬁﬂcc; Sa //e (ﬁo(/aom/l o; )‘1( ///f 1 //9/2. 4/(/]‘/{/“ ’aa 1”
qr0¢ tv«/j‘/r/a sgip7) ¢lvg by ,ora/ec/ni a/o::i bres . o’ Compa Yy - o

! corresponds fo a raufec on (cw/m//é/c with y. Mow ,a,/a’o’c/ermnc

Hic Same [omimation L.
Exercise : Check that e meustures cqree anol comporition role AolAs,
Ec»mo-éi Even f‘oo’A ﬂc /uvaJc c//L 9’5 moy/m/‘t o/;\m,,//s 5////
Frac that /&y grv< linear coordinate cherhs on 28 CF)
/.

Remork: thal folons 5 /»/nar//7 ol fo . Pewner

D_(_/ & s /ﬂvdrlﬂﬂ{ Unoler 4 F =2F ﬂp/MA’Iauc/I;( 47 a C'cbét-ﬁ'/‘lﬂn
F hcce;:d,;,) 1 FACE) 15 carrredd /57 Z.
Remark: As 'c:;vna(é) 1,5 not )'yhl/é'lc , ymiirrant bnder kb

2 saversant ander 7!

24
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Lemmea 5:_{_? ) LFE s /nua//aﬂltaﬁa(lré , #hen f[c oﬂajmm.

l: Feacs »
We = » Wy T

‘., I . Zit (:’.7) 55 commutes, whesg 4/, '/l(t)jt/r(é).
MILF) 2 371 (F) —— PRL(F)

2) [f ¢ 5 Iﬂt/arldn‘l‘ an(.v b, ) llz ;M:« Z s Jﬁuoylanfﬂho&r 4, . 4"_
3) JF ? hesa r/an,a/c c/osed C' Frain roude CELF C vt noto wronogon)
which can be omented so that all He siifches on Hhe ij/ of ¢ ’d/,a’ ¢

fayuau\'g ’(g'_,g, ___<_ c ) J f‘fﬁ & /5 /nuér/ln{aha/a- /Ac ﬂ(‘&

barst To.
Zcmoréf 72- t{ffﬂv(c on /{fdrnn?lofgon of /ferukﬁce J (-] pai//;vc Ae/n.

€t 15 1Hoshrated belom.

>0

Prook: 1) Exercise
2) hy () iscarried 67 T,k b €®) s carrico by 4, () aael So

Corried L7 &,
3) Lef the dtmu/vf /1546( o; 7e be con rln/amf ina tre ﬁfzjr(!orlooa/

of €. Then this e nc/jAéo/ﬁcod Shows T CE) corrred 47 .

. T‘ .

) ar— . B -

. LT \ -
- »

< Lee)
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Zenork: f;'( ¢) 15 not carried by € duce do farlure of ffﬂﬁjl’fﬁ!d///] of
Tetlez) fo Mo Pres.

loe now have He commutatroe a//egfdm.

e 3
¥ W
I ).‘../n.'.,““) [

!

PILF) 7 > XLE)

tfxq;-.,/f. H

A train trock on o gexcs oo sorface

The tram $rack & 15 1nvariout under 7, 7:9 , 7

el

, o, TE, TE andd wpder
Guy M(/néer o/ fhe $Cw¢'a3r¢U/’ }1'/ 7(/«;—41’(. “’"J"(/"'j e fran Freck &5

inslicated 1u lower case Gbove , we Cengive Gu ¢xam//c of s itk caleolatron:
are’za’te ; asfz a’»f'er) ¢6-0"z¢e-2"2F-F’

/’{ﬁtu/fnj <yc//(¢/{'7 e e’z f-Frded s
Hence G:.a"_.,) ;t/”

Conud:/y ;Urjtf/uj OrIBICS satisfres Me Swrtek conel's Hon.

Now T /nuo-/a,n‘ unoler A = g 154G closed coruek cone ;,oa,-,mcj a vector
spéce V{_ . e obtam i Ve = V5 . let ?t < l/, be the Ir/o//.w/(;zr
w<‘?A"“f’ .

£y 15a D/fscrcl(c eoolitrve Iaéjrmy) of V3 ¢« a JoMce , whick
spans V¢ . Hence T < Z" For some /u/ejrr k. Nobee Fhat i €3)c &4, 50

Céaarmﬁ G l)ans ;c-f E?_ a//awx «s 7‘0 H/:H:S(n{ : ‘7 Ca /"/(5” ma/rlx 4

fo
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f/{(, s‘f/ﬂ/czmi ﬁ:r_/ar VANR-2q) elgacr&/ac o/ f4/$ ma/r/ X. ffr ovr (xdmf/c

o1 ] O 1 _ ]
_ I} (o B o B <] 1‘3 o 00 3 !005
IAA' 0 00O ; 1’6-— o 00 ;TCA- Q0O
O I, 0 .7.3 o 1 l:?
el I3 O -} 13 {O -} z’ ©
T ~ o,,"*--“i'f" 1o/ s Te~| 170
ooo 1'3 voo | I , oool| I
o000 o0 P 0o o

So let b= T TB T, 7! TE"f" ({ or more 3{:«':://7 ( )‘( )‘ ¢,1>o)

otl
IJ ol LT | I'r o
T,,Tgrc“— TR ') TDTerF -~ o 11
O I r ot I3
3 /10

[ B B | w |
So fFor Comvenrence let H = (/ o l) s then M1z (f 2z | |5 He+2l

! 1 o t 1z

Notice Hhat H hes mmimal polynomial ¢ € -2
NON . I H I Io) If‘HL H //f?I H
""(OI)(HI *w ) # I
Le want the <Ij<nut/u¢5

He(3-3)T H He(3-A)T- ,-_-’1;/" o

H (1-A)T H cr-A)I



2/9-¢t/#

(1-2Y(H+(3-3)Z)- (Hr2T) o

- AH Z

NSV I SURIONS 4 EERES U DY S PSS AE &

Now H has crgenvalves 2, =1 = A has e/jnwn/w: A svch Fhat Ao A '-vz2
or ArATI -4z o), .
Exercse: The s‘/r&ﬂmj Factor 1s He o vqest (/7uua/v4
= A+r =2l D A=3+2/2
P’ma//y , The Cgenve for grocs the wuy(/: for & which Give He 1nvavicut lomination 7.

Remark ' 7he Ctgenvalues A 4 occor 1 pairs as He :/n;‘c[,uj Foctors For 4’, Vs
Qrl (HULrILS,
/.

[__t_ﬁ::_v: 3:._/_/ Y"//”" AtF =F feaves ¢ Frain track & ,avaviant buf lerees no
proper scbtrack mvariant . Thea 4 15 nom -periodic onl 1rreducible o onst
°”/,V 'F cwtry Component of F\Nt/sa disc agacl, for cvery besnvariant Frain
frack £°2 7 i i: War = bz hes he non-gcro /;Xr#(PaNﬂ{

A Conseguence of this [cama 15
TAeorem .12 LF At £ F /eaves a frasm t‘rncé & Moan-/axt‘, Hhen 1?‘/5
Aecrdible whethev h 1S mon -peviodic ond 1rr<dvcible , LFiFis, He
S‘f»-c*clunj Foctor onol imvariant /omeinatrons orc coa-,u/o[/e.

I?rca:( of s/
1) IF hus perodic Z: Wy =y mos? hive an njuua/ar we Ly~ Tol
¢ Apply He Brower Fivelk Posat Heorews to “2/n* ). A5 4k 15 also perrodic,

e (orr\q'/ou‘(uvj (lj(auq/ut i3a real rootok v , Atmce 7.
A

htv e
¢ Zecatl: & V,, -1 V3 Aesca (/jnu/cc/or o e by /4 (I](xw/p-c A% 0 becasse
-
Atwy) s tuy . Bt iy >0 Jor eack branck 6 of T for othevaise T6tuy 0]
/S Ga saverisnt sub hrack of E)

¢z



2/?-2/§

1) h 1rredverble = S‘/a lr'o( «:na’;/l/on::

Lf Some (o;u/;wn(ﬁ‘l‘ oF FN? s nota ofise , Fhe union of the /éoam"arr
curves’ of sock cofu/axfnt‘r 15 6 l- submanifolel | suck tHat hlc) ss 150fopn
fo ¢ ( Excrtige |, cfp;—ao/af{i/z) (Hond: het) e standarsd auj//mhu(

U of ¢ /i—dﬂ!b’(?f‘ e ﬂ;_ t‘us)
‘o hoas redvaidle
LF there 15 G h-tnvaricat &7, Zf by, = g. | cast z/i () for some
b & wfl ~ [0? ,recal/ that V/z, € Vg, 2 ?z.' Gad Z 5 I'(/rvscl./fl( 4] & e In/ejaf
lna/n—:x A u.r.t‘. ?,.’.
- J a rational & w.r.f. o’ sn Wy’ « 05 suchk that /:(zv) 2w
3 L¥] 3"}(’(’ » L » t ”" ” +
So ;1. (w) 156 /- rv‘;wan//a/a( C (aith coua/uj sIeesors cao(/ao:rl“/y
/opa//v:/ curves) € F} invarront «p fo /S‘a/ofy Under A,
coohoas edoerble.

7) A restverble = stebel conalitrons Farl
L redocible ® hec )2 € for some geodlesic / -scboonsfold of F. Lo
(l-,/a.)' /‘; Cu) ahire A (e, m)s (L ,a‘/c) sacl L% S'O,a,loria.
Now /\/a(cj = ;/a(c) s z/a (:(C)} 2/1(6)
® cither Al or uce)zoO

IF A=/, i Wyg) = Wy hes a non-gero f;r(olpam/

LF A# ):/a (<) 20 , then € hos no frawsycrse rutersection aitd €
Henee €15 a closed lea of L , O+ 15 contaiesl s con-//uum rény ¥<g/0m
of L . ,

( Zecarl: Sa,a/zar'//a = Cuery closeot [caf 15 r50lated , for oHerwise
as howve e ;a//oumj:

_ \\3

This arc most 44(,¢ 7‘;," Same BreasSory &€ 7‘4/; Qe -~ )

. Some Com/go,.af of FNL r5 not T/mf/y (armtc/(,(.



2/4-2/1n Cisson 79

chf‘ fo cach co;«fonucz‘ of F~ T (orrﬂ',aon/f G Co:-,oanml‘ oFENL . This

ccu be TeCn ‘7 ta t'"j He train roa fes corresponding Po Fotl branck mumbers.

7hose ossociated Fo a Fixesd ‘corner’ Con cn‘//r hewe & COmmon cud’/oml‘

or Hhey cou oliverge.
Ces¢ 7) [f J/fﬂcA. gorn(r' 7‘4/< 7‘/‘4/01 )'Ov#(s 4éu¢ COmmpm

tnefporntls, Phese tndpornts determine the keqion of Fr 4 ccrrﬂpow/nj
to your Coup:’nm‘f vf Fa2 by fa éznj the 7(00((:145 /ommj Hew

Cege 2) MG)}»SL the tram routes ofivers< . Cn s cose more Theon
one Feg/on of £~ T corvesponds boa regron of F L
c
S'o/'aasc f[a/ all Phe c°~,p/mu»tlo»y r«,/g,‘g O/F\ z
cocotises. Ln cas< 1) Heme 135 & Simple <ssential
clos<d corvee € € F AL carriek 67 . £n case
2) There 15 on 4 invarvianl fram Frack &7, (anns/mj

0/ t p/US fome '{/Gjm-c/s R C"”ﬂ”’f Gn L355en //c/ J'/n,/C closed cosve C .

-
[n {:M(r case A l“/t" -7 t./?/ /las a f/rra(po;d/.
Remerds : Lncosec 1, e m cose 2 ax neeked fo Cross regions of

E o et C whichis by e poss fo &' . The measer< on 2715 snatoce i b Phot oo
7 7 o b/

e ans CogA//~ Meosurt Oa €,
3

/.

Areof of 5,17 Comsider i R A 4 ot abremch 6 +F
[wtsleo}

2(«11,6)5(&/1,1:)‘{««0“}' '
Con d5some fhat © has no h-invariant subtracks.
If F 2 has disc Com/oaa(xff L, ac mest Fond o/ Hhe 4 osnvovianl Froin
tracks 2792, From the proof of 511 Fhescarc fost & plos some o//a;ana/s.
Decroling whether there exists a frued pornt For A floge M lsgs 13 &
probleam n lincar alscéra S incar progréiming @3 4 hove e following
ac //on. oF h on ﬁ/c (Om/aa/y(n,{.f of FNT,



i

Sati

274 Cessom

Achtron o fh ou (Onp(on(x/f of F\E ;
h(E) <€ S'/&nd'&rt( ﬂr/j,(JaVAaac( UofEt. LtV bea (ow/aﬁfn‘{ ok BN ?)
of FNK(E), Felhiv))e U , «Ahtv)ssa reishborhoocl

hiv) s a co»c/on-(uf
of Fr Chev)) 1m At v) (onsuf/ng of tres oF U Prénsuerie to brenches of 4CTE)

¢ a‘cff?‘/ho)'éc afsaitches)

Examlp/c H

S‘f-“gé 1‘4(:( 1‘/(3 foward Fr{h cvl)) , (/o:rj&/uyj /‘c ‘horas’ Poaarst He

switches o FbCE) o5 shown b<low .

—

Thes grues Gu lSo/opj CGreying hev)-U Fo (V). Notice H(VINU
/5 & <o;u/onn<(of F Nl oack that & 15 G Sprnc v;“
N Thes ‘Olﬂpammi‘af Al Corh::ﬂOno({ 7o ctomfoo‘r{x?z A v) of FrE
Notrce that » branchec 0 h(V) = bramches of iov)
cusps . v ey cosps o FRLV)
And since od'a(u-j p{:ajanalj fo Hi/ans off grves e« 4-105‘“’1“1{ Frémn
track fand only K the added AiGgsnals cre h 1nveviant

d/cjonq/s -2 0’147 onall
/.

7s
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Exercise: LFh s irvedocible and non -periodic cad & s 4 savariant aithoo? A
tnveriont Sobtracks Phen Hhe :/Nd/ni Faclor A 15 fhe /ot»jdf recal

posl7{/w, (/j(nw/w. of b Ve =V

Improvement : (Harer) [nsteadk of a'do(uj a//ajawz/s , pnci r<gions

H._.

C?vac/ra/atzem Is

]

lgtu ;,Ojonafs

This hes Hhe <Ff<c1‘ of smvHamous/, Oof’a/mi a_{./ e//ajana/ routes. The
HSuH:uj ‘l’hqm 'f'reck /3 muar;&n/anq’(r Some /.’)owdk af/l . /)ec/o/lnj /rr(/pcfél/if}
gnol p(ramhculy fcw this Paw(/of/‘ also a((cw(n’ fhese ?Uﬁ//o"\f )(or h.

7_/_‘_:5 £2 CPenner) Let ¢, ¢’ be 5caa’eszc l-schdman folds of F Aawaj no <o~/on\'«7{

Then There 2xs5ds a frasn Frock 2+ alhichis IﬂuOrtﬂﬂ{ wunder @/ He

I cOMmon ,

/ra/acﬁ of the /’(‘. Cnat 7":' Cuhere C 200 € ‘c’zucj')
P

Exaha,lg :

,0,.00;: 7o bui/d ¢ S/arf/ with € and r(,o/acg orcs of C,\C 67 ércncl(:
ptrm:///n; a mg/‘f Furn From € onfo ¢ /

4
4

g¢



A

i :

2//¢4 C(asson

LF there are coryes 1 € €’} hol‘mco/m’ < '(C) tc bitloff Fhe annulov
ronponcufs whick orrse 67 aa(o(n-j <rtra branches. Zu The cese v’l/-yw—o//t/
bronches | wx< gcf forbiaden olise r<glons :

e mname——— —
B —) e —
pa——

.

