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Paststudiesof systemsshowingmixed-modeoscillationshaverevealedbehavioralongarbitrarilychosenparameterpathssim-
ilar to that on thecritical surfacemarkingthebreak-upof invarianttori. Observationsof thisbehaviorin amodel of theBelou-
sov—Zhabotinskiireactionis presented.Usingthetheoryof circlemaps,it is shownthatnear-criticalbehaviorcanarisealongone-
parameterpaths.

Phaselocking hasbeenobservedin a variety of standby showingresultswe haveobtainedfrom a
systemsincluding convectivefluids [1], chemical model of the Belousov—Zhabotinskii(BZ) reaction
reactions [2], and numeroussolid state devices (seebelow). The temporalevolutionof the system
[3,4]. Recentstudieshavecenteredon the quasi- consistsof complicatedsequencesof largeandsmall
periodic transition to chaosassociatedwith the amplitudeoscillationsbeing associatedwith nearly-
breakupof invarianttori andhaveservedto confirm harmonicbehaviorandthe largeamplitudeoscilla-
predictions made from the study of circle maps tionsbeingassociatedwith relaxationalbehavior.We
[5—7].Of particularimportanceis the critical line label a periodic statewith L large oscillationsfol-
(codimension-onesurface)in parameterspaceon lowed by Ssmall oscillationsby L S A morecorn-
which theunderlyingtoruslosessmoothness.On the plicatedpatternconsistingof n transitionsbetween
critical surface,phaselocking occurswith full mea- large and small oscillationsper period is labeled
sure. Below this surface,phase-lockedtonguesare L~’...L~’.
separatedby quasiperiodicity;abovethecritical sur- The orderingof statesas a function of a control
face,phase-lockedtonguesoverlapandchaoscanoc- parameteris governedby the concatenationrule
cur. Only through the careful variation of two shown in fig. 1 a: betweentwo relativelysimplepar-
parametersis it generallypossibleto obtain a path ent statesis found the daughterstatewhosepattern
confinedto thecritical surface.One-parameterpaths is theconcatenationof thoseof the parentstates.By
genericallyintersectthe critical surfacetransversely assigninga rotation numberR to eachof the states,
andare expectedto show,in additionto phaselock- this orderingcanbe describedby Fareyseries.We
ing, quasiperiodicityor chaosor bothwithnon-zero define R to be L/ (L+ S), where L andS are, re-
measure. spectively,the total numbersof largeandsmall os-

Nevertheless,therehavebeenreportsof systems cillations per period. Then the concatenationrule
showingonly periodic statesalong essentiallyarbi- implies that betweentwo stateswith rotationnum-
traryone-parameterpaths[2,8—11].Theorderingof bersR1 =Pi /q1 andR2=p2/q2 liesthe statewith ro-
thesestatesalongtheparameterpathsis like thatof tation number R = (Pi +P2) / (q1 + q2), the Farey
phase-lockedstateson a torus, i.e. the ordering is mediantof R1 andR2.
naturallydescribedby Fareyseries.It is this “critical Overa rangeof control parameter,only periodic
behavior” along one-parameterpaths which we statesareobservedand thesestatesalwaysobeythe
addresin this Letter, concatenationrule. Thus,plotting R asa functionof

We first illustrate thebehaviorwewish to under- control parameterweobtain a devil’s staircase(fig.
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Fig. 1. Representativedynamics.(a) Plots of log U versustime valuesof /3. Theintegrationhasbeenperformedwith
for a model of theBZ reactionat threevaluesof thecontrolpa- a one-steprelativeerror toleranceof at most 10—~0

rameter/3 (seetext). The variableU representstheconcentra- (andin somecasesassmallas 10— 13 to furtherverify
tion of a chemicalspecies.At valuesof /3 betweenthe 12 and l~
statesis foundthe 1213 statewhosepatternis theconcatenation the periodicity of solutions).Stateswith asmanyas
of the 12 and i~patterns.The rotationnumberR is shownin 95 oscillationsper periodhavebeenobserved.The
squarebracketsfor thethreestates.(b) Devil’s staircaseof pen- staircasebehaviorcontinuesforvaluesof/I lessthan
odic statesobtainedfromthemodel. Schematicrepresentations thoseshown,but non-periodicstatesare also found
of theperiodicpatternsand therotation numberaregivencx- (seebelow); for valuesof /3 abovethoseshown,the
plicitly for five of thesteps.

