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Introduction

Axisymmetric NS eqs. (with infinite total energy)

vortex stereched by a mean flow

Burgers vortex (1-celled, linear)

Sullivan vortex (2-celled, nonlinear)
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Kida-Yanase (1999)
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Donaldson and Sullivan (1960)
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0. Basic equations
Ansatz
axisymmetric Navier-Stokes eq. in cylindrical coordinates(r,φ ,z)

u = (ur ,uφ ,uz) = (U(r, t),V(r, t),zW(r, t))

vorticity equation

∂ω3
∂ t

+U(r, t)
∂ω3
∂ r

= W(r, t)ω3+ν4ω3

Burgers vortex

(ur ,uφ ,uz) =
(
−αr,

Γ
2πr

(
1−e−

αr2
2ν

)
,2αz

)
, or ω3 =

αΓ
2πν

e−
αr2
2ν

U(r, t) =−αr, W(r, t) = 2α
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Sullivan vortex

(ur ,uφ ,uz) =


−αr +

6ν
r

(
1−e−

αr2
2ν

)
,

Γ
2πr

H(αr2

2ν )
H(∞)

,2αz

(
1−3e−

αr2
2ν

)


H(r)≡
∫ r

0
exp

(
−t +3

∫ t

0

1−e−s

s
ds

)
dt

9



axisymmetric Navier-Stokes eqs.

∂U
∂ t

+U
∂U
∂ r

−V2

r
=−∂ p

∂ r
+ν

∂
∂ r

(
1
r

∂
∂ r

(rU )
)

∂V
∂ t

+U
∂V
∂ r

+
UV

r
= ν

∂
∂ r

(
1
r

∂
∂ r

(rV )
)

z

(
∂W
∂ t

+U
∂W
∂ r

+W2
)

=−∂ p
∂z

+νz
1
r

∂
∂ r

(
r
∂W
∂ r

)
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continuity

1
r

∂
∂ r

(rU )+W = 0

∂ 2p
∂ r∂z

= 0⇒ z
∂
∂ r

[
∂W
∂ t

+U
∂W
∂ r

+W2−ν
1
r

∂
∂ r

(
r
∂W
∂ r

)]
= 0

∂W
∂ t

+U
∂W
∂ r

+W2−ν
1
r

∂
∂ r

(
r
∂W
∂ r

)
=−C̄(z, t), in fact ,=−C̄(t)

p(z, r, t) =
C̄(t)

2
z2+

∫ r V2

r
dr +

1
2
U2

+
∂
∂ t

∫ r
Udr +ν

1
r

∂
∂ r

(rU )+K
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Relationship between U and W

W =−1
r

∂
∂ r

(rU ) or U(r) =−1
r

∫ r

0
r ′W(r ′)dr′

In R2, C̄(t)≡ 0

∂W
∂ t

+U
∂W
∂ r

+W2 = ν
1
r

∂
∂ r

(
r
∂W
∂ r

)
,

U(r) =−1
r

∫ r

0
r ′W(r ′)dr′

Invisicd case ν = 0, blow-up
J.D. Gibbon, D.R. Moore, J.T. Stuart,
Nonlinearity 16 (2003), 1823.
GFD Physica D 132 (1999)497
OG, Phys. Fluids, 12(2000)3181
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Donaldson and Sullivan (1960)
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1. Stationary solutions (viscous)

Stationary Navier-Stokes eqs.

1
r

∂
∂ r

(rU )+W = 0

U
r

∂
∂ r

(rV ) = ν
∂
∂ r

(
1
r

∂
∂ r

(rV )
)

U
∂W
∂ r

+W2−ν
1
r

∂
∂ r

(
r
∂W
∂ r

)
=−C̄
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non-dimensionalization

x≡ r2/R2, f (x)≡−2rU (r)/RS

g(x)≡ RW(r)/S, h(x)≡ rV (r)/Γ

f ′ = g

4ν
SR

xh′′+ f h′ = 0

f f ′′− ( f ′)2+
4ν
SR

(x f ′′)′ = R2

S2C̄(t)

( f (0) = h(0) = 0, f ′(1) = 0,h(1) = 0)
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Transformation

X = cx, c2≡− R4

16ν2C̄(t)

F(X) =
SR
4ν

f (x)

or

F(X) =− r
2ν

U(r),X =
√
−C̄(t)

r2

4ν
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(XF′′)′+FF ′′− (F ′)2+1 = 0