Notice that at #his S'/éjc our tram trock 15 snvoriont andlem fhe G//om/r/a/c Dehn

farrsts 1u He corves of € sut ¢’ e omalsemate poralle/ branches o3 shown chove

/4»] Froin route Carvied [7 #4< I//(’(/ Froin Prack 15 Corrred 67 Hhe neas on<, bt

ﬂc kau/es mey Ho /anjzr be Shn//c.
4Ff<'f dm¢/54n¢ lmy ovr /rtu( /récé o J/I// mud//d'nl 33 l/(ﬂrﬂ(: v

ilegal one aack after the appropriate Dekn twish ou The corvesin € oast ¢’

the< 1 eqe oFournecw Ftreck s cavried é‘] He ///(}4/ ore.,
/.

7 Anotler Evau-/./e'- Y,c/:ll/m’ « sortice mto Ipaa/a/aajr’

Ques fron: (Penner) Do all ﬂon-/:er/o/:c andl trweslveible ouﬁnarf‘f.\'hs of

F Qrise 10 1‘1113 k;cy.;

frdunp/v.f The Torvs Aotert) “"/40*(21.’"‘0 YLz(d)

< =X IC-QOI)'TC'_J,II



2//14-2/16 Cosson

Ewr7 hyperbolic (non-peviashic , 1rredue, ble) element of $Ly T 13

(on/ujn/c. { ¢« ma,é,; 24 Muﬂ‘ nc;‘aosc CJ <’ ) fo

/ m,)( l © ( / M;‘)( / O)
-+ . e
- ( L n, © ! g O
Py NS PO k;n’v(. “p to Cyc//c Ipcr»-vfﬂ/lon . 7Be A P e Py Ak

are thae pcr/m/ guo:‘;:nf: oF the periodic continved Froction ¢xponsion Ffor the
d/gt‘ruc trrational essocrated Fo hvia .'T(fcfcémgﬁ:?lv-‘?.

Thue S1Y LFh:F=F ss any au/amar//mnl Heu for Some >0 s h*™ has au
u!uar/m‘l‘ fram. 1‘ra<£ .

Remark: Mo {lcc Fhat there 15 an upptr bovnd ou s al(p¢n/nt7 on Jenvs (e)

&_—g_g_f Ces< 1) h perioclic | Rase h fo period |, then cvery Frem Freck s
/nucrmuf.
Ceos<2) h reduvcible hc) £Chor some 1-Submansfold C. Cis é/ra;ﬁ,
an laadrla&ﬂL )‘ram. )‘rtcé
Ces< 1) h non-periodic ancl sredlvesble . This cese follows From a

theorem & ¢ colAd have provedd /Ong ago.

Thm 4,2 LF he F=F 5 1rrcdocrble 'r'»oa-/p(runlfcl Fhem 4 15 /So/a,/( Yo e
homeomorphism hy : F=2F such that 4y ¢ %) "L‘J h, (LE)s® (aak

h, (/‘sh/‘s; 4‘(/‘”,/‘:‘)
Remark' hy 15 not n«(::ar//y a d/%arar,»‘/:fn
Proa/ o__f ¥,72 Le# 2; s 2'“ be presmages in wie ,:‘" ) ,::;-«:E a ////oféa
c<rdead to PN S','., - Mty S'.’, . 5 rudvces da ecron
on fleeves of L] aud {lcavesof E4] ¢ tadpoints) ‘Ab

- -~ -
h indoces an acfron on (S A L5,

( Hat: ﬂnj/c o;clx/rrn:/mn. k/m\m leay g o,f z.r ancl

. '.
Erescise : TAI! 0‘{/0-& +s confravour ),k

Z“ 1S bovnolest away f’rcn& O ank 77)



2 /1¢-2/18 Cosson

So we 9</a;c action on a (mu/;d‘ Coutor setin £ This Gctron con be
cxtended oves z:oZ‘* by ¢r/«no/m5 Fhe achron /In(ﬂr/, w.rf. A,,a;r/a//c
d/lsllﬂ»v«. ouer L’ VL% anst Men. /f//ma. One cécc‘f Fhet This éc//aw. /3 (on/°
invevs ( (ower bouns on an,/g of 1« /cr«c//an.) , 9nol bence «ns /Oru/y so.

Notice that F\ (t¥erh) hes regrons ahose closures are compact 2 £ -goas.
There are Ol/y Fin //y neany arth £23 goe Mere ss oaly oae for eocd (am//z.wa-/m]
reg,on of t5ia F and Ou/7 /‘Tm;//) mrasny of f‘o:c; bo? Fhere aix Il)"/ﬁJ///v #any
rece /*ao.,/“ . b con extend the A actron over Phe /}Oﬂ‘f(c/dn}/gs é7 any L) -
cquivariant choice oF homeomorphisms .

70 (thena( ; Quer rtc/ﬂnj/(f oot sl/ tz/p & earra'pou(ovcc écﬂ-«en 'o,a,or//c
sicles’ wusing £7/(r5a//c olss Fance , rcﬂ“; up @ ‘gr100” on Phe .-ec/m.,/{.

Vig: 1@ L I

-\xL \ 4y
:/—f’ ut \\y‘

Now ¢xtendd the h-action duer rec /énj/a' /m-(or/'y vra He 7;-/1(.

Everise: Extended action s contrnvous
ke get hy:/HPaH?
Ereresse: hg , I;;' are continuoss . .
So w<get @ homecomorphism hy: £ =F [ potice et 4 , hy rudlice Hhe same
Gchion on 5‘:“ andl ape Phes éonva/a'p/c‘ anel So Hherclorme cre Ay onsc A,
Ay +53 lSo/apzc fo
/.
Z(/Urnmj b fzc,ﬂroa)go; 5.9
Assome h = hy , 50 Fhat /1‘, ¢t¥)s L3 aast he ) P Forther Irsome
A hos been rarsed fo an Cpproprrat< power , 50 that Z, R
L Ft ;rz,nf the Conep /imren /ar7 req/on s tnolica e 1n the
univcrial cover. boe')l describe a rcgu/ar 4(,94 borhoodd
of the invoriaat fra,n Frack.
FNCLTue®) o3 the anion of inbimi bl ~¢~7
rt¢fa~j/43 ansl Fimi 1‘/7 wany Zk—’aus Ck23),




2/15 Cesson /00
Choote €70 small. Call a rfcfauj/c Fhin F He unstable (a/gcs Aoue

I<ngth < & . et = e5 0 € closures of thin Nc/auj les) € F . Motice that

K N CLF) . LF € issmall, Ais the standord nujAéaréoao( ofa framm

trock | the tres approxngm/tl'j paralle/ (esin the grtol oF Tha 412} #5 Fhe

leaues a; L “ .

Kyercise !

‘S IR T Fn .r:'.': f0.a 7 gecodesics
re . - . v
-; f > 6
»H?

Cor: hy, (thin rt'c*ouj/c) 15 thin
Hence ho () U ,auncls0 LS the /l(/g‘éaﬂ{aoa( of an snvarront fram

track.
/.

OUccnj: AJAa/w F/«-Ju‘fr( x~j ¥
€) 2,4 arcin the closure of the 3ame coupanfxz‘ oL FN(LPuty)
@) v,q ar<in the closure of the some Componenl of LINLE

""i) ) [y - I [ - 2 L1 " - L“ \ L’

Cv ) Y:y

Eycrc::c : F/"' 31 Hautd’or}'f
Answer: £/ 15 a closed surface ‘
Let Tt F = Flo | we describe »u,léa%oo/: of IT(x)
Suppese x & vectongle caa-,oonu/ of F \ ct3utL®) Usc the Promsverse messercs
o tSand L™ $o ‘€~ len/ ! your /((flak’/c , %o that He ’(1,“' are non -/Solated

From e 1nsidde . From M:: &t gt/q céar?‘ ¢5|‘o (-€,€)x ¢ -é,é)

‘e, €}
° __.__.yd l )
(-ep) e ¢6,0)
: L
\ (O‘-G)

7levle))
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Neet soppose € € 2k-gon for k3 . Choos< € small. Toke omy verfex,
¢ exponct along The unstable leaves wsing He sthble messore cact vice vessa.
Do this oll aroond ,so ‘outer edges’ are non -150lated From the inside

Lobel the t—ew/‘fuj 2k rcci‘anj/a o5 s/lustrated , onel notrce M(y setorate.
Moke a model outof 2k para //e/ograus and use the coordiuates Gruen &7

the trousverse measures fo get a non -impeche map §t Ry R,y poser - This
map Ffoctors thra ~ fo give a /;omao:vror,absu & 2 hen the lominatron 1s The

sepport ofF the messore . The mode/ §10es coord uates aith “corners’, & hith

we Smooth.

fle

Exercise: Fla £ F anst 7715 approxsble 5] a homcomorphisa . Calternatly,
Show 7 a /Iamo/o,.vy e;u/w/on:c.

Theorem .15 Euer? (rredverhle onol Hon -/’e;-/aa/zc o‘//omwyaf/:n of a close

orientable s’orfoce F s /!o/a,a/( o a ,or<aa{,./97nc,:,y avi‘éa.a?,(/;x) Ag .
ﬂa//s) hy hés a pair a/ Fronsvtrse micasored Timg lar /;Ad//onf (;‘;/«’))
(f“,/u“) soch that hs (i:,/c-’) : (f’; )/:‘) enol ﬁ,,(f—“,/z“J ]
(d?“‘ /\"/4“-) where A 5 He l‘frt/c‘nvj Faclor of 4.

/e



2/21 Casson 702

Proof h 13 150fopic fo  hyiF =F prestrving L5 L, e get
Ayt £ = F
my A
hy (Pl = Fla
Thig lower mop ;5 the /7;, of He Hheoren .
Remark: hy 15 not neca‘.rar//)/ e a///;onar/[/.rn
/9t~0<£na’mj as ajore Fl< hos $in //] nrany ’rlnjy/dr ,pamfs c'orra;ao‘aﬂnj

fo He Zk-yons , kz3

f‘/g:
]

ﬂf’u/ﬁr S‘U'Jb/ﬂ‘/
In our cxample above , faking dovble bronch covers gives @ wmodel
for the smage o) the measored laminations near a s'm",/ar ,aoml‘ whick

also displays He fransverse measure

g —» 2t
FERARNEE LN

-

E/,
More 3640—://7 ;0:— £ even , usec ¥ - F ‘; /’o//aw 47 & = F

, 7 2N Remark s This Grises From @'
For k odt use & —at
- N —
- e u\
> X297
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2/21 Casson

&f /4 g_{_gju/ar ;o //a//ou' }"’o,, & S‘ar/;'cc F 15 @ dCCo-'lporl//aR. ofﬁa: Q
d/sjom{'amcm of lcaves . Any point X e F Cwrtl :"m://, meany cxceptions)
(<. dny XeFN\S ahere § s J(’NN/C) hos a cédrf F‘-‘“ - ﬂ" carr:,/dj ;“(_

Coﬂpomu‘r of AN /{e/ fo Aorfjo;g fal 1n ftruc/s

Prx:
e e
%: 2N =
AN _——

For Xeé§ , X has @ céw-f d:% - 2% carr}/mj ;"’/'d - Vi /('zrfo»*c £

‘)\) VL
S
g

e sey ¥ (5 & ’S'/H_gu/dr//j weth E sepcra trrces ora ’K—/ar-onga( S'm;u/dn{} g
2 ore Prasxsversc +F Fhey haue e sanee J‘Inju/ay st Gud a? re',,//ar

Y e
f 7 f e —————
/aom/s #e feoces @re Pronsverse. ;or/ler, b4¢ N,gwrc Me stenolersl Ve wrode/

af YIN’V/QV }JOIN/S . A Fransverse mrcasore 13 de Frmek o5 wibb lamtrnatrons.

Now 1f (£, ,/,{,) , (.f’zJ/,(,_ ) ar< tromsverse MeoSored Foliafrons with
S'Iuju/er S<? S.) Fhen Cucrj pam;‘ 1’/5 haos & ‘ecanonical’ chort é:ﬂ—-’/ﬂt

Svch that
»f', [¢awcs =7 /10»'1]0:./0/: A leaves = vertrcals
= vertical ofsstance Ay = ./‘ar/jqn/a [ alos ﬁncc

A
ro fban;/& FHron e T anot IT-rota Fron . So f/c OVfr/d’/J

ﬂe Map %/5 i(nlzuf “p
Frans la Frons /)7' rofation . 7HiS

func//onf e i Me /:.rear/o -grevp 7(/:()«4/:4 Jj
grves @ branched Flat strectore on F . (F,, p )and /w’;,/,') olebermmine ¢ C°

Shecture on £, 50 hy <on be smoothed saway from S,
Notice Hhat . r. f. smoo?h s v efure dlefevimimel o5 above , by 13 2 Q’/A/(o-

Mar/‘ufﬂ. 4(00/ /Nl«. Jluju/or S'-t/. <. 4”0504/ 6594, fM» 7%{ S‘/njy/oy J'(f{
Evercise : A , co.wna;‘ b Saroothed Yo a a//l’;o,war//(f;n wvar the

th,v/ay }Oo*‘-}s .
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Q‘_‘,/ A rfc/m!,/_f 158 map o Ii=p such Hhat P /I./fz /5 on (Méf/a//nj anel
/) ('of‘k!) s HNS/G‘/C /(c{ anel ,a‘( fr//) £ 3‘/0!/( /{o/.'

