Complex monodromy and changing real pictures

Thomas Cooper and David Mond, Mathematics Institute, University of Warwick

June 12, 2003

1 Introduction

The purpose of this note is to generalise, and give a more illuminating proof, of a theorem of [13] (Theorem 1.1 below). Before stating it, we provide some introductory information. Consider the following two sequences of pictures: in each we see a 1-parameter family XR_{,t} of real algebraic hypersurfaces,

Figure 1: Bifurcation of real algebraic sets

which undergoes a bifurcation when the parameter t is equal to 0. Note that in both (i)(a) and (b), and in (ii)(b), the surface XR_{,t} has a purely 1-dimensional part, which we have indicated with a dotted line, and that in

(i)(b) we have drawn a curve vertically along the middle of the surface to make clearer the way it passes through itself. The reader will observe that (a), XR_{,t} is homotopically a 2-sphere when t > 0 and a 0-sphere when t < 0, while in (b), XR_{,t} is a homotopy 1-sphere both for t < 0 and t > 0.

Such sequences are typical in singularity theory; each is in fact the family of algebraic closures of images of a versal deformation of a codimension 1 singularity of mapping.

Now suppose that the complexification XC_{,t} is a homotopy n-sphere. In [13] the second author pointed out that it follows that XR_{,t} is a homotopy sphere for t ≠ 0 (allowing the empty set as a −1-sphere). Indeed, in the local situation, or globally in the weighted homogeneous case, there are welldefined integers k_+ and k_− between −1 and n such that XR_{,t} ≃ S^{k+} for t > 0 and XR_{,t} ≃ S^{k−} for t < 0.

We describe XR_{,t} for t ∈ R − 0 as ”good” if the homotopy dimension of XR_{,t} is equal to n. In this case the inclusion XR_{,t}→X_t is a homotopy equivalence ([13], 1.1).

Our main result is

Theorem 1.1 Let X ⊆ C^{n+1} × C be a hypersurface and let X_t be the fibre of X over t ∈ C , with respect to the projection p onto the last component. Suppose that

1. p has an isolated singularity at (0, 0);

2. X is weighted homogenenous (with respect to a system of positive weights);

3. X has a real defining equation;

4. for t ≠ 0, the rank of H_n(X_t; Z) is equal to 1.

5. for t > 0, the rank of H_n(XR_{,t}; Z) is equal to 1 (i.e. XR_{,1} is good),

then the homological monodromy of the fibration of X − X_0 over C − 0 is just multiplication by (−1)^Δ, where Δ = k_+ − k_− is the change in homotopydimension of XR_{,t} as t passes through 0.

Our definition of ”isolated singularity” is as follows: f : X → C has an isolated singularity at x if for all x^′ in some punctured neighbourhood of x, there is a germ of vector field v ∈ θ_{X,x}′ such that v · f ≠ 0. Equivalently, the ideal J_X (f) of O_{X,x}, obtained by differentiating f along all vector fields in θ_X , contains a power of the maximal ideal m_{X,x}. This is the definition used, for example, in [1], but is more restrictive than Lê’s notion of isolated singularity, as described in [8].

Theorem 1.1 is just Theorem 5.2 of [13], except that we have removed one of the hypotheses: that the quasihomogeneous monodromy of the fibration (X − X_0) → (C − 0) be real. In fact we show below that this is forced by the hypothesis that X_1 be good. The proof given in [13] was purely combinatorial, and gave no geometrical insight. This defect is remedied here.

2 Proofs

First, we reduce the theorem to a comparison of the Morse theory of a function on C^{n+1} and the Morse theory of its restriction to the real subspace.

Take coordinates x_1, ..., x_{n+1}, t on C^{n+1} × C , let G : C^{n+1} × C → C be a reduced defining equation for X, and let J_{rel}G = (∂G/∂x_1, ..., ∂G/∂x_{n+1}) be the relative Jacobian ideal of G. The following lemma concerns the polar curve of the equation G with respect to the linear form t. It is well-known (see e.g [4]); we include a proof because it introduces some ideas we shall use later on.