Xh′′(X)+F(X)h′(X) = 0

(F(0) = h(0) = 0, F ′(c) = 0,h(c) = 0)

A = F ′(0), F ′′(0) = A2−1

F(X) =±X Burgers

F(X) = X−3(1−e−X) Sullivan
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2. Nonstationary solutions (viscous)

ω ≡−W

∂ω
∂ t

+U
∂ω
∂ r

= ω2+ν
1
r

∂
∂ r

(
r
∂ω
∂ r

)
,

U(r) =
1
r

∫ r

0
r ′ω(r ′)dr′
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Comparison to reaction-diffusion eqs.

∂u
∂ t

= up+4u, u(x, t = 0) = u0(x)(≥ 0)

Fujita equations (1966) RN

• If 1 < p < 1+2/N, no global solutions except u≡ 0 (blow-up)

• If p > 1+2/N, some global solutions for ’small’ initial data,
some blow-up for ’large’ initial data

• p = pc = 1+2/N blowup
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Meaning of the theorem

• If p is large, diffusion dominates over nonlinearity for small initial data

• decay rate vs. blowup rate

(time)−N/2≈ (time)−1/(p−1)
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Are there any self-similar blow-up solutions ?

ω =
1

T− t
f

(
r√

ν(T− t)

)

U =
√

ν
T− t

g

(
r√

ν(T− t)

)

g =
1
ξ

∫ ξ

0
η f (η)dη , ξ =

r√
ν(T− t)

ODE

f +
ξ
2

f ′+ f ′
ξ

∫ ξ

0
η f (η)dη− f 2 =

1
ξ

(ξ f ′)′
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1
2
(ξ 2 f )′+ f ′

ξ

∫ ξ

0
η f (η)dη− f 2 =

1
ξ

(ξ f ′)′

BC f ′(0) = 0, f (∞) = 0

By
∫ ∞
0 dξ

2
∫ ∞

0
ξ f (ξ )2dξ = 0⇒ f (ξ )≡ 0

Trivial ones only

cf. constant sols. f = 0, 1
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Consider Lp-norm

ω(r, t)≥ 0

‖ω‖p
p =

∫ ∞

0
ω(r)p2πrdr = 〈ω(r)p〉

d‖ω‖p
p

dt
= (p+1)‖ω‖p+1

p+1
−ν(p−1)

〈(
∂ω
∂ r

)2
ω p−2

〉

If U ≡ 0

d‖ω‖p
p

dt
= p‖ω‖p+1

p+1
−ν(p−1)

〈(
∂ω
∂ r

)2
ω p−2

〉
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Numerics

ν = 1×10−2, dt = 2×10−3,dr = 1×10−2

N = 10000, L = 100.

I.C.

W(r) = re−r
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Fujita eq.
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L2-norm
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Proof of blow-up( global nonexistence )
method of subsolution
Deng, Kwong and Levine(1992)

ut = uxx+ εuux+
1
2
(a‖u(·, t)‖p−1+b)u, a,ε ∈R, b > 0, p > 1

in 2 steps
(i) comparison principle

∂tu = A(u)+F(u)

A(u) = diffusion term,F(u) = nonlinear term

∂tu−A(u)−F(u)≥ ∂tv−A(v)−F(v)⇒ u(·, t)≥ v(·, t),
27



(ii)construction of subsolution

∂ω
∂ t

≤ ω2−U
∂ω
∂ r

+ν
1
r

∂
∂ r

(
r
∂ω
∂ r

)
,

1
ξ

(ξ f ′)′− f + f 2− ξ
2

f ′− f ′

ξ

∫ ξ

0
η f (η)dη ≥ 0

f = aexp(−bξ 2), a,b > 0

(
(a− (4b+1))+b(a+4b)ξ 2

)
f ≥ 0

OK with a > 4b+1

ω(r, t)≥ ω(r, t) =
1

T− t
f (ξ )