Pre 4R
s $ : R
“‘l S N ,
3a£ P 4

Lemma S 16 LF htF>F /s/oseuo/a-/lnasav, there cxists a o(tcau./o:///on oF F
as O R ,where cack By s5a '-cc'/ang/f. aae

Ly

1) Intl; A Lntjs f Ky —
1) At (])"/2‘,) < (; I«4n,; \

e, s,

KO V) s O
€2,

&'z,

Bemorks: : \4
Consider AU?‘-)/)IZJ- .
)"/)!' h ()“l‘-)c:::{fl‘-) This case 15 roled oot as h(ude) 7 v )«
241
— i) .
\ Thes cose 15 ruled oot as A7/ cd’)sudf
2 ”) 41. 45 Hherers o arc of J’ﬂj‘ sm Lat HCRS)

However //»m, Abpf(n, fhat ow<c of % Ch(RN) < J“/?,’ or that one
of 3%cr;) © 3 Chirp),



2/25 Casson ‘ pe)

Py

AT AN TN A L8 ST RIS ker,)

2 T LTI T T 7T I = b,
Ry X\ﬁ,, ;
"

/,...,///,}////////1// h(ﬂ;}

L7 |
07 T Tl LI Tl LLL . bR}

Therebore 4 (RN f?j consists of a Frmite collection a/rec/:m, les oot th
stable olimension /u“ ¢ 3'<a~pon¢n7' o/ﬂ/') e, The shaéle ofrstensjon cf/?J'
Gal nastable oimension s’ ( 9% component oFhAp)) , oe. Fhe d(ﬂ!/d‘/{r o140 -
ension of h(Z:).

let Aq; 2 #aﬁ(om/aau.u/s of Int her, ) n Iat ’(f . l<f1:/' :/(“(e:/&r
sfable m’gcaflj' )s e (py (L 1afpoint)) Y4 : uf ¢ ¢rther unsteble -eq”c
oF 05 )e p3l pi Cond posnt « L) Thow under &

X'L )
P , )XI :j ".’
s . v — Vi 74
14 14 > 97 (= Ve J
¥y J

Py

Thus cach ’(omﬁa”(n,f' oF h( @, )n /(j' hos A1mensions X, iz
Couwsidey h(X)

r

N i J J
SGY I'/HSC gre in A(I(")/)IZ]'
T‘fﬂ .3

Ax‘. < sfal./c /{ugf’/\ of him;-)* j.{ '44‘1' Xj. ansl 7{:!{)':/45/{ /(ﬁ;/4

¢

of #p+ £ Agdy,

I e,

¥,

Thes (f' ) IS a pon/we (ljmucc;()r oF A wth (/jmw/m A

dad ( \.(' ) 's & patl/w{ (zjtnwc/or 0fﬂrb/f4 (/juwc/or }
Y
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Exercise! S'[vow an'f f‘u—c exzs/s arx n S‘oc4 #af(ua on fr d;/i’” 3 Slzk/cr‘/)/
Fas:}/w. Dedovee that A 15 real Gact has the /arjaf modolos of the ¢rgen valver

of H Gnol 15 oJC»ro////a//cz//v 1. Hence Hhe e1genuec for x 15 lessen //e///) wntgye,
qnel so Mc lr-/noarmuf measres @re amguc. TS we Aauc. a,onra//g/ /<C4m;vo

bo fraim Fracks.

Proof c_:_f 5s./¢ First ossume Hat b Frves He :/ngo/oy,aom/r ansl Spara Frices,
Let 2y, R, b« r:c/anj/a: sech that .[hfﬁ‘-/l .Z'nl‘/?j ‘ﬁ, oard cach
component of ¢ VI2E anct (J“RE contams a fm_yu/ar//7 .

Pemark: This snsor<s an'f 2) anet 3} ol For 2,,..,%,

ft«cﬁ S'yStltMS (xm‘ }-3. Q P(c}au7/¢, o:/‘ Opﬂafl/é perﬁces s/nju/dﬁ, A

Hchmj/c of this fypc 5 (a://7 foond
B(ﬁ;n. w th a Ylnju/auh] anol & stable anol unstable /fd/’“f/err(c/m_,

there . Chouse @ Seconol r/nju/om/y. An wunstable /{4/7‘/{)'0074 Hus
fecondd Smju/aw ‘7 15 Atuse and so /nul‘s

l ’ ﬂ( 74wn. Y!‘al/c /(0;
?'Sfar} b(rt

NCHL Cxamine h-{df£7 s#aé/c, /{tu~¢s , onc AI/S Some f/nJu/arI/ JUS< 7“(.
anstable leaf of #hs S‘Mju/dh'fy . Mote Hhat

4 /'nws{ Me¢/ ﬂc Orlj/ana/ y/a//<, /0/57
/\_.J f}-aarwr:a/:/ . Mow you.' have @ rec 7/4;«7/(,
/

—— with gpposile verfices S'/njv/ar.

ka“n,l(
«3 r(}u:r<t(. '

$o Yo/:pou ﬂaf (;’ /2"' # F. 7Aen ) :f 7‘40:. cxn/s 2 S‘/n;oﬁné

¥ on the closurcof F NUR,, adjom a new rec /auj le wih x a5 vereX,
Cal/z?" ﬂ"”
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Pesh the oo(,d of Ry, as for as pasSzé/-c L. antl you meel a er(.«Am/)

Ryn

%

aﬂ [d]

&

or Some B, 10 ‘UélCA Case (x/(na( %c ofl((r 514((, ah /’//ﬂk ;{// Ona/ﬂ/(r rtc/dh;;/c
or Siug a/an},] . Notice that Hss Preserves He lﬂuar/én“/om/aey/]. J'/’q///n/c
Siag vlor poiuts are encivcled by l(:;/?“ y Howo FNOR: s alrady & a’:sj’om‘ll
uncon of ree J‘anj/q‘. /9’//0»(1‘ those rfc/any/(:.

E'rdnp/c, :

V(r/l((s.

Evercise * Cozuf,-/g/g_ fh/‘(praaf For He cases ahen h ,Wm;u/cs He sepera Ferces
anol s‘/aﬁuldrl)lle.s. ‘

Aemork: The a(cco»rpas‘///an 0l E 1nto l’{C‘}‘W‘j/{f /Ja Mayéa&/’gorf//ffwd of F.

R, -R, haye oppos 1t vertices S/nja/ar,/?,- 463 po S'Mj(//ﬂl’

Iy

7.

o]
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g_é_o/:_ﬁr £ Te c‘/{mu Her _S;acc c

A c/os(a( orien 1{4 5/4 s‘urf&cc /:.,17% /1(7&: 7{’V'C £U/(r C/ordc)(/r/://c,
hes lfnaerﬁo//c stroctores © cach Is 3/«.1//(;( 55 a _é)'z,peréa//c /_r{i__/r_z_f /-
LF hiF=2F 15a homecomorphiom , definc h% via
h;a (x,4) 2 p Chexy, hegy)
and debine A.(a veg

hep (%9) 2 p (h7cer, h'y )
Notbrce 4':,4;' £ 7

0<;uv¢. /‘]/:réa//g . 24 chs /J, ,/I,_ on ; /o 5:. ‘fffhu@/e.ﬂz ///‘ s 4,/;,
;or some /7om10nar/A/:m- L' F = ~ /:o/o/alc (e,ywuo/a f// Aouof‘d e ) fo /‘-.

Q_r_/ The Terchmoller space JCF) of £ 15 The .re/afe;wvc/u(c c/?:.res of
6,/(;-50/1(, :ﬂou[wq oun Fu.fh #e fo/u/o” obtamed os ﬂ(}?uaizlfn{ajc

Jubspace of atl metrics on F. 2K Fus (ou,doc"‘ oacl 0F B4 we regorre
that Hhe 4,/1»—60//; J‘/ruc‘/ur(; make IF fa/a/é 3{04{:“.

[4/'/0 bea 47/0'60/14 S?‘ruc/art . lt?‘ ,l/ cc) be 744‘/0- /’“j’l(tl)c

| #; a:u?[ac ,c/ose}o( geodesic home foprc fo C. . ,,(, ¢)zmf f‘,- /:uj/i
oF ¢ ¢C £¢C}.

Lemma 6_;_/ For a hixed e:slnf/a/c/o:(al corve C ¢FJ He map © -’/{4 (<)
indvees a map £(C) tEF) = IR

f:_g_gf Suppose Pr Ll By ..4‘/, }4" A= 1. Then
P /enjy‘A of ¢ 3/0,-/”‘7 Fhof hC) Mote #hat blc)=C , 3o /aémj
inf over atl ¢/ ﬁama/o//c tfo €, we ﬁu‘
L, ) s Ay Cc).

Exercise: £(c): T(F) — (o,s0) 15 co;v%/m/ous.
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wﬁf_z LFPisa 'Fa/rof/OOn’lJ’wn‘A 3P=C,UC;UCJJ
thea 7‘1{ map
o = (,{‘,(c,)’,{, e, ) ,,2/’,((:))
1ndeces a hom comorphism ¢
TP) = (o, =) e /zi

/z(,;,,,.é.' 4rm(pc wrfA 7%/.! /(IOIM&. e a,f// 00Q/y3¢ f‘( /{//(réo/:’c.
s/rac/orer Ou c/oSa( on(nilaé/c, 5ur/6c<$ 57 a/«o~</on~j /7 /O pé/r&' o;/acx ’5’.
Ex: B

Proo/ e ﬂrasf SAou

’) /17 pas;/wc Ll 15 con occur caet be t-ee//]ccl

1) 7he /:7,)055.//( shoctore 15 deteroinesd 4y £¢ Q)‘a/ Fo orentston
preseruing /sop«/rg preserving éaona{auy cUrues

3) B co«f}nu//j

e leave 3) 63 on exercise .

For 1): (_;',«(,a‘, ,{” /z, 'li >o , up to on 1somefry which oloes not
P(rhu/(— 40/945 , there (r/s/: a am;t/¢ All’éjc»t P2 /i"/z'
with all Qu§/<s ﬁ71. Al <Ueh 60/747 of kn)fA AL,4, 4.

Fceavset  Lef r; b< the ld(_qc, 0//0!1/:, #he a(“‘ ;

(n@c . 7Ae /‘-oca’jc 3 confamed sa he unigo< 7(0::’(:/4
per/(:://co/ar fo )3., Ti gad L 15 I‘lcf(?(a,qffcu/ar
olr3fece befeveen Fhe 9cal/e:/cl }}.I R

Up fo /so,w-:frj ther 15 @ nigoc parr of 7(0«’::/:5 n,n

with perpenclicolav ofis temce L, .

/¢



7/2 Cassen 110

//au,,.] chosen T,k 7y, note Hhat the a5 fance A w
Heternpnes @ Evelolian cirele /n(q‘mj the (m(pa,x/;

of ¥y . Uit Y, . Tate Y, s fhe unrgue 7(0/(5/(,
f&nguul fo both Hiese <1r'¢/(5,

Now given ,(,,11,4(3 mea ke G./rtxz‘,a& Hooitl «
edyes *’I/L , Xzé) L3/, .

Docble along the other colyes to get Puith 3P fofally geonlesic of Lengfhs
j’)‘L[/(S- £$/Gb//5‘l"j 7}

For 2) Given a Aylpcréo/lc strocfure on P, there
()rlsfs a Unigue S‘af'}e}'f arc j"’”""’ Co Gaol CJ"; j(aa’a/c ’\
Gul p(»,aum’/cu/a/ ?o C sacl 5. \
. P Conm be d«oMfosoC M/o f‘c, ©Uhrom 07[ /:uo | f‘
/ﬂxajan: A, H’ sech that H, K arc 4:20‘7‘:’:! wr?h n?h{ ’

an’ /¢: ¢nd cven /(n,fz.r e:ua /. //(.qcc. A/Gna( //’Gh( ISOhC/fIC.
/"03 e/l 4//7()'50//6 S/I-oc/b"\'.f oA ~ Qrsse é; A’OUJ/#‘} f’bt{)‘ 443/(0( /,‘(xé"our,

V74
Kemark! 743 g(xer‘/; 3 ’o
Y(F) ;——/-P /Zj’ -J ( Foke /{a; #s o;(arm:: on Cock Y2 v/pdné,

;or c/c.fa( F:

i4-5

v(F ~ gV

%2?,-3 - ﬂ* .

Q_c_/ LFC s a s'm//r. closee coree P e 4//019/« sthoctorc on £, G/"é"t
C Fo & e/o,—“e vodesic ce? £ o/an9 <’ gnct r(j/u‘ affer ¢ Iébz:fz‘/ouyl
an angle of 27 x . The reso/? s _'{';'(,a). e get

TS TF)— T(F),

PIX:
~X

/
! .__..-‘-Q )

/:n,/( X 4 ¢cc’)
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3/5/ Cesson /.

E!crasc: T: (/a) 2 (T: )‘/ w‘o:, n)A//:am( /“,:' 15 He 0(4&-./4//:?‘;« <.
More /[;rmt// , C/aajg e Co//érﬂ(/]/z/éaﬁ{mm( NofC el a Aomeamarf/d&
(/.’A/' = {aed 11 2181527 such that ¢(<)=am/c/rc/c. 0(’4‘“
g(r, ©):(r,®+2Tx(r-2))

3
et —
19 g
Now o/e/;nc fiFNC = FNe wa [ﬁgﬁ" on N
10 ofyA/

Nex? detine 7. xr’/ﬂ) 57 clarié', 4;«4, From C a chart,s CF! adhere ¥
/s q/)-c/varf . Note LF U K>,
On < d(fmc your chort sa Fuo preces, 5/V(é( éj on olo//-o//'M‘/C /JON(A]

z
0/ /H Al s 5(:/‘
pl X!
5 ﬁ)r:lor?‘ )‘k&agy(n\'{ Gres A
R ¢ -]
1u 0dd metric ) b N\,
old

geodesie disfince

t,{,(c)

If Cisa $'/~//c. closed corve on F ,’v;", JCF) »1(F] s
well-deFined an 0/(/()15(5 011/] on the /s‘a/a/j cliss of €. Tfp, iy
0re <3 vivalent 4 perbolic structores via k , Phecorve €3 homo fopic
to closed p. -geodesics €, . Note € 2h Q). Céoo:mj compatible
b 4
Co//&r ﬂ{leéaVAOOé/S Séows 7%:27‘ A tndvees @x /5‘0M/r7 7:,: (ﬁz)n-‘ /’21 %/
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Lemma €3 Let o be a hyperbolic strctore on F annt Ie#
Co s LhtFo2F | hyp 2o as mefres] | He 15emedey groep of 0

Qanc /e
Cras [ heAder) | wiplelpl b, thessotropy groco of [p1

(whire Zf]" c/ossmc’/a in JCF))
Then the natoral snclosion ¢ g‘, - Gt;' 7 /5 ax /so,waf-//f/:m Gl both

9h’aoﬁ3 arc ﬂ/"ll(.