Lemma 2.1 Suppose that the projection p : X = G^{−1}(0) → C given by p(x, t) = t has an isolated singularity at (0, 0). Then i) V (J_{rel}G) − X is at most 1-dimensional and ii) the projection cl(V (J_{rel}G) − X) → C is finite.

Proof If (0, 0) ≠ (x, t) ∈ X, there exists ξ ∈ θ_{X,(x,t)} such that ξ · p ≠ 0. The vector field ξ is the restriction to X of an ambient vector field, which we may also call ξ, and since ξ · p ≠ 0, the ∂/∂t component of ξ is non-zero at (x, t). Since ξ is tangent to X, we have ξ · G ∈ (G), and it follows that ∂G/∂t ∈ J_{rel}G + (G) at (x, t). Now suppose that (0, 0 ≠ (x, t) ∈ cl(V (J_{rel}G) − X) ∩ X. Then there is an analytic curve-germ γ : (C , 0) → (V (J_{rel}G), (x, t)) such that G(γ(s)) ≠ 0 for s ≠ 0. We have d(G ∘ γ)/ds = ∑_{n+1} i=1 dγ_i/ds(∂G/∂x_i) ∘ γ + dγ_{n+2}/ds(∂G/∂t) ∘ γ = dγ_{n+2}/ds(∂G/∂t) ∘ γ (since γ(s) ∈ V (J_{rel}G) for all s). Thus, by the preceding paragraph, d(G∘γ)/ds ∈ (G∘γ). Since G(γ(0)) = 0, this is absurd.

It follows that the intersection of cl(V (J_{rel}G) − X) with the hypersurface X is contained in {(0, 0}, i.e. is at most 0-dimensional. Part (i) follows.

Part (ii) follows also: for were it false, there would be a curve γ : (C , 0) → (cl(V (J_{rel}(G) − X)) ∩ C^{n+1} × {0}, with γ(s) ≠ (0, 0) for s ≠ 0. Clearly the image of such a curve must lie in X; but each point of its image is the limit point of a curve in V (J_{rel}G) − X, and this now contradicts (i). □ Corollary 2.2 With the hypotheses of Lemma 2.1, suppose in addition that rank H^n(X_t, Z) = 1 for t ≠ 0. Then for t ≠ 0, the function g_t = G( , t) has a single critical point P_t off its zero-locus X_t. Furthermore, this critical point is non-degenerate, and lies in R^{n+1} if G is real.

Proof By Lemma 2.1, g_t has only a finite number of critical points off X_t. A Morse-theoretic argument due to Siersma ([16]) now shows that X_t is homotopy-equivalent to a wedge of n-spheres, whose number is equal to the sum of the Milnor numbers of g_t at its critical points off X_t. Thus, there can be only one such point, and it must be non-degenerate. If in addition G is real, the complex conjugate of P_t is also critical; it follows that P_t is conjugation-invariant.□

The proof of Theorem 1.1 is based on the Morse theory of the critical point whose existence and uniqueness we have just proved. We need

Lemma 2.3 Suppose g is a complex analytic function with a non-degenerate critical point at P , and g(P ) ≠ 0. Then

1. if v ∈ T_P R^{2n+2} is an eigenvector of d^2 | g | (P ) with eigenvalue λ, then iv is an eigenvector with eigenvalue −λ,

2. the index of the Hessian of | g | at P is equal to n + 1, and

3. the negative eigenspace of d^2 | g | (P ) spans C^{n+1} over C .

Proof Modulo higher-order terms, we have g(P + z) = p + iq + z^t[a + ib]z, where p + iq = g(P ) and [a + ib] is the matrix of (1/2)d^2g(P ), written as a sum of real and imaginary matrices. With x and y in R^{n+1} ⊂ C^{n+1}, we therefore have

|g|^2(P +x+iy) = p^2+2p{x^tax−y^tay−2x^tby}+q^2+2q{x^tbx−y^tby+2x^tay}, again modulo higher-order terms. It follows that

d^2|g|^2(P )(x+iy, x+iy) = 4p{x^tax−y^tay−2x^tby}+4q{x^tbx−y^tby+2x^tay}.

