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Read carefully the instructions on the answer book and make sure that the particulars required are
entered on each answer book.

ANSWER 4 QUESTIONS.

If you have answered more than the required 4 questions in this examination, you will only be
given credit for your 4 best answers.

In your answers you may use any theorem (or proposition or lemma) proved in the course, provided

you state it clearly.

1. (a) Letf : M → N be a smooth map, and letZ be a submanifold ofN . Define what it means
for f to betransverseto Z in N . Show that

ftZ ⇔ graph(f)tM × Z

in M ×N , where graph(f) = {(x, y) ∈ M ×N : y = f(x)} is the graph off . [6]

Let Nn ⊂ Rp be a smooth manifold.
(b) Define thetangent bundleTN ⊂ N×Rp and thenormal bundleν(N, Rp) ⊂ N×Rp. Prove
thatTN is a manifold of dimension2n. [6]

(c) Show that the natural projectionπ : TN → N is a submersion. [6]

(d) Show that ifMm ⊂ Nn ⊂ Rp then ν(M, Rp) ∩ TN = ν(M, N), and show that this
intersection is transverse inN × Rp. (Hint: (c) can help.) What can you conclude about
ν(M, N)? [7]
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2. (a) What is asmooth atlason a manifoldM? [3]

(b) Let∼ be the equivalence relation on the sphereSm obtained by declaring antipodal points
to be equivalent, and letRPn = Sn/ ∼. Construct an atlas onRPn as follows. Each hyper-
planeP though 0 cuts the sphere into two open hemispheres. LetH be one of them. The map
q : Sn → RPn is open, soQ := q(H) is an open set inRPn (and doesn’t depend on which
hemisphere we choose). Asq is 1-1 onH, q : H → q(H) is a homeomorphism. LetB be the
unit ball in P , centred at0. Define the chartφP : Q→ BH as the composite ofq−1 : Q→ H

andπ : H → B, whereπ is orthogonal projection.

(i) Make a drawing or drawings for the casen = 1 (i.e. whereSn is the unit circle) showing

• two hyperplanesP1 andP2 (which you should choose);

• two hemispheres (= semicircles)H1 andH2,

• φP1(Q1 ∩Q2) andφP2(Q1 ∩Q2),

and showing also the crossover map

φP2 ◦ φ−1
P1

: φP1(Q1 ∩Q2) → φP2(Q1 ∩Q2)

as a sequence of projections. [5]

(ii) Show that the atlas onRPn just constructed is smooth. [5]

(c) An atlas{φa : Uα → Vα} gives a manifoldM a Euclidean structureif all of the crossover
maps

φβ ◦ φ−1
α : φα(Uα ∩ Uβ) → φβ(Uα ∩ Uβ)

are Euclidean isometries.

(i) Show that them-torusS1 × S1 × · · · × S1 has a Euclidean structure. [5]

(ii) What is astraight lineon them-torus? Explain. [4]

(d) Does the atlas in (b) allow us to speak of straight lines inRPn? Justify your answer, possibly
by means of a drawing. [3]
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3. (a) Define thedegreeof a smooth map between oriented compact manifolds of the same di-
mension, explaining why it is well-defined. [5]

(b) State and prove Brouwer’s fixed point theorem. [6]

(c) Define thelinking numberof disjoint oriented closed curves inR3. Calculate the linking
number of the following pair of curves

taking care to explain your procedure. [6]

(d) In R5, consider the two 2-spheres

S1 = {(x1, . . ., x5) : x4 = x5 = 0, x2
1 + x2

2 + (x3 +
1

2
)2 = 1}

and
S2 = {(x1, . . ., x5) : x1 = x2 = 0, (x3 −

1

2
)2 + x2

4 + x2
5 = 1}

(whose centres are at(0, 0,−1/2, 0, 0) and(0, 0, 1/2, 0, 0) respectively). Show that it is not
possible to moveS1 andS2 in a homotopy, in such a way that they remain at all times disjoint,
to positions on opposite sides of a hyperplane. [8]

4. (a) Letω be the 2-formcos xdy ∧ dz − sin zdx ∧ dy.

(i) Calculate the exterior derivativedω. [2]

(ii) Let f : R2 → R3 be the mapf(u, v) = (u, v2, uv). Findf ∗(ω). [2]

(b) Letω = a1dx1 + a2dx2 + a3dx3 be a nowhere-vanishing 1-form onR3.
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• Show that ifω1 is a 1-form such thatω ∧ ω1 is identically zero then there is a smooth
functionc on R3 such thatω1 = cω. [2]

• Show that ifω2 is a 2-form such thatω ∧ ω2 is identically zero, then in some neighbour-
hoodU of each pointp there exists a 1-formωU such thatω2 = ω ∧ ωU . [4]

(c) LetMm be a manifold. Explain how to use a nowhere vanishingm-form to orientM . Prove
that if M is orientable then there exists a nowhere vanishingm-form. [6]

(d) State Stokes’s Theorem. Letω be anr-form onRn such that∫
Z

ω

for every oriented submanifoldZ ⊂ Rn which is diffeomorphic to ther-sphereSr. Show that
dω = 0. [3], [6]

5. (a) What is anorientationof finite dimensional vector spaceV ?
What is anorientationof a manifold? [4]

(b) Suppose that0 → A
i−→ B

j−→ C → 0 is a short exact sequence of oriented finite di-
mensional vector spaces. What does it mean for the sequence to bepositive? Explain how to
use orientations of two of the spaces in a short exact sequence to orient the third (you do not
need toshowthat your procedure is independent of choices, though it should be). [5]

Explain how to orient:

(i) the non-empty preimage of a regular value of a smooth mapf : M → N , where bothM

andN are oriented; [4]

(ii) the non-empty transverse intersectionM ∩ Z of submanifoldsM andZ of N , where all

three are oriented. [4]

(c) (i) Show that the degree of the antipodal mapSn → Sn is (−1)n+1. [4]

(ii) Recall thatRPn is the quotient of then-sphereSn by the equivalence relation identifying

antipodal points. Use (c)(i) to show thatRPn is orientable if and only ifn is odd. [4]
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