/?(maré" Aot (F) = [owe»/a )‘/an. ﬁtﬂrumj 60&1(0&0/,4'9#3 F - F?//.fo/o,j

= tmapping c/ess Jroep acts on Y(F) vya (/',/0) — 4,
The goa//(nf spact 7(/—')//”‘{;) 15 clledd Phe prodole’ space of ~

fﬁfi/ ¢ 15 ontor Groew hiF = F such "fﬂf 4;.(/7 s [,0] ’ Ffhen /74/7 tJ<p
;ar-Somong"’F' hometopic to Te - Jet h ‘5"4 = A
Hen ‘:‘!la - 9‘,,4*/’ s p o :
s he Cp

RORVEY | onto
& oys 17! fo/, os¢ A & 6',, c.c. his an /Somzr’r] a/,a . bremost yhow

f‘a/ I)fifi," fl‘(“ 4:1’
let ¢,,¢C, be s/m,/¢ c/an—o(/ -J(aa/(:/(: with a Singlc Common pomt

X=&,n¢, . han /5om¢f»7 hee-)z=c,p, ma’eea(,omsc.—umﬁ
ortentations = hex)z X . Further b induvces @ map on 7e F

shich Fiyes art the faaju:‘ vectors, = 4 Fxesa n:/j/éaréoa(
o/: X, /4 Cahﬂ<cf(a(ﬂe:$ m-jucn(n'{ slow: 4 2/ on F. ,

EX(h.’./S’:.' [; A /5 an /S‘on(c/rj o//a) FF -Aomo/ajaa,; fo 7; /»;ar
Some prime p € h= 1
Finall CF 15 Frnite a5 1F 15 doscrete anod bovndek Chence cau/«/}
X, f‘c meZ/c 1‘0/0/0’7/ .
/.
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Teorem. £.4 Lef F beca Josca( ant«/o‘/c S"U"/GCC e th fp <o . Then JF )=

;7."”" ¢ /ﬂ.‘"('

/roo/‘ ﬁlsec'/ £ rnto peirs of/oanfs 57 a/,;/'amt( J'Nu//c closed corv<s . il ere

are (g+ e zlg-2) = 3'3-3 sochk. Call FAc jtad’:s/céamcvfo,wc Fo Hlese

Coru<s C“,,) ng_g

. 35-3,
Dcfme L 2 TF) = (o, w)’ "ip = (Lo oy, Loy (p))
This map 15 outo : The /!njf/{.s‘ of C,,- C;,_J oetermine /’7/0—'50//(.
strvctores on the 23- 2 paivs o‘f}acnﬁr . /4n7 5/u¢m5 of tese pars af/?@d{:

Actermines pr Y¢F) sock that L, )= t4,.., ,(37,3)

34-3 ‘
Now notce that the abelian grovp V2 7" ects on VF): Xz 0%,.., Y3.'r’3)
fo T: H ‘fcy'. . T:3J"3 . Note T‘t{“ oloes not 540"5‘— L)
g-3 ¢

4

Forther: /,’/,: n GLE) @ 1n Hhe Same orbit & L, () : L, (o)

F’"“//j , e claise IR ’5-3 acts withoot Awa(,:omffr,

For If /—; x([fj) s [/02 , 7%(& X, -0, y’ﬂ" are f&’lcger.f o35 @ /fogo/xfl(j(f
¢t Jan,(: Hee oistance between the Fcet of the angor /::r/(»,(zcub;-: Frow.
C}'yl Cl: fo CL'

Pix:

/’
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So 1 ¥ T¢x has a gx«o(po:ul‘ , Fhen 7:( /5 sndocecd éy e ao/onw;p//r/u KiF = fF

P 7‘"/ 753

’ c3g-3

If | hy [,a] : [/07 , Hen h 15 ax element of Hhe /S‘or/m/p,- grovp of Lpl chick
is Frmite 67 Lewma 6.3 . At ;/Gn)/ n. 2o ‘A Aas s Fmite order =7 al/ln.zo

= ke Ig- ‘ ¥(F) 35-3
12 §-3 Gefs A.r/[ou?‘ )(’nfta( pomfs ansl /.W.fj.g x e J
€. JCF) s an /4@3"3 64'/"4//(. oveyr /ﬂ’j"?
Exercise : This bundle 15 locally trivial
7lF)z//L3”]x 34 %€ =/12‘37"F

/.

Thcorem 6___3_’ Lef F be a c/astr/,or/m fe ble , Arycréc//c. :ur/fce quel 1¢t h:F=2F
sa /'Isfy A=, For Some n. Aen hzg where g75 1,

Proof we'll prove hy: YeEg) = 9(F) hasa )q'xeo‘pa/ull [/"7 . Then A s

1n the /SO*mp, group of f/a:) . 6’7 lemma €.3 hS cnigue g /% He /:om/'-j groww o//.

Then 9" 15 (the “nig ve) /5am¢/r7 o/,o l)omo/a/nc fo bR % . o 57 f‘c/w-av;
of lemma €. 2, gt 1e.

F’/rs/' Sugpesec nIp aprime . I’l{(ot /7,, tI(F) = 7("')] hie 1 =
U'u)"g Tagy - LFf hy ha no /uco‘,ﬂamf 1 ICF) , ha ‘vcu/alj{x(rl/c a Frxed
po:u{' frec action of Zp o VF)= /fl."",
Then 9/ 8, would be & finife dlimmensional K(Zp,1). Bt HiCkCg, 1)
oéo In m/mi//y man7 a(uunr/alu' > No :UCL s’Facc (#/f/!
hy hes a Fiwed Po.u{

Eﬂcrus(, : Comf,h/c H(Proof;arﬁ{z7<n(ra/ Cas<.
h’lu*f A’]WMUUL @ bove a,/;:/lir A’-‘ ( Ah/fc)”": 7;, .[no(uu[.

A

V754
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Pemarks ! Cruem & ;;u 1/< qrovp 6 , & coro//or7 o the /6//0&;»7 .8
. f/omw* (F)

1F¢
3 / 1, ;«’Jr}(nlre/ ¢ wnbnoan.
¢ <3 Aut, (F)

¢y be essentral closed corues m F

Theorem Q___é (kercéﬂa;/) Let [
Here exishs a uunigee

that finl F  ( note: ¢, ‘s hafhcccssdn/, flu,/e) . Then
Lol 1a GU(F) minimign = .
‘ sy .

Remarks : Thcorcmm 15 False FHe ¢ 's Hon't Fitl F, ¢4/$'0, observe Fhat

f‘p] 1w JUF) a((;und’s on/7 on The ‘omo/afj classes of C, o Cp becavie 4 ((‘-)
Ten Y (F) and the lrono/a,a’ cless of e ¢, Fecell (.. Ck
CJ-J yo0.

d(f-tﬂdf O’ﬂ/7 on f/,
Fls & Forall 5.c.c.’s €, There exists / such that ¢ C(C,

Proad Deferred

m—

C_f_)_:‘ Lf Gisa Finife Yoésroulp of Aot (F) Ther Haoe exists f/a] 1w JCF)
such that 6 € lSa‘froIJj grovp of [Fj z lsom¢/r7 group of/a.

I_J{(nc. CXIS/S a /,/m /c. vauar/au{ SU‘ 5 o/éaﬂo{opj C/oSJ'CS

prw/i[ C_t_z_r.'
(.7. Zf C,,..I Cp //// ;J 7‘“(.

of simple closed corves ﬁ//mj F.

S={[3(‘~113+6,/s¢'5z} 5
By Theorem 6.6, there s & wnigoce [/:'J @fnum»jfnj[‘hsf‘;,af‘)

@7 Uriguendss , g [/oj sf/:'J ;Or'e//566 = 6 ¢ /sa/ra/7 group of [/aj

/.

Lemmea ‘_-_f IF F s (o.m,acz,‘/ 0r/(n/al/l. canruc/(;( A Er<co, //a. YF) = //Z.
¥ fo b 5<¢¢/¢wc1)

{ we require 6@04#(&&7 O gomes

s

7%,

7
Preof L« compose Finto P o//:an./: L E(P)=-1T, ~

Nom ber o/(,au»yo}pan/s <« -‘1/; . /7»: “YLF) e
2 (8 internal corves Yl # d-corves ) = f(#f'“/s) ~’

v -3 ¥
V4
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lemma .8 L5 F s a closed orientable connectel Sur/acc. wrth ‘}(F Ko Fhew

IF) & { olisercte , faith fol Hf,uafa//ons T, CF) = PS5ty ) f
Con ujd//an. sn I’Séa 2)

f:_ggf [o/m//l;/ 7,(FIETT 2 dect transFormation 7»9«»/0/ £ Ifﬂ 5
& hyperbolic stroctore on F it LiFfs in @ anigoe way fo pon F . Aercaxists
@ unigue /som<ﬁ7 D: F,/: — | He o&uc/opmj map. This map 15dnigec
wp to <o~<,oonhon with an element of [so* (1) = PSty ().
The lva/ono:nj map H T =2Lso? Cird?) 15 defineod via 05 2 4l) D
¢.€. Hig) s 9 conju’akaf 67 O (geTTa ofcct trons/ation)
H a((/ouyds on/x] on D, /Z(,a/éca'j/) 67 40 where h s an /Samt/rj of //-/z'l we St Fhe#
(/!0)5 = hHeq) k' (A D) ,s6 H IS Nlpﬁca(éj AIJI::'
Thes , up o Conjugacy in Psi, (&) ' /2 Aelermines a “uniguc ;—(/;»e:tuﬁr/mk.
Himm = Lsot ()& Pstly (IR).
Excreise: g acks withoot Fixed points = H s Farth bl olssCrete
Mext, rc,a/ﬁc:n,/) 1:7 f,;/: ahere = Te on/j céanju H éj (an;’uyav‘/an

SO wt 9;" a well-e '(‘M“( map
QF) —= l:g':s'z.u/c , forth bl Feg TR batrons T3PS, cew)f

Ccnjujaf/an m P5L,R)
‘\J(Must‘c/«'cé Hat His map 15 -1 ,On/o.
For ”‘ﬁ; IF)) F closed giv<s 9/’77""’ Lso (//'/") d/.vcr-z/(J /41/4/9/
St P s CTIE T 27, (F). Thew 6 = /1 15 ahyperbolic sorfoce witi
g,06)= =77 /7, (F) 7hcoren Follows From the Focd l"(a/éa] /:omor///:m
bttasen 77,06) Gnek 11, CF) 15 snolve<d by G homeomonphism.
/7.
/Z-(mﬁrlj‘.' TH¢ above Shows et at have He r/}// Armiension for GEF)
For fopolegica //? PSLy (R s He 3-manmfold S’k ; 7T, F =
< LTI T Y’,Y’ A A Y;,)',J’ L xj onJ N , So fo Choose G I’(/resen/o//on.
$ M UFE) = PSLLCR) ac necd 29 /:o.n/: i SEx Ry Blx)i Xp , Sly)e }:
=2 69 o(/ucu;/aai/ y,a"’“ of H/n-q(nfgyl/aug From He ;,_‘.,(7”9/0
$Xyys Xy, 2% to PSCL(IR). we wenl Fhose H/HJ(&/’& Froms J‘a/,;-//‘,”,j
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1 O
Cx 3 L% 0,15 (o 1) & matnx quahen
So we <¥f¢.c‘f a 63’3 A1mensional spece of Nfrese»/aflau T UF) = PSL, ()
;"m//7 , 48 dim Psia (IR)=23 w< cx/:«_‘f conjugehon ‘] elements of PSLy CIR)

to drop He dimension to. bg - ¢ .
e c/osea( Orith 7{25/& Sui—fccc ! M. Ayf(péo//c s‘f’/‘oc/o/—(.f),

Llemma 4_.__? Let F 6
J<t € be an ¢rren/la/ closed corve ta F,

Let CeF bean essentral s.c.c.

letpexs s TN (p). £F £¢eic)r e thew Poxys L, <<’ cure w I
)5 strictly convey andd fex) b0 as X =1%o o
px ralmc wc’ [Ia] l;ou.l
Aot &jm by Am//x] Lol . Deform €, to ,o-jcochszlcf
0B <.

enc’s= {)7! ;--JIJb})Qnd let C’)" &< {“' 4"7/‘ b"“"““’ C,C,a‘/ P

)’ll: /

<
/ &¢ —
7

Claimar Fto) ®

o:

™M~

Llc) cos &;

"

'y

’

7)-00;0/ laim! Let ¢ ex) be f,‘c /(U ,<aa/mc 5°mo/o/>/¢ b C Slex) wrtl agpca”

K v
.

}3 ’ /?,
4% K SC,F(A ~ ,a ND;‘: - y‘""{la Cl

Np&aen/; g deck-fraash Frows
Nofe : /(njﬁ( he bacen
;,3’7 llf(, (C’J

#

ﬂn?/e,s Na:/Ma/cA “p
5o Fhat yaalas/:.t form.

. distance s xfc)

//

A

K . :Iﬂ(‘\;) .’/1)'/‘#(‘ (4"{,1 /g"
: xfce)

Alse : lo»a{'zy/lcc (/4‘;, J/ﬁ




3/// COSSOA. .//? :

&
/'4,3: //a) P x,g‘(c) ZCafé’ F oCx)

&'y,

we clame that far small X ,

Y4 (okf“ajgaa/fm/{c//am ot C,) 1§ O0¢Cx).
&
z la./anfA. (ar’7“47oaa//)z.:/¢e.//m(

Yy

Excreise J(ﬂ‘.,ﬁ‘.)
o Foey = Zn'f-c(zquancc (A, B~

‘2,

of Ay, B, on ¢')rotx)s 4(’(")

Ap, B, on ) oix). .
= froyt £ xg'(c)(as 5‘ + 0eX%)

8y

# {{a— /r/rj/l{ v(or/‘aj&n&//rv/ec/l"‘v o;
Notet An n«la/l at sign conwn//én her<

k
= fleoy s hyc) Ecesd; andt our elamm follows.
4

'3
Similrarly Flexyz ,{:(CJ .ZCa:Q‘-caU
&/J.wrh(;‘o b L X4 f‘af' ;,(K) /35 .ffr/c//j ;‘;,cr(érlxj R ;,4’///,.,,,( ﬁ(a}‘ @‘.(‘J

/s & ¢Frictl o/tcmaun] founetion ofx. LFss (no‘:,jé. Fo shon Hatif x>0

then O (x) < O ¢8): O .
Choose a transvesse orientation for &7 so that A,

5 Ib—:,/!f’ a}- /?“ . su};vﬂaatc /4, 13 /o ﬂerszIL o;/g, (lfﬁvf
{u$+ weverse the orenfation). LF B k)2 O, for some
Xro thew 8, (ano /tencg//,')lt to the 'r:g/cf’ o/ Pr -
As our 340»:41‘:-7 /5 Aﬂdrbolzc,:
(T-3) &, +O tx)+(T-G,ex)) < 2T
[ 2. ] 2 ~, 91
Chote ! here ;r"s esuni‘/al anl‘ r‘l;-cs'e’/p(xt‘ a/ < (x)

13 fo l“c‘r:?/d‘l of Z’) ., O« Bex) - & < GLEx) - B,
&’f,auz/mj the a»ju.mmt‘ a< (U{A/Utl/y 5&* Gex)-&>.> G -6

(9"(11) 13 3’71’/47,/7 /((rc.c:mj
S Flee) s st‘n://, rnc s in g

o Fex) s convex

Exercise’ Fixy—s0o as x %
/.
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Remark: The abov< lemma 5‘037-15/5 bercholf's fécorzu) bofas Mere are
Y/ Cavn/aU] #any closcd 9:0&:::5 , e aceck a wore 9mlm//:o//ou Phas

7

t‘w/://nj ina closed 9<od’<s/c

géi—’(A ;uaét.f
7.; (/a) /5 & s'/rccm/ Caf<l o/aﬂ (ﬂ%“ﬁaa éL Ql(erc. OrRY /onma//og,

7§ C cal xK(c) r«frzscnés Coan//nj pcasure.

TC"(/):/JU) /15 & Aomcomorpi(,sm_ hktFNC = FNC r o)‘/dr n:/j[/or/ooof
OFC aith a p({,s'con?clnuﬂ% xL(c¢)accvoss C. ~& ehoosc 4 7o be a homeo -
MOr/’/?/Jm with € a éouna(ary curve of #e nclj/éceru(.

. |
—

If éus a . chort cuwe, From C , Hhew Sh™' 15 @ k) -c/a,-{. £

“,f ar< =g eodesic Sfjmexé s Hustrated befow The b (xuvg) s

a /ocx)—gtaa(cslc. :

A A(xuﬁ)

&

_ ¢ /1-/‘/
There ss Q‘/Sa 7‘45 Ao/anomj ,‘-/, -'f/'/:‘: —> Lsonc IH S (/':/oj = /",o (/7,F')

anol clegelopins maps / -
D(F,p)— " £ Dy CF, pea) — /e *
Now let a be a base poinfin F . bose Casn Qrrange that @ fp~'Cc) anet
that Dcayr O, (a) cack preserves fbfrjcn# Arvections. So It U, be Fhe
(ot-«,aan(nl" of 4N preimige of Clancler 12) (On'/a/nt‘nj Da. /?): he 0éauc
7heare 15 an :soanc/wc (om/aomnt( of ///z\/runq’c ofc londer Dy ) can/f-mm]

Dya,catl that U, as w<ll. For convanience sef sz kL),

//
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¢

Consicder g € 17, F. fglyﬂo,,g Lo r He moment Hhat 129 (&) (5 in en aa’/'ecu

wmloanmf' Uu,. there 15 Dy (q car)?