From this it is easy to check that d^2|g|^2(P )(iz, iz) = −d^2|g|^2(P )(z, z). Since d^2|g|^2(P ) = 2|g(P )|d^2|g|(P ), (i) follows.

The remaining two statements are obvious consequences of (i). □

Lemma 2.4 Suppose that P ∈ R^{n+1} and that g ∈ OC n+1_{,P} is real, and let gR denote its restriction to R^{n+1}. Suppose also that g has a non-degenerate critical point at P , and that g(P ) > 0. Let S(| g |, P ) and S(gR, P ) denote the stable manifolds of (the gradient flow of) ‖g‖ and gR at P . Then S(gR, P ) = S(‖g‖, P ) ∩ R^{n+1}. Proof Since g is a real function (has real coefficients in its power series expansion), | g | is invariant with respect to complex conjugation, which we think of as an R-linear automorphism τ on R^{2n+2} = C^{n+1}. Hence ∇ | g | is τ-equivariant, and in particular τ-invariant on F ix(τ) = R^{n+1}. In other words, ∇ | g | is tangent to R^{n+1}. It follows that ∇ | g |_|Rn+1 = ∇ | gR |= ∇gR (the second equality because gR =| gR | in the neighbourhood of P ). The lemma follows. □

To simplify notation, from now on we consider the fibres XR_{,−1} and XR_{,1} rather that XR_{,t} for t < 0 and t < 0. There is no loss of generality in so doing.

Corollary 2.5 Suppose that

1. the projection p : X = G^{−1}(0) → C given by p(x, t) = t has isolated singularity;

2. rank H^n(X_t; Z) = 1 for t ≠ 0;

3. G is real.

Let ℓ = dim S(| g |, P_ϵ) ∩ R^{n+1} − 1 where ϵ = ±1. Then XR_{,ϵ} is a homotopy ℓ-sphere.

Proof Clearly g_ϵ(P_ϵ) ∈ R − 0. Suppose first that g_ϵ(P_ϵ) > 0. Let B be a large ball in R^{n+1}, centred at 0 and containing P_ϵ. By Morse theory, B is obtained from XR_{,ϵ} by gluing in an k-cell, where k + 1 = dimS(g_ϵ, P_ϵ). Since B is contractible, XR_{,ϵ} is homotopy-equivalent to the boundary of this cell. By the lemma, k = ℓ.

If g_ϵ(P_ϵ) < 0, then the preceding analysis applies to −g_ϵ. □

We now recall first the construction of the weighted homogeneous monodromy. Suppose that X has real defining equation G(z_1, ..., z_{n+1}, t), which is homogeneous of degree d with respect to weights w_1, ..., w_{n+1}, w. Write g_t(z_1, ..., z_{n+1}) = G(z_1, .., z_{n+1}, t), so that g_t defines X_t. Then g_{te}il (e^{ilw1/w}z_1, ..., e^{ilwn+1/w}z_{n+1}) = e^{ild/w}g_t(z_1, ..., z_{n+1}), so the linear isomorphism A_l whose matrix, with respect to the standard basis, is diag(e^{ilw1/w}, ..., e^{ilwn+1/w}), maps X_t = g_t^{−1}(0) diffeomorphically to X_eilt . In particular A_{2π} induces the geometric monodromy of the fibration (X − X_0) → (C − 0).

Proposition 2.6 In the situation of Theorem 1.1, each entry in the matrix of A_{2π} is equal to ±1.

Proof By replacing G by −G if necessary, we may assume that g(P_1) > 0. Because XR_{,1} is good, the critical point of gR_{,1} at P_1 is a local maximum, with stable manifold of dimension n + 1. On the other hand, the stable manifold of | g_1 | at P_1 also has dimension equal to n + 1, by Lemma 2.3. It follows from Lemma 2.4 that S(‖g_1‖, P_1)) coincides with S(g_1, P_1).