∂ω
∂ t

≤ 2ω2− 1
r

∂
∂ r

(rU ω)+ν
1
r

∂
∂ r

(
r
∂ω
∂ r

)
,

U(r) =
1
r

∫ r

0
r ′ω(r ′)dr′

Performing
∫ t

0
dt

∫ ∞

0
drrφ(r, t)

we find ∫ ∞

0
dt′ωφ(r)rdr−

∫ ∞

0
ω0(r)φ(r,0)rdr

≤
∫ t

0
dt′

∫ ∞

0

[
ω

∂φ
∂ t′ +2ω2φ +U ω

∂φ
∂ r

+νω
1
r

∂
∂ r

(
r
∂φ
∂ r

)]
rdr
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D =R2× (0,T)
∫ ∞

0
(ω−ω)φ(r)rdr ≤

∫ ∞

0
(ω0(r)−ω0(r))φ(r,0)rdr

+
∫ t

0
dt′

∫ ∞

0

[
(ω−ω)

∂φ
∂ t′ +2(ω2−ω2)φ +(U ω−Uω)

∂φ
∂ r

+ν(ω−ω)
1
r

∂
∂ r

(
r
∂φ
∂ r

)]
rdr

ω
∫ r

0
rω(r)dr−ω

∫ r

0
rω(r)dr = (ω−ω)

∫ r

0
rω(r)dr +ω

∫ r

0
r(ω(r)−ω(r))dr
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Thus ∫ ∞

0
(ω−ω)φ(r)rdr ≤

∫ ∞

0
(ω0(r)−ω0(r))φ(r,0)rdr

+
∫ t

0
dt′

∫ ∞

0
(ω−ω)

[
∂φ
∂ t′ +A(r, t′)φ +B(r, t′)∂φ

∂ r
+ν

1
r

∂
∂ r

(
r
∂φ
∂ r

)]

︸ ︷︷ ︸
=0, for some φ

rdr

+
∫ t

0
dt

∫ ∞

0
ω(r)

∫ r

0
r ′(ω(r ′)−ω(r ′))dr′∂φ

∂ r
dr

where

A(r, t) = 2(ω +ω),B(r, t) =
1
r

∫ r

0
r ′ω(r ′)dr′
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An, Bn ∈C∞(DT), An→ A, Bn→ B in DT as n→ ∞

backward problem

∂φn

∂ t
+An(r, t)φn+Bn(r, t)

∂φn

∂ r
+ν

1
r

∂
∂ r

(
r
∂φn

∂ r

)
= 0

φn(∞, t′) = 0, 0 < t′ < t

φn(r, t) = χ(r), r ≥ 0

χ(r) ∈C∞
0 (0,∞), 0≤ χ ≤ 1

φ = limn→∞ φn with An,Bn replaced by A,B, φ ≥ 0
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∫ ∞

0
(ω−ω)χ(r)rdr ≤M1

∫ ∞

0
(ω0(r)−ω0(r))

+rdr

+
∫ t

0
dt

∫ ∞

0
ω(r)

∫ r

0
r ′(ω(r ′)−ω(r ′))dr′∂φ

∂ r
dr,

∫ r

0
r ′(ω(r ′)−ω(r ′))dr′ ≤

∫ r

0
r ′(ω(r ′)−ω(r ′))+dr′ ≤

∫ ∞

0
r ′(ω(r ′)−ω(r ′))+dr′

|the final term| ≤
∫ t

0
dt′

∫ ∞

0
ω(r)

∫ ∞

0
r ′(ω(r ′)−ω(r ′))+dr′

∣∣∣∣
∂φ
∂ r

∣∣∣∣dr

≤M2M3

∫ t

0
dt′

∫ ∞

0
r ′(ω(r ′)−ω(r ′))+dr′

M1 = supDT
|φ |, M2 = sup

∣∣∣∂φ
∂ r

∣∣∣ , M3 =
∫ ∞
0 ω(r)dr
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χ(r) =
{

1, if ω(r)−ω(r) > 0
0, otherwise

∫ ∞

0
(ω(r)−ω(r))+rdr ≤M1

∫ ∞

0
(ω0(r)−ω0(r))

+rdr

+M2M3

∫ t

0
dt′

∫ ∞

0
(ω(r ′)−ω(r ′))+r ′dr′

Gronwall
∫ ∞

0
(ω(r)−ω(r))+rdr ≤M1eM2M3t

∫ ∞

0
(ω0(r)−ω0(r))

+rdr

QED
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Summary
Burgers-Donaldson-Sullivan class

• Survey on stationary solutions

• Non-stationary solutions

numerics suggests blow-up

methods of reaction-diffusion eq. → proof of blow-up for large IC

Non-zero constant self-similar solution → suggests asymptotic self-similar
blow-up
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THE REST IS SUPPLEMENTARY MATERIALS, WHICH ARE NOT USED IN
THE TALK.
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We must envisage a much broader class of flows in the entire x-space. Some
sort of condition at infinity must, however, be imposed in order to insure reason-
able behaviour of the flow. This is shown by the solutions

ui = aiνxν , p =−(ȧik +aiαaαk)xixk

of the equations of flow where the aik are entirely arbitrary functions of t subject
to the conditions

aik = aki, aαα = 0.