Caill x, /A-(/; 'jfoc/tslc s<j,.unf - U, o/r‘[&/aéd -5¢ao(¢:/c. /""”"7

Dcay ta D (90:5) ) <, f‘tﬂ-jtoc{fflc J'(y#'t'ul‘ m U, of Fhus 7<a;(a/c. MNow

the pexy - geodesic forning Dy¢ay fo Dy (gea) /5 made wp of fhe rcjnmc/a'o
g 4 Se ment Eo, , where Ecr, 15 the /Maﬁc o[a’l Rna’er—f/{cdﬂf/om
of a 4//)¢V50/IG ISOMl‘/"f} Lot l% axis 7%( COmpst ok bOana/afy Ccmfcm(nf 0%”0 andl

A« ;-l,,f/mj a disfance s.
e bold the carthgoete
(hare 5 p 07, Tes p O P
f Dta)cuk D(ju}) arc S‘(lparghd by
1n the tawo akes , the outer one First,
Then 1) E maps cach cof«/oanznf Y ARY o

of WENT CC)
2) LF U, , U, arc componen
ten The 1sometries (mluw(mg E£1uU; sa//sfu/ £ld, = (ElA, ] Ry on ¥

/uﬂc/lon, £ -'/f/zv\ 17.’( c) — KN )7"'(()
(F - f”) Iﬁ/ocxlwly . /ro’-(xamf/c
fw o Coluponcn.fx a)"‘ Z J 3‘4///3

lce) to q COM/aoncnt‘

bs of IHAINITCC) sLch /‘An..f ‘?;” ;(;

=Y
f
where E}, 13 ‘MC f"an:/a*lan. with ax/s r S“//ﬁﬂj a a{zs/ana:, s fo the
rujk‘f‘ a8 yelwed From U,
)

i) E/é/o 2 7&(, par‘S'am(. COMfO«.(n{ A, o/ﬁ‘il\
g) Theve 15 @ unigue such £.

Note : Prefore =2 Hoiay (90 ¢ - (’)E". /acq//7 ) hway From /77'¢c)
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Lewmma 6.70 [t ( "’,/) be a C/os-ml /;/lp(réa/lc 50»1{4(6 s A ﬂ/ﬂ4</0/a/~'
m1ap o 7 A et (L ,/,_) b¢ @ mafurc.’( 3{9/4;/‘; Jowming trox o (F',/;)
anet [¢t £ 3 O (polte)) = . Then Fhere exis?s a c_f_ji(_/ _(_ar/,(gaaéc #10 p

£ //J’-\Z /ML sech anf
G) Elw ts an /$om<¥rj For eacl (aan/)anent‘ U of W3S ’

(2)LF ¥ isa lcaf eF L andd X,y in #HEINE ar<closc anol s<plra ted 67
"9 /4<. /SOhf/rﬁ‘

Y, then JEly), Ex (ﬂj)) 2 °Jf¥,y) ahere EyitWt=m/*
/K—€O~/70¢r'ﬂ¢ o FIHENT cact R 43 the l'g/:fréo//c /Somc/»; w s th

fk/t'm’(m‘j £
franslation /(Itj /L/K Lx, 77 fo the r:ykl‘ ehou viewes From X Fo Iz

agirs Y aad

Conclifions (1)) determme E ep fo Cam/,,,//m e th an

Ifanf}l—y ob1dt Forther Ety)s Ex( 27 )y for S'Ibl,o/f, closeol corves .
Let I b the Aa/anomj of 7, F S Lsons Y, Thew (l",/) s "/z/ﬂ.

Alse €9 & 13 an sfometry . ¢. (e ¢. o ) /,U’j in . IF L 4es no

9
rsolated leaves or leaves Wt atomic measure dnd L= Yp/p,dar/(/u j,f‘en..
o Ere’ isa rodp of isometries, oiscrete, frvedk

-t 15 Q /-;/’.créa/m rar/acc cast Fhosofebmes @

Remarks *

E 13 caufmoaws, 5

,aamt‘ Ffree | SO 44 l/El"E
pomt E“ /‘)(/9) m J(F) obrfeinel fe—am./o 47 a r'j/w‘t'ey/'{gm/t Vo (LI/‘-)-

Pr-oaf Choose a cc,.‘/;omeul‘ A, of PITAEN g anol ,(cf,,,,_ 5//(0 = 7“0

Prck & hase point a ey cnol lef ke \L '
Nisect the 7-(04/4:/6 f«,.ﬂoﬂ‘ [a,2] vra .
G P Uy, .., Ayt K Tech That ¢

Let ¥, bea leaf of T R,para/mj “,, Froa u;

1f there 15 onc, ¥ arbitrary ofheraise.
Let Ry be Pransla fion cwith @k/s ¥, Fhoi

/(,9,4{ wlag, “:1 7t the rtgftf(es veraesl

Pr-o;-s a fo k.
Set ET(xiz R, 7Ry Cx).
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Clajm E’(X) - d”(gyc //lm‘f ffk) as mrax (d (e, “‘.)) —_ O
50;/05(, this 1s s0 , w< prost check (1) onst ().
the Fame Coaufommg o/ /AN C as XK. Then fhe

For €1}, Svppose y 1S in
gcoolsic s<gment Le.y]also meets the leav<s "“f‘“‘“"’“j aemsl X, 50 for

(U(br a(r:ec//am vf [Q, xJ 1%0-( s & CorNs',oona(m’ ﬂ(zsccf(/cm. a}" [4,77
itk 16ea breal measvres G5 Hle measvress /0041’/4*{“‘“’("'/”/“"{”" “/‘”‘j
Itaves., @< Can Cutn choose fhe ome. Sepira 71/1'7 7‘0“—,‘"" . So ”0 R, Ay Cx)
E¢x) o.r.t. & ofisectron of Le, "J, then

s @n ap/roi/maflom fo
E(, ) «~ .r-‘{ carr-cs/aona/mj o//uc//u o/[*?, }47

f'nftk (’) 1§ Qx Gppro(lma//on /g

ia Fdr?lltulak Jd( £y, 5(7)) =d¢ 3)7)
E 15 an :samc/r7 oK (océ caﬂpancn‘l‘a;/i‘/z\b

For ¢2), notice that for & gcoa/u:c f‘i-/«u«?/(..J He leaves o} L cam Span

by fue sides .
tox note thet sn #Hhe case that ¥ s5 clos

no I<aves of L meefs Cx, 47 axol La, x]
fx close the 7<od<s/c {.(m.,,z. aanol %

¢ fo 4 s 7‘101.«

‘..

meefs Y.
MNow &< can r(’mo(o, W on IQ."] Phatis in f‘é

Gl c::mpauu\‘ of HEN T as x ’Qnd as f‘-{ eesr<
ro]'<¢f/o& a/on’ /aw«, Etuw)z E7¢xS.

He Same 7<oa(¢r:c anot (@) Fotloas,

~
feapes of j 1§ imvaria wt unoler Y
¢ Yo [N YA o_xa7ar<on

Proot o?c C/dlm : Let V¢ :rx e/l/l\l. / <onr/ruc'//m /cr Elx) conver es F. /\/a/{
7
. Morcover, 1F the

/’

VEDB. [pdeed V 15 a wnron of Co,u/:oaen/: oF I
conﬂlracf/ax. (onu(r’cf /’or b 4 , 1/ (onui/’cs /ar f‘c 9(04/151c cc/m(c/mj a/t ¥,

Vs a /t//:eréo/z:e//7 convex st

Lt Y beg I<afof C soch that v s a Frontier Jesf ok V omsclet pe .
he clorm Hhat there cxish a Jro scch that of o, 15 @ co»«/:onut‘ oF T
med /m5 NS’ p), Hen Hhere exists a map Fo/e/;n”( on all He (OM/an(K/f
of //-/‘\Z mat/mg Nf (;}3‘0:4 that F/L(, 3 f," dned seck /‘H‘FYO/IS'[/'(I

cond //ons ¢t) é cz).
J

//{nog 5 zjnorm, f%f/aom)‘s‘ on 2' )
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/\/o//cz f/m?‘ 1‘413 /rou{; 7‘1( C/a;u 4% boe Con C‘aa:d é(, "o be oa }/f. ’d—f/a/c)a[
Y ,Se f/!:e‘)‘ 5/(/, 5 G/Ir{al(/ o/e;;ncd. Lse CQn z‘f(e (I/!nv( E wccross ¥ ¥ia

Elx) = Ed -F'(x.) for x € doman (F),

(ons/r'acf/an o/ F-' er;o /9 Lt /f(fa,a

/érycr <o~/ec¥ se? seck Fhat fue
He constroetion of Efo any /aom/ P /\/‘- (pl by a_,_v_/ ol isection , Fhan c’(f»am/)

3’1‘5,5- I /'413 /al—’er ca~/ccf y-;#‘.
P/ x 2 - . /
-~ ~ erger compect ¥
'N/ \\/ s’c,l" g !
tp)
b / : ” X"/._ =, > /
hesr ™y 1 / \ “
I <aves 1 ] X v
ob T —_— X A vl ' T ——
\\ “‘
~ . /7

Fix »o  5se& (0,1] 5o that os&‘s/, Then there eessh a §r0

sucA ﬁ'q/‘ /f )" /5 Q /eat”of Z M(cl‘lﬂj /V; (/a) a.-a(:f ¥ é/\/.‘“ (;J then
d (Z: cx),/l’ (r)) £ €% 535/4 ansl d(ﬂr:(k)‘x)f Z3 24 For those ’

s ) <
x betwaern 7 anol Some leef mce /M7 /V; tp). Also note f%o/fa/qrr»ot‘cfgpup(

on .Yar- .
Lt Follows Flat F 5= S, ¢, #S “'/“: S;Zo ;) Xé€ /V/‘ ¢ ) cnd belwein

y anel Sonie /ek?fo;z mee "u, /‘/; (Ip); Gnel ¥ a /(o/mce //ny Nf ‘pl, Fher

: 3- Si. 3',, L1 P <
d(z,' . ,e),t 23’;. ¢exy , R, IRy

S¢ s ‘ .
Recavse ul{mj Y;: /?,:. /2’,7: () wL coan prove 67 Jnovetron thal the

x‘-S l1¢ 1n /V?,“ (P). "‘
For this asseme Xp,, ¢ /l/,#‘ () anel note that ¥ -z Ky ¢ ¥p,,)
£

§e
Thew dCyp Ry, ) TS

)’ s""y",/(

= d (2, v, % Xpon J) S €Sy,
.. = ... = dlrx., zyf.»f,-r,r..ffg ¢x)) £ E(y‘.}”.fyk‘)ﬁfyf/(
¢ )
= dix, 2, n)f2u
= X &Ny, (P
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f/ne//’ e anz/or/n cowrnu /7 a;-;uarm?‘ shows The converfence.

- Fi*
Eyercise ' Show this s unigoe cp fo Com/aa:///arc with o /Somef(rj o

/.
Zemark: A local plc fure

LPecarl 1that He Pransverse shrvctore fo a lominag Frow 15 a Caoutor set.

A
Lilvstrating ths as a clossric midolle thirds’ set wecan sce what hogpens fo
a fransvers< jro/enc unoler Hhe eor/‘gyaéc_ma/u.

/
L. — ,

Yy 5 // : /

E .
Y / ——p
z’ »

/i
% // ' / :
o : — l
S trassverse qeodesic / Elgeodesic)

. /
The pn:/urc /5 evenfm//y r‘/eirafl ofa (a«/or /onc//wt , ¢ @ une/;:«.
a,/ucé s n(cl'(crm9 anel a//#(rln //n‘/¢ o//no_r/ («/frj:u/fﬂ— 6;;}1::7‘ (’? vl//o
fearal of 1% Aerrvotive.
7. 7
Morcover , £(2) (5 Con Fnvors ere/f' ot ofoms of Hemessvre. La
parf(/cy/dy P L hos mo isolated Jeaves Hew E 15 continvovs,

Now 51:/«». 4 L,/,L) < ( F,/;) e wan/ fo a/(/;nc the rlylx‘ (ar/é;uo,éc
S /th jarl; Z(:);Hz//" where 115 Hhe 1raag e of He éo/ana»w] of He z
a/zw/ofmjma,’ . For g ", 3Z sZ ;50 £g3 9°€ for some 7 sm Lso (/?)
Hence Eg E”! =9’ For some g’ ¢ Lso (/H*) for g el

et NS =i s He
Cor LF £op)t TP anet CLop) e MILIE) and EX0NE T s
associatedl m,b‘ <a,—1‘A?u4é¢ mop ;‘/c: for cack gel”, Ejf, a_,:«;/"
L Fh on :Somz,/r7 4, o//Hl Quay /ram//ﬁl. Se? ﬂ, z fj, /7’ z 1:75 ; 2
For somee 96(’3 Gadd set C/,‘,/f,) = /f', . The (//://c///.rama»y 15 A

/24
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9 -9, /s mdvced 57 a AOMamaf;dAISM hiF—F ahichis “anigue cp fo ﬁo/a/]'
Jhes (F, {0,) represen f oa w{//-o(()(:‘ﬂta[FOJK{ E(é,/c) [/] e JUF),

Exererset Cheek [, oArscrete , Frxed pomt Free.

Hintt [ ot olise vete =/ oSt hring @ arélltr-cy//7 c/ose fo a .
bt make the conuven fron thet all rega bree (non’pou/w()/”(dfwt’f ox

4 omma./law 75 G /(;f (OV/’{'!(/"éC AR Y £<¢CL, '/‘) ”/9"‘“‘!‘ e reft
(Qka?uc/z.C /0 (/—,./4) ’ '

Note: A e/t (u-/lgpaéc +5 wot fle inuvtrse ofa rlgﬁf (a/-/lgmﬁfc In jt}rl;—g(
¢5 & right ca rthguthe 13 gicea by Koo By ana left corthguoke 4y LA A
cnol He grovp of transletrons 18 not abelion.

Forther note! [//x. hes no a/on:_, Hen E11fINE —#s contravors

i,,ac (?u/uar/a}(é tw.r b [T and 1y, TAUS 1ndlocing Gn ("’//'C"‘ Aa"c4ka71"$”

-

B: F =F, whichisan isometry a. <.

Theorem 6.17 Cleerchholf ) Let (F,p) bea A”p(réo/'c rar/aa-’l‘ Ce,p)e
MLCEp), Ak lef gexse €, o) [pl. LFc’s aclosedl p-geodesic

)‘oc/z f/ra{/a cec’) >0 ) Fhew f(L’J £ ,L/(‘) ce’) s S/r/c/é conveX owsl

feg)y—> a0 a5 x > 7T oo

/ii_—f:)‘; </7daff 6,4) /73’ 5(/;%‘1.4 éeim 57 S‘/owmj /"/(0) 3 f cos 9/
(a 3‘{4/].‘45 Iﬂ/(jm/) V ¢’
For p ¢ cat 5 Je t C/‘ be f/c/(xj aj-eoc/tr/c Aom'/v,v/t fo 4: £x= E("’/"’J‘
At han{ fo examine E;l (Cx) = A .[)‘3 S‘l»j-y/dn//(: arc on ¢ andl
/n Comp //mm far7 )’(j‘lo»vs) 1/ wi/l o/o/;.mr @5 jro/zr/c $<fﬁ~‘x/$ &8 &

v,
Contar ;unc/aan\.