Now g_t ∘ A_{2π} = e^{2iπd/w}g_t, so because P_t is the unique critical point with non-zero critical value, A_{2π}(P_t) = P_t, and indeed e^{2iπd/w} = 1. It follows also that A_{2π}(S(‖g_1‖, P_1)) = S(‖g_1‖, P_1), and thus that A_{2π}(R^{n+1}) = R^{n+1}. Hence A_{2π} is real. Since all of the eigenvalues of A_{2π} are roots of unity, each must be equal to ±1. □

Remark 2.7 It should be noted that when rank H_n(X_t; Z) > 1, the quasihomogenenous monodromy A_{2π} is not in general real.

From the coincidence of S(g_1, P_1) and S(| g_1 |, P_1) in the previous proposition, it follows that the inclusion XR_{,1} → X_1 is a homotopy equivalence (see Theorem 1.1 of [13]). In particular, it induces an isomorphism on n’th homology. Since the inclusion XR_{,1} → X_1 is equivariant with respect to the action of A_{2π}, it follows that homological information about the the complex monodromy can be read off from the action of A_{2π} on XR_{,1}.

Proposition 2.8 Let X ⊆ C^{n+1} × C be a hypersurface, and suppose that hypotheses 1, 2 and 4 of Theorem 1.1 hold. Then the homological monodromy h_∗ : H_n(X_1; Z) → H_n(X_1; Z) of the fibration of X over C − {0} is just multiplication by detA_{2π}.

Proof The quasihomogeneous monodromy A_{2π} maps V to itself, and so induces a real linear automorphism of V , which we will denote by A_{2π |V} . Since X_1 is homotopy equivalent to the boundary of an n-cell in S(| g_1 |, P_1), by a homotopy equivalence which is equivariant with respect to the quasihomogeneous monodromy, it follows that h_∗ is multiplication by 1 if A_{2π |V} preserves orientation and −1 if it reverses it. That is, h_∗ = 1 if det(A_{2π |V} ) > 0 and h_∗ = −1 if det(A_{2π |V} ) < 0. Since by Lemma 2.3 V spans C^{n+1} over C , a real basis for V is also a complex basis for C^{n+1}. It follows that det(A_{2π |V} ) = det(A_{2π}). All the eigenvalues of A_{2π} are roots of unity, and so as det(A_{2π}) is real, it must be equal to ±1. The result follows. □

Proof of Theorem 1.1 The ”semi-monodromy” A_π is the diagonal matrix with entry in the j-th place equal to exp(iπw_j /w). Clearly A_π(X_1) = X_{−1}. Since A_π is an isometry on the underlying real space, it follows that A_π(S(‖g_1‖, P_1) = S(‖g_{−1}‖, P_{−1}). We now apply Lemma 2.4. There are two cases.

First, if g_{−1}(P_{−1}) > 0 then XR_{,−1} is homotopy equivalent to the boundary of a neighbourhood of P_{−1} in S(gR_{,−1}, P_{−1}). By Lemma 2.4, S(gR_{,−1}, P_{−1}) = S(| g_{−1} |, P_{−1}) ∩ R^{n+1} = A_π(S(| g_1 |, P_1)) ∩ R^{n+1}. Hence the dimension of S(gR_{,−1}, P_{−1}) is equal to the number of real diagonal entries in A_π, and k_− is 1 less than this.

If g_{−1}(P_{−1}) < 0 then XR_{,−1} is homotopy equivalent to the boundary of a neighbourhood of P_{−1} in S(−gR_{,−1}, P_{−1}). By Lemma 2.4, S(−gR_{,−1}, P_{−1}) = S(| g_{−1} |, P_{−1}) ∩ R^{n+1}, and once again k_− is 1 less than the number of real diagonal entries in A_π.