Such a solution can become infinite at a finite moment of time. It can also start
from the state of rest with u = p = 0 without staying at rest. Presumably no such
things happen if a condition of the following sort is imposed:...

Hopf(1952)
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Properties of solutions with finite energy are deeply rooted in our consciousness.
What you will see may appear bizzard.

Infinite energy

u(x,y,z, t) =
(

y+z
t−T

,
z+x
t−T

,
x+y
t−T

)

p(x,y,z, t) =−x2+y2+z2

(t−T)2

S.Childress and E. Spiegel

G.F.D. Duff “As Professor G. Duff points out, in case one is willing to accept
infinite energies, one can easily do this just using (such an example).” Marsden,
Ebin & Fisher (1972)
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Fujita equation blow-up
Sketch of Proof

u(x, t) = et4u(x,0)+
∫ t

0
e(t−s)4u(x,s)pds

et4φ(x)≡
∫

Rn
Gt(x−y)φ(y)dy

Gt(x) =
1

(4πt)N/2
exp

(
−|x|

2

4t

)

Crux inequality

t
1

p−1et4φ(x)≤C(p)
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i.e.

t1/(p−1)
∫

Rn
exp

(
−|x−y|2

4t

)
φ(y)dy

︸ ︷︷ ︸
→‖φ‖

L1

≤C(p)(4πt)N/2

1
p−1

>
N
2
⇒ contradiction

cf. H.A. Levine, SIAM Review, 32(1990)262,
K. Deng & H.A. Levine, J. Math. Anal. Appl. 243(2000)85.
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Proof

J(x,s)≡
∫

Rn
Gt−s(x−y)u(y,s)dy

dJ(x,s)
ds

=
∫

Rn
Gt−s(x−y)(u(y,s))pdy≥

(∫

Rn
Gt−s(x−y)u(y,s)dy

)p

dJ(x,s)
ds

≥ J(x,s)p

1
p−1

(
J(x,0)1−p−J(x, t)1−p

)
≥ t

t
1

p−1et4φ(x)≤C(p)
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Stability of Burgers vortex
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∂ω
∂ t

+U
∂ω
∂ r

= ω2+ν
1
r

∂
∂ r

(
r
∂ω
∂ r

)
,

U(r) =
1
r

∫ r

0
r ′ω(r ′)dr′

Equivalently,

∂ω
∂ t

= 2ω2− 1
r

∂
∂ r

(rU ω)+ν
1
r

∂
∂ r

(
r
∂ω
∂ r

)
,
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Critical case

t
n
2et4φ(x)≤C, ‖φ‖

L1 ≤C′, ‖u(t)‖
L1 ≤C′

Assume

φ ≥ kGα , k,α > 0

u(t)≥ et4φ ≥ et4kGα

‖u(t)‖
L1 ≥

∫ t

0
‖e(t−s)4u(s)p‖

L1ds

≥
∫ t

0
‖e(t−s)4(es4kGα)p‖

L1ds

≥
∫ t

0
‖(es4kGα)p‖

L1ds
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(
es4Gα

)p
=

(
Gα+s

)p

= [4π(s+α)]−n(p−1)/2p−n/2G(s+α)/p

= [4π(s+α)]−1p−n/2G(s+α)/p

‖u(t)‖
L1 ≥ kpp−N/2(4π)−1

×
∫ t

0
(s+α)−1‖G(s+α)/p‖L1ds

= kpp−N/2(4π)−1 log

(
t +α

α

)
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reaction-diffusion eqs with advection

∂u
∂ t

+(a·∇)uq = up+4u,

pc = min

(
1+

2
N

,1+
2q

N+1

)

Aguirre & Escobedo (1993)
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∂u
∂ t

+(b·∇)u = up+4u,

u(x, t = 0) = u0(x)(≥ 0)

(b·∇)u = ∇ ·B, |B| ≤ cup

1 < p < 1+
2
N
→ blowup

Bandle-Levine (1994)
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