small amplitude oscillationsterminate in a Hopf
bifurcation.

lb). This staircasestronglyresemblesthat expected To verify thatthe behaviorshownin fig. 1 did not
at criticality (cf. resultsobtainedfor the sine circle ariseby somefortuitouschoiceof parametervalues,
map [7]) eventhoughonly one (arbitrarily chosen) we have(1) decreasedeachof the parameters(ex-
parameterhasbeenvaried. cept /3) by 10%andagainvaried /3, and (2) varied,

Behavior like that just describedhas been ob- oneat a time, theparametersa,a,andg
2with /3 fixed

servedin a varietyof systems[8—11],andyet there at 3.73x l02. In eachcasewe haveagain found
hasbeennogeneralexplanationofthephenomenon. “critical behavior”.
(Mapsof the intervalwhich give rise to this behav- Shownin fig. 2 isa phaseportraitwhich illustrates
ior havebeenstudied[12]; certainsystemswith dis- an importantpropertyof the model dynamicsas-
continuitieshavealsobeentreated[13]. We provide

fig. 1 are phase-lockedstateson a torus,andusing
the theoryof circle maps,weshowhow near-criticalevidencethat the mixed-modeoscillationsshown in
behaviorcan arise along one-parameterpaths. It —J

shouldbe notedthatperiodic dynamicsdescribable
with Farey triangleshasalso beenobservedin ex- _2_~~ Log B —0.1

periments [8,14], but we shall notaddressthis be-
haviorhere. Fig. 2. Phaseportraitof the16 stateillustratingthelocal separa-

tion of nearbyphase-spacepoints by the flow (arrowsindicateWehaveinvestigatedamathematicalmodelof the thedirectionof increasingtime).Thedashedcurveaddedin the

BZ reactiongivenby the following four differential enlargementrepresentsa portion of theseparatrixthat trajecto-

equations[15]: riesmustcrossto undergoa relaxationoscillation.
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sociatedwith the dichotomyin the amplitudeof the
oscillations(large or small amplitudeonly). There - //

is a regionof phasespacein which the vectorfield, ,,.~

particularlythe U-component,variesrapidlyin mag- - —

nitude anddirection.This gives rise to a separatrix
in the phasespacewhich trajectoriesmust crossin
order to makea largeamplituderelaxationoscilla-

* (c) /(d)
tion. As will be importantbelow, this meansthat ..-~7 u’

thereis a regionof phasespacein which the flow Ø~ S 5’

greatlyseparates,overshorttimes,verynearbyphase-
spacepoints.

We now provideevidencethat the periodicstates ~ (
lie on an invariant torus.We havefound it conve- °

nient to analyzethe dynamicswith the next maxi- 0.54 B~, 0.64 0.54 0.64

mummapfor thevariableB, i.e. themapF: B~I-+B~+ Fig. 3. Evolutionofthe12 state.Thethird iterateofthenextmax-

whereB denotesthe nth relativemaximumof B. imum mapis shownat (a) /3=3.73528x 102: tangent bifurca-
tion into the period-three state, (b) fl=3.7342x102:This map is a one-dimensionalprojection of a stable—unstable pair of periodic orbits, and (c) /3=

Poincarémap~‘, andas such,it capturesthefeatures 3.73042x l0~:tangentbifurcationout of the12 state(enlarge-

of the dynamicsimportantto us here. ment reveals aquadratictangency).Themapsweregeneratedby
Fig. 3 illustratesthe evolutionof the dynamicsas perturbingthesystemaway from the stableperiodicorbit. (d)