On the other hand, since A_{2π} = A^2_π is real, the remaining diagonal entries of A_π are all square roots of -1. It follows that det(A_{2π}) = (−1)^{n+1−(k−+1)}, and this proves the theorem. □

The fact that all of the entries of A_π are fourth roots of unity, which was proved in Proposition 2.6, turns out to have another interesting consequence:

Theorem 2.9 : Suppose that the hypotheses of Theorem 1.1 hold, and that Y is another real form of X, also quasihomogeneous with the same weights and degrees. Let ℓ_+ and ℓ_− be the homotopy dimension of YR_{,t} for t > 0 and t < 0 respectively. Then ℓ_+ − ℓ_− ≡ k_+ − k_−(mod 2), and so in particular the parity of the change in homotopy dimension determines the monodromy of the complex fibration over C − 0.

Proof Let e_1, . . . , e_{n+1} be the standard basis of C^{n+1}. Then the involutions τ (complex conjugation) and A_{2π} each send C ⟨e_i⟩ to itself (for all i) and their actions on C ⟨e_i⟩ commute. Therefore A_{2π} and τ commute.

Let S_i denote T_{Pi} S(| g_i |; P_i) (for i = 1, −1). We have already seen that τ and A_{2π} each act on both of these spaces, so both are representations of ⟨A_{2π}, τ⟩ ∼= Z_2 ×Z_2. Therefore S_1 and S_{−1} each decompose into four subspaces corresponding to the four irreducible representations of Z_2 × Z_2.

For i = ±1, let S_i = U_i ⊕ V_i be the decomposition of S_i into the invariant and anti-invariant subspaces under the action of A_{2π}. Similarly let S_i = R_i ⊕ I_i be the decomposition of S_i into the invariant and anti-invariant subspaces under the action of τ (i.e., the real and imaginary parts). Then our four subspaces of S_i are U_i ∩ R_i, U_i ∩ I_i, V_i ∩ R_i and V_i ∩ I_i.

Notice that A_π: S_1 ∼= S_{−1}. Also A_π(U_i) ⊆ U_{−i} and A_π(V_i) ⊆ V_{−i}. Furthermore if x ∈ U_i then x = ∑ λ_je_j where w_j/w /∈ Z ⇒ λ_j = 0 so x ∈ R_i ⇒ A_π(x) ∈ R_{−i}. Therefore A_π(U_i ∩ R_i) ⊆ R_{−i}. Similarly A_π(U_i ∩ I_i) ⊆ I_{−i}, A_π(V_i ∩ R_i) ⊆ I_{−i} and A_π(V_i ∩ I_i) ⊆ R_{−i}. Putting these facts together we see that

A_π: U_1 ∩ R_1 ∼= U_{−1} ∩ R_{−1} A_π: U_1 ∩ I_1 ∼= U_{−1} ∩ I_{−1}

A_π: V_1 ∩ R_1 ∼= V_{−1} ∩ I_{−1} A_π: V_1 ∩ I_1 ∼= V_{−1} ∩ R_{−1}.

Now ℓ_+ − ℓ_− = (dim R_1 − 1) − (dim R_{−1} − 1) = dim R_1 − dim R_{−1} = [dim(U_1 ∩R_1)+dim(V_1 ∩R_1)]−[dim(U_{−1} ∩R_{−1})+dim(V_{−1} ∩R_{−1})] = dim(U_1 ∩ R_1)+dim(V_1 ∩R_1)−dim(U_1 ∩R_1)−dim(V_1 ∩I_1) = dim(V_1 ∩R_1)−dim(V_1 ∩I_1).

This is congruent modulo 2 to dim(V_1 ∩ R_1) + dim(V_1 ∩ I_1) = dimV_1. This is the number of −1’s along the diagonal in A_{2π}. Therefore detA_{2π} = (−1)^{l+−l−} □ Remark 2.10 That the quasihomogeneous monodromy A_{2π} be real is equivalent to having 2w_j/w ∈ Z for all j. Evidently this is a rather strong requirement. However, as we have seen, it is forced by the existence of a good real form, and in the class of examples described below, a good real form seems always to exist.