Local prx: “
P ¥, 6.0
P_\. .
PREESR y 3
%y 0,¢x)

G, (%)
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/\/c/f 7%4)‘ ﬁl( lt‘(fuc Predsvrl 0, EF,sF]/] Z (7Ef') A4 0,5‘0

boc CO USC )oln,f/ mau7 couf/m«p‘/‘d»? Fegirons a/’ Z, Fhere ‘] o/(/er/n/K..j

[’:mf/y maxj jn/erua/.r alﬂ El"‘i/&j :...;(/(A (ou/am. cll éu?‘ € o; [p,’ﬁ] S t ‘
G lohal pix!

ne

Pl A l

sp

Now a5 He leaves of & are elose | the Franslations m Hese lcaves are
c/ose /o cammu//ﬂj . 3 meons o; & /tfs‘u//ﬁ a,//‘ a ;’/xf/c /)anl(/ a/(oﬁ/ma/r
of ///‘\Z' z..‘tcﬁ a/lnosf //// /L: /(n’/l ch ,/ bt COm 17% Gha/ajoax f’a:»(/on fo /lc

root of Lemma €.9 proceed wifl Hhe amz/y/r o/ow,-/a,q mn(om/(//a,: uneler

p/f/07o»a//m}'cc//an_ In temma €.F , dlcx) s &, (x) e/c.) b1 here #e,

made 0¢x) close , a8 by can maike flt ]4/: saall.
) . }(a):f(‘,cos@/“,
In geweral : Fiex)® J cos Ox pu
(l

x

where (lx )/(‘) ss He /ar/xz/lo«.

CokN{IDOnd’I'j to (L,/t).

Pemarkt £n what sense m:’h‘ e formita fé‘“{/‘) . E(h//} : E(t, xog)n)

hotel 7 '

- ¥
MOIC C(L,)z/‘.) ¥ /: * < F, ’ ‘) . Jo we Cax /ﬂlé(' 7%4 Cano«l(a/
h‘”"‘o"wrf““" F=2F eacd petf back The M-(/Nc./, , 9ndd L renroins yrao{zfxc,

fo /Lo foruu/.; holdls bt as e L *J’/:/,/{a’ " 57 A

/726
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come lines
Aaroty 6/(

(one S'/;—u,;/wc. vee njlfea»-/[jaala

L (F)
Q_t_f Let PLLF) = /((.,/‘)v (L, tu) tem? , fﬁc/oru/u/w(
(amination spice

Lemma 6.13 PLCF)isa closeol manifolil of dimrension g - 7

———t——

PRemark : Recall that glven @ frain breck & we 741‘«:« "'/.“ ot Py
N fo: Wy —MLLF) = (?_/ botws), The /0/9/077 ss the exfreme fapa/o”
{3 whichk makes all He /} 's coxn finvovs.

Prook of €73 Lt describe a nuy;{éoréaa( of (e, u), a5 usval ¢ssome Fhet

L= So/;,gor/ (/A),
LF o, . o, are Fransverse 9«:1&:14 arcs ’/

lotf‘ tndpom:‘! a// L, a=k £>0 o

Wy Cepd e Tt p,ea) uta ) <€} //

Wow Fyiw,S—> MLLF) indices #he mep
fy i Ploy e PLLF)
| Plorcouver Phy s #ofa/ajlcel/y a ofisc (/nc/uot’mj He éagm{lrj ) Guol ss Fhos
CoRpic t. So to prov< that PLC(F) s co»«lpaa‘, 115 enovgh fo show Fhet Here
Gre f/u//7 many tram #recks ®,,.., t, Sech Fhot PXCF) = (5 }’?.(fw,_')
ryy ¢ .
For this, £r1ostF observe thet? 7- manibolils aibh Cauttiples of) (aonAlj
preasore Gre dense m FPXLFJ as /le)v ere dense i cock wye (wecon t?,p/roi/"ﬂlc

6‘] a from back with 1a /ejcr 14/(/744 /s )
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Fc/urn:nj to f{cproaf; we zuau//o S‘wv &cex) ¢ (0,77) /5 S'/HC//7 a’ecrrcrmj
Clajsm: & ex) ¢ (o) for x>0 (S/m,'//ou/b Jor X"j G e (9(7))
For this choose a fransutrse Orlen fation of 2'} dedl wloC A 15 1o fhe
r/744f of p. Seppos< B, tx)2 8, then
Byex)- &, ¢ O, ¢x)- o,
But G tx)- B, = dcxs-g, and ulilizing He Foct Hat Egis defimed

1n ocx) Ferms , we Can proceed o5 su Lemma €.4 anst conclvole

O, k3-8 % O, (x3-8>. . .Y B xI-
a COK/MO/IC//OK
. @Giex) 13 st‘nc//y o/ecrasu-t)-

fexy s convex ‘
Finally fo insvrc that Fexy = w0 ) no/c fhet Here exits a lcaF of r en//rcé

to the r:9l\{ of‘c’/’ To .(,“_) Cc’) = oo,
/7

ﬂdJ(Ao/RM-' A/o/t f‘c/r“t aéaac "(6[”1#‘/6 s‘lato 47‘ f( X)) ~ oo /écc//7
uniformly a5 x > teo . JThelis ;) qruen K Hare exisfs @ cone neighborhood W

0; 4 C.,/«) " 9’1((;) gGucl a Con,u?‘ 3¢ /‘757”&(;) sechk anff 1){ (L/’/,)

15 10 WNA | phen L, (') > K whie 2,0 E““/,} ).

L 4
ThiS artl be necsle L when we Show that F <.y S V4 F, Hen f,//, )

‘G‘S a km'guc ity pt .

7/{(0»'\':_4_ ¢./z (f»fur:/au) [;/o 0’-7(F}) Hhen ((.,/() - 5("/d f/aj c/([//NS
a Aaln(onarlp)‘/’m & [/aj ML F) — YCF)

Cor: L} p, 1z € TF), then Here tx13ts a un1gue rlyl(/(arfl[;ulk corring
i te /e

Remark: For He tores , 7(fora:) 15 4% Ear//(;u4£¢ lines ore lmc)zc/e;
with the counter clock-wise orientation. This giu<s ks @ pic fore of He
Cone strocture given 'b, r:,/u" (ak/l;aaétr.
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So 1t sofces to Finct &, % Sech f‘&f{o{r«} 7-mans fold 15 carried
by sOmC . Let <, 635-3 ols

Gl() f’man,/ah( Aavlu) hunlma/ IR

rect £ iato parrs a;/an/: 8ast /<7 C b

ferscetion i bl He C‘-'s aaol 2/l COomt ou;d{r
I. A f

7{06&5!‘- S'V/ofa“' ﬁbr a mamen‘{' 1%3

ll Mo (" /15 & COA‘/’Oﬂfﬁ.{o; <, f‘{a zjl
75 a pél»’ofpan/s

C/I'P hes ne c1rc/¢5 65 no Cpo 18 @ (ofk,aoh:eu/af C ,

So «p fo p(rmu{d"/mc of bouna’nr? com,an(u/! , /‘/a-c arc <

s5¢A /1.//7 Yoo
Fas;, él/l J/ g :

)

L hn,f,t no ares -
of a pertici!
oacg R BOHO

\_

Jhesec Cre corried 67 (“}’ fo p,zrhqufl/ox of 600;76(4«7

€

5'0 [2 4 an/ reeel f/ﬁ:// Mmon /79}- {4{,4 clra; 0“/3' A/atv f'o /m:/uo/c. ﬁ{.o
1 7 mery parerp
(‘-'S , luA(aL yo» /WK p‘/rs a"',oém‘! a/ecwt'e //)aau arc 70;»«7 /o 1‘»/5/ /l/fl

comfanmf:)

or r:glu‘ auol //é«, & 5 Or 4 7’1__ 701 AN axxu/br /f(/jléor"ém(a/(/.

VIR

Nobe: 4 c»‘oi(rr on cach /'", Z /-’ar ¢sch €y , So a /6&74 power a/.‘«’ G o
tracks corrres all the /= meanifolols

cLPRUF) /s (am/oa’c/,

/2
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Pr¢F) & Mﬂni/;/l( ! Observe Hi? every 4 :/LJ 1w PRCF ) iscarrred ‘7

a mn;//n./ fl*en: flr-tcé R .. On<L u/)‘lA S'/rzc //7/005’///06 cue/j:{/: . /‘/(lfcc
omy (L, ) ¢ Fg (Znt Phy) for some E. Marcovtr & Cox b< assomed
fo be (if_ffé_/__c L€ all < reglons ok F\ & fr/anj/e,r £ e Con /1464
nox -ILb/aﬁja/alf "(jIOHS‘- c5 1n He emarbs ;a//éév/nj Theorer. & 12 ar#h-
ot lna/acmj branches co1id FEro wes LK.

NMow A E s (o;uf/c be weassert Hat f'z, ( fAI‘PWt)/: open ix
fZ(F). Thes ;o//oas 57 tlflni t%c frc in, Freck c((//nn‘/on oic 7‘4& fl(ﬁ}
fopology , .. @ selin PXLF) 15 0pen /fau(on/; it preimage anoler
the f3's 15 open. Note that Fu (Lnt Py ) may wot 1w gentral b€ opew

Exercive: ;‘ ( Tnt Plg) 15 an open set 1u FRCF)
€2%
{mm:an

Now b Comp lete /mf/;u that dny min,mal 6 mu/ammj E s egac/ Z.
The theorem now Fo//ows‘ )Qrom.

Exercise ' LF ¢ 5a COM/o/e?lc_ traim /mméj Flg = 049'
pre V1ol <d ther cklstl: ¢ setof S*Nc//j /:ar//wc wa;ﬁ/& Ok &

/.

F

The ’YCXf S/r/a e f& pfoOJOﬂ 7/&0&4‘"— ¢.’2 is
Lemma 6./ E [/aj-' RLLF) ~>TCF) 45 a propes mip , O.<, He
/orilmﬂgc a; < com/oeclzy-g/ 78 (om;oml.

Proof of ¢1Y Lt C

1y~

¢, FNNF, aud let Y (F) = {/-e‘]lf)l

k
(Z /(/"[ C(‘.) < r} . 72/5 J’(?‘ 3 spen c3 )“c /1(""): Cc Cag//naoa.f aacl
* So we 7<f e opex covering of Y¢F).

:4h7 (om/n.f Suéu%a/? (F) /Scax/twmra(/« Somre 7,- (f)

/\/o//c(. 7%:21‘ XX CF ) 3 /lofurc //] f%c a/g()g_ Come oM /"I(ﬂ
So we muo(on/j show Phaf He pecimage of I (F) s contemed
/I Q com/tw/ .f({-

/30
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For this, lef (L, p) besn PIZLF] NTol with Lesepport (ul-
Since €, ,.,Cy Fett ,t‘ ¢¢p )70 For seme &. The oddtendom fo
Fheorem €./1 Says i‘lm/;/wn ryo there €xists G con< ;rujlécs,——
hood W of (L, p) in MLLF) a2 tonmpact sebset A of X (F)

soch that +F ¢ c,,/,)'ew\ﬂ,fém,(ﬂ. c¢p) e v where

Y E(‘”/‘,) (/0),
T4 e P ELT N A) s outside 9. CF)

74’5 (one "eljiéoréaads' s ; (4 C,/() 14 fz (/) Sa t‘/S/y_/pj f[/s (om{/féax,
form au opirn COuer of PLCF). Thus there exists a Fowi fe svbeover
Wi, .., Wn w:th assocra fed (am,ooa‘ sets /1“,,}/1,, such Hat Eff](w‘.\;i.)
N9 CF)2f. Selling A= 4,U.. A, then scfj(mmwm y.Fl =g

. E[Iai"(‘yrfmjs#
) /.

Lemnma €15 Ef/o]f7’71 ()= V(F) s Mj‘(cllfyc.

——

Remark ' Recell that ﬁ; : /’L\/? — PLEF) s uv/‘fc/“'fr

/’rao;{f C.s5 e Teppese l‘_Aat‘ £,, [/03 : &'C ff] o JCF).

'1/') "l/(s.)

" «
LetF ¢ F,/’) - /C ) (/_‘- ‘/‘;") ((,':/Jz) be the preimage ofkl‘-,/«‘- M'///z)
auel <7 E‘. ,/,y‘\ L, /MY be Phe ea;—/A?VJIC #op carrves/oad//xj fo ((",/V‘J)
weil-defined «p fo (abv,oou//au arth an ’5"“’"/’7 of M2, L y('r)a E-((‘.l/‘.)(f.]
'3 rgfﬁscml{f( é., 'Wt///‘- o here /': 2 E"/‘E‘.”; ‘Wf/ /H"/

E( 4::/») [/O] : E(‘; t,“tj [/7 = fAlr% CYIS/J au ISO»(‘/}'7 o ’: = /'L

Ihdoclnj the IJ’OmorﬂAl!“ /: ""/415 E,’ E:l"” 6&5 5;‘ gr c//9 soa Il Lat Z
bea liFt ot b, anel nete that cp Fo ¢onjugacy

25,55:' ® 5;55;1'2 for all 3:5’1

.( e

EVRENgEH £ =g Rra gl

%1
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5o PtF/lC(_ E, 57 Pt £, anot then E;'E, Commutes aith all e 3'3 i

Y
5&1\ exereise Edr#‘.;uééa Ma/:: /Jaw(. -3 aulgyﬁ (x!l«:nwow l‘a S',,o anst

'HNS <f*€n$m~ 5 d/lvtys canf/huaus oOn S‘{p. »
Consider Ez" E, / sl . e clam t# s P Recar that all He 9T #1
w I arc Arf(réo//& ancl the gef of con /r-am‘u:, f’/x(,(/aamfr /s A ensc 1u 5:0,

£ E, most Fix Phese dca/rncfmj Frred pomts and so E5'E, =2 T5. on Shs .

/‘(ezf Supposc that L, A Ly £ ﬁ, &, Suppose ¥, eLl,, ¥, €ly tu /e»-:«:;

undarj /cau-cj' &3 7‘/:. éoan;{dr, /(awd‘ Gre o/h:st.

transversely , Wio€ Vi, b, are bo
So that £ is the 1olen /;/7 on a

Compose the E;'s with 1Sometries /fmces:ery )

can/onncf of N Z[ with r; esa bouno(lrj /(o:‘.’ . £ -achon s ke ocho
e Sillll heve lE,“ €. For some ISapu}r & - Ny *
of 4% Butinoor sifvation  the k -actron on fj,’.. -
;, }l‘-«‘u-

moct be ‘elockuwise’ neer the (ua(/am/: of ¥, ank o
*onty - clockwise near the (na/famfs of ry. This £il -
hehavior s /nta'u::f‘ou;‘ with £ an /sona‘;-j (& €as
hes foo many flxufloom Fs ), indeed we cannot vt

hoove k » 1.
R R
gL, v L:. (on/c/ns ﬁ{c Iu/porf‘ o;/a, ,/4,
Now ﬂorma// < E, ,’:’E& So 6of‘. ere Hc. /o(lh/:/] on f/c Sasre COM/a/uxT’ .{'

MINT , where L3 L, U Ly, Then £.°°.E, /5-:‘ 15 Gn /Sam.u‘rg /:'xmj of lrest

three poml‘s _
', £, E, on S‘:.. Qupl Cach IS O IS'O"C"P, on tach cau,oon(nf of #/3\T

.