/3 is variedthroughthe intervalcorrespondingto the Sketchof invariant setsfor the Poincarémapcorrespondingto
i 2 . .~ . (b). The verticalcoordinateis unspecified.Solid (hollow) cir-

state. ~~ state is uorn via a tangentor sauuie- desdenotestable(unstable)periodic orbits.Theseorbits pair
node-of-periodic-orbits(SNP) bifurcation: the sta- up u—s etc. in (a) ands—u etc. in (c).Theunstablemanifoldof

ble—unstablepair of periodic orbits initially sepa- theunstableorbit is assumedto bequalitativelyasshownin (d).

rate, but eventually reunite in another SNP
bifurcationat the otherendof the 12 interval. This thatpart of the unstablemanifoldcorrespondingto
is exactlythe behaviorof phase-lockedstatesalong thelong arcbetweenu ands’ in fig. 3d. This results
a path throughan Arnol’d tongue [16]. In particu- in gapsin the mapsof fig. 3. While we assumethat
lar, the stableandunstablefixed pointsof thethird the actualnext maximummapsarewell behavedin
maximummap (F3) pair up differently at the two the gaps,we cannotbe certainof this.
endsof the 12 interval. (We canassumecontinuity Weturn to thetheoryof circle mapsto explainwhy
of theunderlyingPoincarémaps.)Thissupportsthe the model dynamicsresemblesthat found on the
existenceof aninvarianttorusformedby theclosure critical surface. Considerthe spaceof continuous
of the unstablemanifold of the unstablelimit cycle, mapsfrom the circle to itself, C°(T1, T’), andthe
We havecheckedmany of theperiodicstatesand in subspaceDiff(T’) of (orientationpreserving)dif-
eachcasewe havefound this samebehavior. feomorphismsof the circle. (Seefig. 4.) The parts

Notethatthenear-infiniteslopeofthe mapsin fig. of theboundaryof Diff(T1) consistingof mapswith
3 is a reflectionof the local separationof trajectories a pointof zeroor infinite slopeare labeledS and~
shown in fig. 2; very nearby pointscanbe greatly respectively.In modelingthe break-upof invariant
separatedunderapplicationof the maps. It is this tori withcircle maps,S representsthe criticalsurface
which haspreventedusfrom numericallyvisualizing on which the break-upoccurs.
the unstablemanifold of the unstableperiod orbit We now showthat “critical behavior”existsalong
directly. Wehavenotbeenableto generatepointson S aswell asalong S. First note thatquasiperiodicity

andphaselocking areinvariantundertime reversal.
SI Embed the dynamics in t~” (n sufficiently large) by Thus,given any family f in Diff(T1) uSuS, there

B(t)-~(B(t) d~B(t)/dt~).LetPbethePoincarémapfor . . .

thesectiondB/dt= 0, thenthegraphofF is aprojectionofthe is a correspondingfamilyf~which shows,at any
graphofP. (F is not, in general,singlevaluedandnot, strictly given valueof ~t, the samedynamics(quasiperiod-
speaking,a map.) icity or phaselocking) asf,~.Becausemapson S are
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senone-parameterpaths,like that foundon the crit-
ical surface.Our resultson near-criticalbehaviorareBZ reactionexhibitsdynamics,alongarbitrarilycho-

______ not limited to the BZ reaction,but areapplicableto
many physicalsystemshaving strong local sepera-

______ ______ tion of orbits.

Diff(11)
Fig. 4. Schematic diagram showing aportion of thespaceC°(T’, I wish to thank M. Schumaker,H.L. Swinney,L.
T’) and the subspaceDiff(T1). Representativemapsareshown Tuckerman,andJ.Vastanofor theircritical readings
at threepoints in C°(T’, T’). The partsof the boundaryof of the manuscript.
Diff(T’) labeledSandS consistof all invertiblemapsin C°(T’,
T’) with a point of zeroor infinite slope,respectively.P~repre-
sentsthefamily of mapscorrespondingto themodelpath.Ppis References
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