Let f : C^s, S → C^{n+1}, 0 (s ≥ n) be a map-germ of finite A_e-codimension, and let f_t : U_t → C^{n+1} be a stable perturbation of f. Then the discriminant of f_t (or image, when s = n) has the homotopy type of a wedge of n-spheres ([3], [12]). The number of these is the discriminant Milnor number of f (or image Milnor number when s = n). It is greater than or equal to the A_ecodimension provided s ≥ n + 1 and (s, n + 1) are nice dimensions in the sense of J.Mather ([11]), with equality holding in the quasihomogeneous case ([3]). The same relation holds also when (s, n + 1) = (1, 2) ([14]) or (2, 3) ([7],[12], and conjecturally in all cases (n, n + 1) which are in Mather’s range of nice dimensions. The first author has shown in [2] that all singularities f : C^n, S → C^{n+1}, 0 with image Milnor number 1, and whose component mono-germs have kernel rank at most 1, are quasihomogeneous and have real forms with good perturbations.

In all other examples of germs f with discriminant (or image) Milnor number equal to 1 for which the answer is known, there is a real form with a good perturbation (see e.g. [13]).

3 Generators of the vanishing homology

Suppose that XR_{,1} is a good real form, and let U be the connected component of the complement of XR_{,1} in R^{n+1} containing the unique critical point of the defining equation g_t with non-zero critical level. Denote the topological adherence of U by ∂U.

Lemma 3.1 U is bounded.

Proof Let B_R denote the ball in R^{n+1} of radius R, centred at 0, and let S_R denote its boundary. All level sets of |gR_{,0}| are stratified transverse to S_R, and therefore for parameter values t sufficiently close to 0, all level sets of |gR_{,t}| are stratified transverse to S_R. Since the unique critical point P_t of gR_{,t} lying off g^{−1}R_{,t}(0) tends to 0 as t tends to 0, it follows that for small t, P_t ∈ B_R. Let U_t be the connected component of the complement of XR_{,t} containing P_t. We claim that provided t > 0 is small enough then U_t ⊂ B_R. To see this, observe that U is foliated by level sets C_η = g^{−1}R_{,t}(η) ∩ U, for η between 0 and gR_{,t}(P_t). Each set C_η is a sphere, since each is the image under the downward gradient flow of gR_{,t} of a level set near the non-degenerate local maximum P_t. If any C_η meets S_R, let η_0 = sup{η |C_η ∩ S_R ≠ ∅}. Then C_{η0} fails to be transverse to S_R, contradicting the statement made earlier. Therefore all C_η are contained in the interior of S_R. Since U_t is bounded, so is U = U_1. □

Proposition 3.2 Suppose that X_1 is good. Then A_π(XR_{,1}) ∩ R^{n+1} is a deformation-retract of XR_{,−1}.

Proof Recall that the quasihomogenenous monodromy A_{2π} is represented in the standard basis of C^{n+1} by a diagonal matrix with diagonal entries ±1. Let V_+ and V_− be the positive and negative eigenspaces of the restriction of A_{2π} to R^{n+1}. The semimonodromy A_π is the diagonal matrix with ±1 in place of each positive entry in A_{2π} and ±i in place of each negative entry. We have the following relation between the germs at P_{−1} of stable manifolds: S(|gR_{,−1}|, P_{−1}) = S(|g_{−1}|, P_{−1}) ∩ R^{n+1} = A_π(S(|g_1|, P_1) ∩ R^{n+1} = A_π(R^{n+1}) ∩ R^{n+1} = V_+.