. - 3
.. £“Elaf‘H

qul/, ) reter o the oletrnitron of £, as &y Lo, pr fo sce 7%4#/, : o

&S measores O b
V4
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P:_?_g_fe} Theorem €.12 : Observe thet 1 b soHrces foshea thet the rap
£ [/43 CILCE) = 9CF) 15 onfo as fle_(an/mw/y of Phe tnverse sr0p folloms
From the Properness of E&]
Set £ = Eff:"ald cousider Ef?ﬂzcﬁ') \ faf} . LFus cpea ‘7
Zavariance oF Domoin and the mj«/:w@ efE. IFf ¢ ¢ ECmACEN , Hen
(with respect fo any metric n3CFY) E~'¢ N5 €c3) 15 compact by Lemma

¢./4 anoL non-cmpJJ , Phus there exists w 1n N £ (W)
. §r0

‘. Elalz @ .
o EAPILCF)) 15 closed 1a ILF)

e, E(FgeFINTS) 45 c,o(a.ana( c/osfa(m S ¢E) N\ f/f
G E(PMACFE)Y) s ICF)

Z.

Cor ( Proof of Theorem 6. ¢ LF €y, yCy Fitl F | then there exists a unrgue
P Minimiging ;(/) 8 { ,{, C(‘.))

Evercise : Dlrtc;ljprouc that £ aHains som¢ minsmom Valve a5 F13¢F)
—2 R s a proper map.

8, the <onv<r:!l7 theorem ¢ €.1); Phis minskee w15 unigve.

/e
Theorem €.1¢ (Thersfon) TUFJ2 ICF) U PLLF) con be Popologiged foag/amc/é
soch that '
¢y - ¢
/)5eFI= D with PLLF) corresponaling Po DD, I(F) correspondiag
ko int D

/23

2) A homecomorphism htF, =3F, 10alvces @ ionrahor,»‘z:u i,!‘g(’:.)-) 5¢£)

Qgrecing e th ﬂcprrvuw:@ AcFined hy's on TUF:),PLLF,),

In /ao;-/uy/ar s The ac//an oF AvtlF ) en TCE) extoends Fo on actron
en 5CF). ‘



4 /1% Casson 134

P}-—ooF Take L(E)=® Cone CPXCFI). Choose @ 9 andl Q bGSCPOIK{/So that
we caw olents f7 YCF ) aith the open cone  PX (F))

Vigt  open cone (PLUEY) —5—>MZLF ) ST, 9F)

Exercise: Show that the fapo/ajj on G(F) mﬁernl(p( f,ro(u. Cone (PLLF))
via E[/a:]'g oloes not d(Ftnﬂl ou fhe choice of 9 ar/o,

Lemark: At ths sfagc. T 15 a Fonctor from ( surfaces , éoumua;y‘:su;) to

(sets , maps) as the cone stroctore is only preseat fogive @ fopo/o,y.
Note olso #hot

he : G (F,) — 3£, ) _
" 1" 13 (oa/uiuo.vs.
“YUENU PLLF) YE )AL FLUA )

Now let 8 = fn'ofop, classes of essential simple closed corves in F§;
i,z [o,e0) IIZS ¢ § funchions @18 — i, T arth Fhe ;raa/uf fo/oo/ajj;

L YUF) —-oﬂzi: [fj - C-*’/,(c)); aasl Jet

N 4
mtPLF) =2 Ry 2 L pu)—> CC -—-—"::éf',acc'))
e Rf- Fol ,
Pro/«./zw e by leHing PIR, = B Ag  Sforai A i Co,eo)
7€ ©9 9 + ‘ o
and giving 1# /-Ac gvo/un fa)oa/og7. Now cox:w{cr j/‘“ 23 iow«y rasge Pﬂ*
anol nofe wecan also pro/‘tc/w/}c Fhe slomain of s fo ’{/ Q Wt AvaQ
w: P2 LF) e B ’
So we geb AUl m i TF)e9r) u FxLF)— sz
Lf et can Show that Lum 73 m/cct‘ux , the Hheorm witl Follow l’ faém,

the subspace fopelosy of 1’123 on YLIE)U PALF) , iox, we mabe LU &
@t (ué(ia’m, .
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¢
Lemma ‘_-__’_f LUm :‘7“‘).1.!.?1(‘)“"’ P”Z,‘_ 15 /n/¢<%r¢/<.

M 1y L 9CF) = P/72+e /5 /rzj’(:}llu(.

Let C,, .., 635_3 q//secv‘ F into pairs afpaxfs ,and assume Hhat the
closures of the pairs of pants are imbedded. Observe that since there arc
no Similiarities of Ajfzr/:a/:c. polygons ,’pro/tc//Ule//O& oloes not inferkere
by *A. fbsc (oora’:nd*cs.

Now o ssome Fhat ther< are foo Ayplréa//c metrics such Hhat He lomsths
of the €.'s are iolentical , we must show that the ‘Fuisk ' parameters arc equal.

’ / - 7, 2.
So let C,,,.., Cgﬂ_‘, be SU(/C. *‘lﬂ* /C‘-/? Cj' | = 25"-‘,' , anol /()‘ C":..‘ C’;'.?

be such that C‘-u= T ¢ C‘-') . Mote that w< hove ased an I»',/ICI/ S/ conventoon
agnol that a /ﬂrjc wOm bar of 1‘«11:{5 se The C; senels ,!((i') - o>

Clajm: L9 (F) =~ //Zq"q
¢, ¢

78 mjcc//ve.

Claine Follows From : [F A, e :,{/z e ) for all | Hhew P s obtrmel
Froe £ 57 h-vu/uv’ tn Cyye, Cry-7 - IF i oddotifion ,(;.’ ¢, ) =Af,?- (C,”)
aae( 1" (C‘,") : ,(;,; cer), TA¢orcm 6.9 c:s‘fr/: that Mo 2 /fw:f/aoraug/(/

/8 ]<ro.
Recall i From €. § &c arc S'aa,/e»'n, tuw o /aam/; on He comvex Fi)

Le¢)
£ee)
PCx) (

L F this Aappzns lorot/ o s Hen AitpPa
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b’X(rC/S(_ : Pij(C;IU/‘;q /IOIL :U'(S;oon , /; f‘c /fﬂ’{A ‘)[ }l(c 600"/0r7 Cuorves
of cafj'accu/‘/:a 13 of}aané 13 oftvioled ‘7 two . Do ﬂ"c. /oyjﬁ(: sf He ("J <

[4 <

corves abouve also olruiole 57 fwo?

[/
L) corved

Lo, &

1) L(9CE)) N om (PLIFN = B
IF Col e9CF) , then | £yc), ¢ G [ 15 boonded awey From zero
4s cuery point ju F hes a p f-n'(l,“orlloo{ homsomorghic fo a oisc for
Some $v0 ; F compact = theve 15 a umi form § , anct hence no essential
suo-f;/c closed coruve hos I<ng H Jess than §. Nofe Fhis 15 invariant knolev

prajtc/uujq 1‘10»«,
On the o?“fvému() F (4,/“)0271(:"} ensl & ¢ » c,

a transverse arc fo L | &y fa//ownj g leaf we con Foned

a xu—-,/c closed corve C ia C «w.t4 aréz/rdné swvall

/u(c),

4
3) m: PIUF) =T, mfec/é’ e
Note Phat f yuﬁ{/cfs fo show Phal s MUUF) —> /R, s m/’fcﬁvc

as e preserves He come stroctore .

e s/w;d;
4 Fe~9
mi L (F) —> //2* iy //2* /nj'cc/.r wlere He 75‘7
coordinates are grven 67 <., C‘.’J T‘_J (c‘.')
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Soppose m ( L:,/«,) 2Ly, i) where L ssepporfpu, . Mow as
o, G ) s py CC) foratl ¢, Forlows Fhat (L,.J/J,.) re 1,2 45 carvied
57 a (v(l?/ﬂlfd frain ‘/‘reclc %, soch that the ?;"5 with ‘v(lel‘S cjr«_
nua7 :prcm. anu/us af/g‘éarﬁo‘aa’s o; C,’,.‘ C3"3
This 15 becavie ou a fmj/c pa;rofpm‘/s there ar< an/j ;'un//y aang

¢ or 8‘
, + permutotions
L
z

Anot +F a=/4(/4) , 6:/4 (13)J ¢z ul C); awe can olecide which (anﬁ;wq)‘zan

pas::blh hts :

occurs from @,b,aud ¢ :
I T
C0faxebic-a 0 $2x ¢ a- (b+c)
o 8 Zj s C+a = b
OS5 2ge asb-cC

X,4,% thos Actermined 5} 0,‘,4 Here X Pray 5-(30‘0 ,602‘
which Satlrs';? -3 s’*md‘ I‘wanglc 4, ‘J(. oo n&f .N}n'f} -3
m«gue/:}'«j. stri et Triang/e m-r;uo/nly

TAe Crryry /ys h(!j‘lar‘“ﬁ’s 01( r'l-c (" Ceuye pm‘/fnj 23 v (da’} n(ﬂ'-f."éﬂ/j
put in (‘-' tu such a way f“afjavron/m He correet calewlatron df/r( c’)
a5 ae mirght hove rtra sutersections, giving énessentrel loops Formed i Q’ou’( .

Piy
w3t 0lso qllfow for other sense of switel

\ extra taber- S

S(g)‘:on!



‘//}/ (os‘:mg_ /138

A/or‘/cc.ﬁoucucr’ tha t any 5:.'_':,:_/2 Frasn route carried 67

>-\_< 15 alse carried 67 Z or X

Yo n ax qnnu/a: nug:{ 6orﬁooo/ 07( (‘- )‘A{r{. are 14 /o:flé:////ﬂ' 47"5(440105’

S'up,o:c yo s lrh;-u whicl ¢ e of élhwar occureld , I Say . Then you can
accorate /7 celevlate M ¢ (‘.’) es He /oa/: Foom el 4y c‘,' onel tran frack

Qre <€3S3ea /m(

gz reef (g, ., ueey, )

?3-3

Loe Céa 2‘445’ cv/coﬁ/c X Quof /////d all f/CN(IJA/J, /Jw,/yla? (4;,//,} 3(41,/{ ))
bot we cen't be sore Hhat t‘j‘p-c L behavior occors. e neel fo inoes f/jo/c
the eHect of a lefF-bancted Dehn torrstin Cp thich ac denote by T.

Sopposc First thet x2a i a fype T sifvation




¢/27 - 4/23 Cosson /3

So wtoG wehae xea |, buff otxca

>

g

T /Qc‘
P - "

~

- -n-.‘——
;\__/

S T —

L

q
L 7, /"? A <¥ L
¥

I g r r

Notice also thet we obtain the corrcet veolc of/‘ c<’) /f we 44»«. /7/a< 7 behovior,

}v’ertﬁ(( ')e 2¢a-x) !‘-7(/,((63 /a(<,’-r))
Our s1fvation 15 thus « toe have the heep

m i 9nLlFS :wf ~A2”"'(L,/¢)—--> (c—-—-’:u" ¢e’))
C?C

anel /dminations ¢ Copy ) Cla, ) reck Fhat

Loy ) wma (e, py) aasl té,,/n, Cd;,/r,,} are corrred by w:,l/o,(

Trome fracks +,,+, whichk agr<e awaey j-’,-o.-. onaclev ner;llwlau’: of He C:'5.,
Now ;u! <. I; az0 we hove

S0 e /u;" /g nore I ~IF gad con £rac bajl/ﬂ( haomn
® bracks € ,t, u/ucl also eqrec Acar C., @s /<,<("'J :/Q((‘-')

Now f a>o6 andt 1F oy ) is na/offyfc T, Hen T2 (o, p) anat 7’(44,/,}
are both of f,;( IV . Notre that
& ( C‘o'} 2 Ja=-2X ¢ congtant w.r.t, 0{1;; toist E-L cnau/ar dccy(éon{ou("(,‘

aaol e ¢ T"(‘/) : da-AX ¢+ Semc <015‘/anf
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Therebore pu, (T3¢ ) > ) C007)
S pa rel)ruy cef)
" TJ(L,,,/J,_) mustbeof fype TL . for o?%rnwsc/u‘;f c’) >u, cric’)

. weljlfs a@gree near c;
Finolly , +# 73 ¢ Lo pp,) s not of type T near €¢ , both are Fype I and
the same arguu«n‘f q/a//n.s,

‘. A S luj’cutn/c

/.

ﬂ(mnré : (oor/mafd of y ((‘~’)

art Hm 4 ra ,njnsﬂu

1 3 X
« ¢ L ox
Type & % X Type T ] (not S/rzc//y convex)
X X X X
n

Lewwma ¢.1F There 15 a Aomcomo/pAlSM. 3 . A
————— S— [ﬂz g" "-‘ /
ML (F) ——> / ) P /
4 SR L0 ( v
oz, modovt ‘3 q-l‘,/a‘{‘/ map / disfent 7/ «to
=m* /

This /m\nwmor,:ksu /5 de//m'l 67 Clru) = (/‘l)/‘;’;/(z )/1;",_ o Mgy )/4];_3 )
where Kt In//( <"') ensl /(‘.' 15 defrned sn the cases abous A

7
e,
Cease I z ssa Ir
! - %4 Y X-g y-2q

A

Remark: Nobe thot 1o case T we sti‘mgwsl He ,/ou, ‘bronch anst fabe 15 wesghé
In Cage TY st Findd the ’/Oujlfraac‘. Gust fabe = 145 aeight. Some idea in T 12T
This 15 444/070‘;3 to The 31 tveation ix TLE) tlhare Hherc ss no CG“M[CQ/C/O/‘C'
ofF twist porameter,
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Bemarks : Tx Hhe caseof /7,“ L behavior

A (¢ ')z 2x+a f(/( ((,),..,/((635_,) Crecars/ azutes)) .
To cdefermine £C uce,y, o p 3) /)JH;VIMJ He krowledye of He 76‘/0‘}/&
1neg valibres ahich occorin PAe arjoiming pairs ofpants | i 4. éuam/uf,(, of e
aa(/a/mnj Fraim tracks, One considers

w T Meesy)s 2na e2xva +fCuce, ), ., ull3.3)
aheck gives ;
2x = (T ¢ 3) - (2ats)a - f(/u((, }J.,//«((gj.,))
plorcover , l/n /5 /ar’c, (xou]A , OAC Can KSE F#his Pormula to fu,(//z//o&
douw't hove fwac ya b‘}‘dwdr.

. /a‘f 13 defined b, the train frack <arrying ¢ L,/u)m P u,,,«’éwxod
of C;
Note that this ¢lows /1‘., to be esfher pa:/fi'uc or ﬂfjaf/uc. , 5o a/o;nt‘
Cpep s )i im the rtg/\f holf plane Lf pp50, Hen 1n He above ()?w!//ﬂlf
Q@20 and /‘7},\': E,.zzz‘ don't occor. Horcover fy,;a 2,70 redvce fo a
S'Injft Circoit of we ljﬂz‘ K. If azo Fhen X bogno well ~olefimed Sigh , 43 oA
1957 represen s He nosber of porallel corves fo He omgle €rre vt 30 we most
1een /;/7 +X fo =X €5 s/vstrated 1u Hhe statement of He /emma.