Now observe that g_{−1 |V+} has unique critical point P_{−1} off its zero-locus. For gR_{,−1} is invariant under A_{2π}, so that P_{−1} must lie in V_+, and moreover dgR_{,−1 |V−} = 0, so that any critical point of g_{−1 |V+} is also a critical point of gR_{,−1}. Note that P_{−1} is a local maximum of the restriction of |gR_{,−1}| to V_+. It follows by Lemma 3.1 that P_{−1} lies in a bounded connected component U^′ of the complement in V_+ of XR_{,−1}, and moreover that U^′ is foliated by its intersection with the level sets of |gR_{,−1 |V+} |, which are spheres of dimension k_−.

Let X^ϵR_{,−1} = g^{−1}R_{,−1}([−ϵ, ϵ]). Note that for small ϵ (less than g_{−1}(P_{−1}), X^ϵR_{,−1} is a smooth manifold with boundary. By classical Morse theory, it is rendered contractible by gluing in a ball along the sphere |gR_{,−1}|^{−1}(ϵ) ∩

V_+ ∩ U^′. The same is true of X^ϵR_{,−1} ∩ V_+. It follows that the inclusion X^ϵR_{,−1} ∩ V_+→X^ϵR_{,−1} is a homotopy equivalence. As XR_{,−1} can be given a Whitney stratification, and P_{−1} is the only critical point of gR_{,−1} off XR_{,−1}, it follows that for ϵ > 0 small enough there is a deformation-retraction X^ϵR_{,−1} → XR_{,−1} (see [5], Chapter 2). Similarly, XR_{,−1} ∩ V_+ is a deformationretract of X^ϵR_{,−1} ∩ V_+. By composition of homotopy-equivalences, this shows that the inclusion XR_{,−1} ∩ V_+→XR_{,−1} is a homotopy equivalence, so that the former space is a deformation-retract of the latter (because the pair (XR, −1, XR_{,−1} ∩ V_+) is algebraic and therefore triangulable, it is an NDR pair, see [17] page 25.) Finally, XR_{,−1} ∩ V_+ = A_π(XR_{,1} ∩ R^{n+1}). □

We illustrate the proposition in an example in Figure 2, which shows the bifurcation ”birth of two triple points”. For fixed value of the parameter t, the surface consists of three immersed surfaces, parametrised by (x, y) → (x, y, y) (x, y) → 9x, y, −y) (x, y) → (x, y, t − x^2) The family is weighted homogenenous with respect to (target) weights w_1 = 1, w_2 = 2, w_3 = 2, w = 2. Figure 2 here The matrix A_π inducing the weighted homogenenous semi-monodromy is

i 0 0 0 −1 0 0 0 −1

We leave to the reader to check that for t ≠ 0, the unique critical point of the defining equation g_t(X_1, X_2, X_3) = (X_2 − X_3)(X_2 + X_3)(X_3 + X^2_1 − t) lying off the surface is the point (0, 0, 2t/3).

In (b), which is a good real picture, the surface is shown opaque. The three immersed surfaces meet in two triple points. In (a) the surfaces are shown transparent. There are no triple points. In (a) we have highlighted a triangle contained in A_π(XR_{,1}) ∩ R^{n+1} with a thick black line, in the centre of the picture; the remainder of A_π(XR_{,1}) ∩ R^{n+1} consists of the continuation of the three sides of the triangle. The triangle caries the vanishing homology of XR_{,−1}; it is in fact equal to A_π(∂U) ∩ R^{n+1}.

We conjecture

Conjecture 3.3 With the assumptions and notation of this section, we have

1. ∂U is a topological n-sphere,

2. ∂U is a deformation-retract of XR_{,1},

3. A_π(∂U) ∩ R^{n+1} is a topological k_−-sphere, and

4. A_π(∂U) ∩ R^{n+1} is a deformation-retract of XR_{,−1}.

4 Real images and their closure

Suppose that instead of real algebraic sets, we are interested in the images of (proper) real algebraic maps R^n → R^{n+1}. These are of course merely semialgebraic. The Zariski closure of the real image in general contains lower dimensional pieces which may contribute non-trivially to its homology. For example, in Figure 1(i) we see the Zariski closure f_t(R^2) of the image of f_t(x, y) = (x, y^2, y^3 + x^2y + ty) for t = −1 in (a) and for t = 1 in (b). In (b), the singular curve of the surface is of course an algebraic set, and continues beyond the surface itself. However, it is clear in this case that f_1(R^2)→f_1(R^2) is a homotopy equivalence. On the other hand, in (a) this last is not the case: f_{−1}(R^2) is contractible, whereas its Zariski closure is a homotopy 0-sphere.

Conjecture 4.1 If f_t(R^n) is a good real picture, then the inclusion f_t(R^n)→f_t(R^n) is a homotopy-equivalence.

Since the complement of f_1(R^2) in f_1(R^2) is of dimension less than n, it is easy to see that the inclusion of the former in the latter induces an isomorphism on n’th homology.

References

[1] J.W.Bruce and R.M. Roberts, Critical points of functions on analytic varieties, Topology Vol. 27 No.1, 1988, 57-90

[2] T. Cooper, Mapgerms of A_e-codimension 1, Ph.D. thesis, University of Warwick, 1994

[3] J. Damon and D. Mond, A-codimension and the vanishing topology of discriminants, Invent. Math. 106 (1991), 217-242

[4] H.Hamm and D.T.Lê, Un théoreme de Zariski du type de Lefschetz, Ann. Sc. de l’Ecole Norm. Sup., t. 6, 1973, 317-366

[5] C.G. Gibson, K. Wirtmuller, A.A. du Plessis and E.J.N. Looijenga, Topological stability of smooth mappings, Lecture Notes in Math. 552, Springer-Verlag, 1976

[6] V.V. Goryunov, The monodromy of the image of a mapping from C^2 to

C^3, Functional Analysis and Applications, Vol. 25 No. 3 (1991), 174-180

[7] T. de Jong and D. van Straten, Disentanglements, Singularity Theory and its Applications, Warwick 1989, Part 1, D. Mond and J. Montaldi eds., Lecture Notes in Math. 1462, Springer-Verlag (1991), 199-211

[8] Lê Dũng Trang, Le concept de singularité isolée de fonction analytique, Adv. Stud. Pure Math. 8 (1986)

[9] E.J.N. Looijenga, Isolated singular points of complete intersections, London Math. Soc. Lecture Notes 77, 1984

[10] W.L. Marar and D. Mond, Real germs with good perturbations, Topology Vol. 35 No. 1 (1996), pp. 157-165

[11] J.N. Mather, Stability of C^∞ mappings VI: The nice dimensions, in Proceedings of the Liverpool Singularities Conference Volume 1, C.T.C. Wall (ed.), Lecture Notes in Math. 192, Springer Verlag, 1972

[12] D. Mond, Vanishing cycles for analytic maps,Singularity Theory and its Applications, Warwick 1989, Part 1, D. Mond and J. Montaldi eds., Lecture Notes in Math. 1462, Springer-Verlag (1991), 221-234

[13] D. Mond, How good are real pictures?, Proceedings of International Conference on Algebraic Geometry, La Rábida 1991, Progress in Math. Vol. 134, Birkhauser Verlag, Basel, 1996, pp. 259-276

[14] D. Mond, Looking at bent wires - A_e-codimension and the vanishing topology of parametrised curve singularities, Math. Proc. Camb. Phil. Soc. (1995) 117, pp. 213-222

[15] D. Mond and J. Montaldi, Deformations of maps on complete intersections, Damon’s K_V -equivalence and bifurcations,Proceedings of Conference on Singularities, Lille,1991, J.-P. Brasselet ed., London Math. Soc. Lecture Notes Series, Cambridge University Press, 1994, pp.263-284

[16] D. Siersma, Vanishing cycles and special fibres, Singularity Theory and its Applications, Warwick 1989, Part 1, D. Mond and J. Montaldi eds., Lecture Notes in Math. 1462, Springer-Verlag (1991), 292-301

[17] G.W. Whitehead, Elements of homotopy theory, Graduate Texts in Math. 61, Springer- Verlag, 1978

15