E):'ﬂn//c : ijlﬁ. Gt f‘- coan/mj reag vt Sa /{c f/b«//c. c/arrn'c:/ruc ///a:/hﬁ("(
below 1n o genvs 2 s'w-fdccl aael Cxamine tha eHeck o/fcwr/.m; on agother 3. €.C,

Cowan ,'n:J
e gogvid t(tu 13 )ZM 7‘4 § corvd

l r positive twist

, ‘—.--.
- . Loon ‘hn’

I1n

MmEasore



/23 Casson 7

/22 7:1" a Sez peace ofmeasam/ /am-ma//mrs gno ¢s # — L © Fhe

Seguence tenos fo coon /m7 PICREUIC O

/
In ‘fA{ N f( /ﬂmlmﬂllon ( Gbove CUVU‘C.) IS /m) 8u So Fends /0}0'0 a8 n.efon
TA‘e. fram. 'frac/: Ce ”5’”] fl‘c n ¢ /am'um?‘/a:c 73

( reverse on/.:lz: for
d(’é)‘vn A )

The lineit s the same as n =2 oo Iy coordinate —¢ © but as n=otoo,

/“-—oi Andd &:h-:-—“,/"-a-l

Preofof 6,18 Onto: LF eack u’> <crrfs'/u/f~7/c , olrow the tram brecés
ta cack par of pants es to The ﬁvqa,/c nqu«’//7 , next olvow apprepriefe
Ganulav brain tragh OHer css¢ 15 an €XCrecise. ’

1=1: Apply Dehn bwists untr/ you heve Ay I behovior

Gusl a/,o/y previovs Qraeme

7.

Bemark : The coorelinates 91un 57 Lewina 6.1§ preserve e conc sthocture
auol ﬁvr pa:‘ fo 7‘/( /roj(c //u¢ /Ommcilzon Ipece grgl g/ve ,/a precewse
pra/ec/lvc stroctore Glviing e fo//awmj

63-7
Copr FXCF)& T ’



‘I’/ZJ’ Cesson /¢,

Lemma 6.19 LF 215 a fram track on F ond C 15 an <ssential 5s.c.c. i F
with m,: 2LCFY — 4, definedd via wo (Louc) o sn /,u(C’)
then m, fgt W, —>[o,00) 15 preceese linear, €=
In Fact: There evish. fzm#/g many train Frocks &, & 5 @l ccrrred
b?  of yOCA anf /'s ( Vt} =.3L? f?" (W?‘.) 0"( M‘-'/z‘:l U{. ol Ca) ‘oj

i1s lincar.

k
Proof Set w,= Wp. o Our aimis bo Find 2,,.., # Toch //d‘lz £, () .—.}’?(A/?)

<

and such thet forail ¢, & hes minimal in Fersection with C

&.e

disc Docs not occur
1

/ v C

If ¢ does have Minimal /n/er.rcc)[/oa wrth C Qnal ‘CL,/a.) e f?‘_ (t..‘.)
Fhen ao, CLopl s the sum of Hhe &u(/gb‘; of e branches /nec/mj c.
ERE S o2 minimel = #,. /Z- 15 [1aear

Noter Dises with cusps arc o/lowed ff%
N

Observe that ‘s/m’ur, / won't do:

t dis¢

/ A\

Znstead | a< ase a ‘subdivision operetion’, rep lacing a troim freck




¢/25 Cesson >,

67 a meik nomber of train l‘ﬂlét. For fxamp/c rrp/ac(

\
N

By one 01"

You con a/o 7‘415 more ’aum//g f;)/ou ‘dvc meore 6mnc1¢$ &7‘ (00{ TIUIJ“
E)(Qmp/e of e scholivision:

m sobolivide ﬁ :/n(c
drse PR dise ey
L
4 el ) c \ N c

7

/41‘ 1‘,‘15 rfayc bor Aémn‘*)t 7aar«uffed ?‘{c/ ‘f‘frtv Qr Re 1Cet o//:é}.'

¢
—
C\Q\
vV <

70 f;x 1‘4/5 . p-{r/o»d. 7%( cp-lrﬁ?l/a«. 5(/0«1 fu—s{

\&_ 2
'd A \ C

Fma”, ) oo /enoywpbc /na'w.//on on Pray ((#6u’dzrct a/l‘;, c, /<n ?-‘.I)

18 Sk

I1ncreasing Hhe number of from tracks unti! Here are no bod oisis .

/.




4/25 Cessen

Thcoress 6. zo (4 Téurs/an) There 1s @ Unigue precemse lincar :/ru?lok.. on
IRACF) sech that Pyl Wy > W12(F) 15 PL Ror atl & and wi, : IILF) L0, )
1s PL Forall ¢ssental 3.¢.¢.% C.

Remark: Unigre 1 the sfronj sens<, 1 does not refer to a howcomonphisie
class of PL sfruc#urfs ) bt fo a :/uj/c. shocture.

&g_gf 1) é(m?uelzzss /3 clear as He », s embedd 72 (F) as @ non- tonpodl
po/«jllfo(ron In #Z.qs.? C
1) Existence : Therc evisk essential 3.¢c.c5 C,,.., €, s0ch thet
AL CF) -—°/Zk= Ct’.,/‘) -0 (ﬂc' (!.,/“)J,,) LD (é,/‘)) ‘35 m/«f{/uc
and there <xists froix tracks ti,.., & such Aat
WXCF) s O Fy ¢ W)

.
ey )

1e) '1"' ‘7 )‘rlzn fr&:é: 'o.",,,.., ?"_: )‘I"cﬂ

the primes From the nofaz‘/an., anel now £ ¥,,.., 800 15 Such that
ME): O fp (W)

ey

N Use linma 6,19 Fo rplace
ancd
mc;;f.i : \«/?j —> M 3 [incar :%r a// ¢’,j
f “ist ety
e ?j : W?{ —2 /R 15 [inear ansl 1y ectsive

So m (M2(F)) < /lk IS a unton of f)mﬁ7 rrany nca—(aupécf coavex
‘eells’ o ( ;ff (W;-j.)) T2, m gluing PIZLF) a PL strectore

37 lemma .19 Fo: Wz —¥ TRZLF) ancl mt :PMLLF) — R are a/l PL

A



v/27 Cesson

Remarts v Sogpose we are given an avtomorphism hiE —F | Here s on
aljonMpm: method for oledermining ehether h 15 perrodic realvc ble,
or psevdo -Anosov, Recall Thet sor ol wretbon of o mot e.r,o//ur’/7 P
a method of Finding the tnveriant frein fracks. tve want & general
Frocuafum Soch that given h ae cen caleviate explic :‘/7 hp t RT(F)

~ M UF) , ancl,1n particvlar, fina the Freed pornts of byt PLLF)
P PXLF),
For this, select ¢,,.., ¢, 1 G  esreatial s.c.c.’s seck Phat

PRy (LD -——'/z“«, ,8 ,,./“/wr, . 6’/,/7 Lemma £.79 fo Fhe corees

€oyensln

Coyuny €, AT CCT, ., A0 ) Yo frud fram Frocks 7,,.., %, fuck

& &

Phat U Fo (We o MA(F) ; mobp t Wy =& Gast
{8, . [ 4 Py Ve < e
s L
e hge /,‘,3 Ws., -—-bﬂk ¢re @/ linear 3 eudd sechk ?4a n-/;. anel
"l({‘)’“' ‘ol((‘) ]

m.by . f, 8rc representad by 1a fejcr motrices Ay, Br respec "'W/]

L )

I)c /)' (L;,u’* A(Ll/‘) and (‘o/t)t [?" (o) itk & sa W,;) phen
.ﬂ-",-”‘. s A‘ /?;'(U}

co Bows AAjw with v m Wy
(Onu(rrg/’ , i 8; o 8 lﬂ‘vu ot Bh bt 1R W,‘. . Aen L, u) ‘f?,(‘v}

S'r.hs/:« hy (L,/):A(L,/‘) : )

You can ofeciele “sing lincer /’n’rcu,. sug whether Kere erssts
Q aia h/?‘, with Az, This ﬁoﬂ,qu}/tnd oaly £ s redverble for a
redveing svbmaniFolel cormespondds via }’?‘. fo ax s1abeger salviion w
to Gow 2 A;as aadk conversely,

You can also decide &y Nomerical Analysis 1/ Here exists @ solotron
bo B ot AApw, o/f[ao,l yoa may nef b able fo determme t. For A®/
this corresponds fo « contrac ;"7 Fined pomt oF by: FXLF) = P2 LF)

/9¢



4 /2% Cosson /9P

Suppose there is svch a pomt, Then Hhere exishs a neighborhood
p/d"mu( 57 rationel Mfguc/:ﬁzs , carried ta fo Ié(//" &, HAe ff/S”““
of svch a nu,lhr‘nl con be oletermined by a faite calev/a /Iln, /ec://-, R
B h 15 pseedo - Arotev
Lf theare are no Solvtrons o Bew 2 A w For auy ¢ axel A, Fhen
Ast PLCF) = PI(F) hes no Frues pou/t . The Breyper Frxgel Porat Thcorees
then implies that hyt IUF) = T¢F ) ez a Fixeol pot anot hence k 13 periods.

S

Exercsc: h periodic ® period ¢ §4(9-1)
Hints! Caq assume that h 13 periodic on He no:c..,na//u;f up fo
150 fopy. Fless 15 @ surface, guoﬁml" map 15 @ branched tovering. Now
ks< the Evler characteristic east the Fact that $9 13 Hhe minimal ﬁyp-{r/a/fc
arce of a i:.”a.uéa{l!. #14»,/«. hichis & Fondamentel domarn bo Finisk.

R fo ScI‘ “p ‘f~o (am,aultr.r © Gqe /aob", far L 3 (olﬁﬂc/ln’ d*ﬁ"édr“"c
- ‘\’ the other For perow[w :/7 . Fne q_g_f_{ Frasd. |

R 34-2
Zemark: Decatl that macr)z ( 74,7 flépm'fcfrga G via
C —» (e, &) tanst ), This peramelrigation sas éxown fo Deka
ana. Thorston gave fe Concple bon . Things are ectually Stmplier £ yon
ponctore the svrfece omce,
{c/nu{ toscbmanibolely of Fra, c//e.w,,é (rxca;},‘[}

F\q):®
et G« G(FNR) I5edapy in Fra

Observe that there exists a '#rrlngy/a/nq) £ of F witf /gn‘ one er(X‘ ot a
( Tabe a Yg-gea f' 1l eat) Freatrons , Aol ol1640nals Ay
so that the resuvlt 15 simplicial )

LY

Y b
IF ¢-(3¢s,)cf“u?2c33f=bf"'%§< < ¢
W
= 1‘"[—&9%& s 2~29
= -%e3/-29

= 2 s 6,-3 & ‘37{;\‘



§/2 Cassen V2% 4

lemma 6.21 G (F\a)= Sefof Han-nvag‘/w 'mi‘egcr ~u,.‘//ﬁ’: of
the (c/ga of K such that the wu’lt/': of the bouna/lr, ea(,c: of awy
2- simplex N-hsf, the weak fnon’[e me;aq/:/y endl heve ecuven Sum.

Proof Civen wugb‘: D,‘ for (o(y¢ & of K sa t‘/S:{’u’ the condditrens
there exrsfs a 1-sobmanifold ¢ € Fra sech thet aa 31 C aal for
all edges & andt sock Fhet eech component 6f CN O 15 a /inear :c,un/

n the Zosmf/tx a:

‘. ¢, Mo crreles or canpo&“ub :..‘ac‘ cn/!r anel

Y V4
leave on the same !Jg" of 4,

Such C /5 unigve 4p fo I:a/of,

&
If 8 135 a 1‘3’[»1,/!! swith en(jc: «,A,Y set
/ rt'/geu,ow,-w.) :
¥ '/z, ( Wpb W= w,c) . r,r,# am,n.ntén Iau‘(jn.:

¢t wge we = Wy) (,em&l,/u:/ Iun-&qcl‘n«)

S e can tebe [ r J:xféuu“ lincar erc?d /wam, AY ] w1tk (au(/a,n/;
. s " " ” @ YJ <

é o o w o ®,0

(ua/, spaced on ¥,A4, and ¥. Thep cmton ¢S & [ ~sudmansfold of F\a
LY Hhe verdex, Cail Phus [-submenifeld & . LF a ca»:,o-u/ of C
bounded acdisec D n F\a ,an oufeymest arc of Dk’ eould qive

rise tot

y a T 1‘0‘{100; o bove Porbidden ¢ ef, Haken)

tobher intirscetiony oF O gast O possible)
a

cufcnut} ardé




5z Cosson /49

Given € tn B CF \a) wecan ss0fope & so Hhat arl he co.-,aml/:
of ¢ 1 ta fwe :n-,/cr) are linesqr Sfjmul‘:. C Assome the m:‘ouc/nw.
/s transverse ond mésses the vertex . IF a sitvetron as abouc occurs, yust
posh € off the 2-simplex . Eack move redvees 1 €n k2] anst 56 awusf have

anet enel 1o f/«pnbnj process , Now cech c’oau’poaaf of €1 .n.-,/u ”s a
spauning arc, lro/ye toa /linear sr,hﬂ{)

L4

v, Wwegete :yn(en of tvn,H's sa 1‘/::9”’ #he cond)trens
O T weghts, ¢t — L CF\a) ss onto

boe need to check thot He above ¢orr¢:,paa/mu 13 /=], One aocdlel /ike

to sef wa s lancl , botf the folloming example shows thet onemst be
carchul , o5 1f we moveda we couldl gef rdof Cria, cap, cny
Exemple !

7
Z>

1

Notice that tHhere exists a Af{rh/« metie seck thet € 15 geodesss,
Np/éc:n’ the (c[gc & ofK 49 a jcoafeﬂc ,4¢ con Set ot lancl, 748
H;UU“CS

Exercise - G<ncm/:3¢ lemma 2.4 Fo pasrs of curs €, & ahec C
/3 e !‘Imf/c closed curve ansl & 15 a su-,o/: /oof based at & €&, e, Canel

x are simeltancovely ssofopic fo a grodesic andta geodesic with an dnale
af a,

/.
Exerase © L k,  ky are 'r‘nan,o/qr‘/on'afl-’un% & simke verfex
at ¢, then k,, Ky are related by 150 fo,, a mowes oF form
a

&

Hmti S.Iﬂ’/c Wrt‘x “)cﬁaﬁl svéelivide
a € =P @ &



/2 Cosson /3O

lemma €.22 TF q < are ~a’£/s

luo‘

arrising From C & B CF \ buse paint) Phea Xty 8 mox (avrd,ci+d)

Proo; Exercise from the fo//omn’ p;c/orc

& /Juy‘-c aflcr d’u,au\, -ru-,/::zf, :crf

ou/7 One Com OCLOP.

MHint? o,g’o“/ (,(343 coont )n ¥ ’f,j ) Se consider e/l the arcs in p:ct(w!.

/.
g_g_'_" 140, htF=F Preserving Me base pa/nf‘ lor o’/oac{ura'( J’ar}occ)
15 @ chaim of Hese operetions , 5o the cHect on 8 F \a) con be calerlated
Jlrcet‘/, (57 haasl caleviebor),

Qemark! This method 13 olve ta Ma;‘cr

NS



