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1 Introduction

A smooth action of a connected Lie group G on a symplectic manifold (M,w)
18 Hamaltonian if there is a map p : M — g*, where g* is the dual of the Lie
algebra g = T1 G of G, with the following properties.

e The map p is equivariant with respect to the given action of GG on M and
the coadjoint action of GG on g*.

e For any £ € g let V¢ be the vector field on M defined by the action of ¢
and the element & € g. Then

w(Ve, X) = dpu(X)(§)
for any vector field X on M.

The map p is called a momentum map for the action of G. The purpose of this
note is to prove the following theorem.

Theorem 1.1. Let M be a compact symplectic manifold with a Hamiltonian
action of the circle which has isolated fized points. Then

(M) =" bai(M) = baiya(M)
where o(M) is the signature of M and b;(M) is the j-th Betti number of M.

The proof of this theorem is not difficult. First, the Atiyah—Bott fixed point
theorem for the signature operator of M, see [1, 2], shows that

where the sum is over the fixed points of the circle action, and for each fixed point
p, n(p) is computed from local data. Next, since the circle action is Hamiltonian
its fixed points are the critical points of the momentum map p : M — R. The
critical points of the momentum map are all non-degenerate and the Morse
index ind(p) of each critical point p is even. We show that, in the above formula
for o(M),
n(p) = (=)@,

Since the Morse index of each critical point is even, the number of critical points

of index 2k is bap (M) and this proves the theorem. The detailed proof is given
in §2 and §3.



We discuss an application of this result to symplectic 4-manifolds in §4, and
also use the method of proof to show that if a symplectic 4-manifold has non-
zero signature then any non-trivial Hamiltonian action of the circle must have
at least one isolated fixed point.

2 The fixed point formula for the signature
Suppose M is a compact manifold and
D:C®°(M;E)— C®(M; F)

is an elliptic differential operator mapping (smooth) sections of a vector bundle
E over M to (smooth) sections of a vector bundle F' over M. Then ellipticity
implies that both the kernel of D and the cokernel of D are finite dimensional.
The index of D is defined by

ind D = dimker D — dim coker D.

Now suppose we have a compact group G acting compatibly on M, F, and
F. Then G acts on both C*°(M; E) and C*°(M; F). Suppose, in addition,
that D commutes with this action of G. Then both ker I and coker D are
representations of G and, by definition, the character valued index of D is the
character of the virtual representation ker D — coker D of . Explicitly, this
character valued index is the class function

Hld(g, D) =tr (g|kerD) —tr (g|cokerD)

on G.

The Atiyah—Bott fixed point theorem gives a formula for this character val-
ued index in terms of the fixed point set of the action of G on M. We need the
detailed formula in the case of the signature operator on a compact manifold
equipped with an action of the circle which has isolated fixed points.

Suppose M is a 2n-dimensional closed oriented Riemannian manifold. Then
we have the operator

e=i% QP (M) — Q™ P(M)

where QP (M) denotes complex valued p-forms on M and * is the Hodge star
operator. Now ¢? = 1 and so we define

Qf (M), Q7 (M)

to be the +1 and —1 eigensapces of €. The operator d+d* where d is the exterior
derivative and d* = — * d* maps the +1 eigenspace of € to the —1 eigenspace
and so defines an operator

A QM) — Q™ (M).

This is an elliptic operator—the signature operator.

Now suppose S' acts on M by isometries. Then the operator A commutes
with the induced actions of S* on Qi(M) Suppose further that the fixed points
of the S' action on M are isolated. Then the tangent space T,(M) of M at a



fixed point p is a representation of the circle. Since p is an isolated fixed point
the trivial representation cannot be a summand in 7, (M) and so

IL,(M)=ZE & - - E,

where each FEj; is an irreducible two dimensional real representation of the circle.
Choose an identification of E; with C so that 2z € S' acts on E; by multiplication
by 27P) with m;i(p) > 0. The integers m;(p) are the exponents of the circle
action at p. Define 5(p) to be £1 according to whether the orientation of M
at p agrees with the direct sum of the complex orientations of the E; or not.
Then, see [1, 2], the fixed point formula gives

: 14z
)= e = St [T 10

P i=1

for those elements » € S whose fixed point set is the same as the fixed point set
of the whole circle. Here o(z; M) is the character valued index of the signature
operator on M, or more briefly the character valued signature. The condition
on z is satisfied by any element in S of infinite order, thus it is satisfied on an
open dense subset of S'.

Lemma 2.1. Let M be a compact oriented Riemannian manifold. Suppose the
circle acts on M by isometries and has isolated fived points. Then the character
valued signature o(z; M) is independent of z and

o(z M) = n(p)

P
where the sum is taken over the fized point set of the circle action.

Proof. To prove this lemma we use an argument of Bott and Taubes [4]. The
character valued signature o(z; M) is the character of a finite dimensional virtual
representation of S'; therefore it is given by finite Laurent series and so it
extends to a unique meromorphic function on CU oo which can only have poles
at 0 and co. On the other hand

D14 mi(p)
Z 77(17) H 1 — »mi(p)
P =1
is a rational function which can only have poles on the unit circle. By the fixed
point formula, this rational function is equal to o(z; M) on an open dense subset
of the circle and hence the two must be equal on the whole of CUco. Therefore
this rational function can only have poles at 0 and oco; since neither of these lie
on the unit circle it has no poles and so must be constant.
To determine this constant we evaluate the right hand side of the fixed point
formula at z = 0 and this shows that

o(z; M) => n(p)

P

where the sum is taken over the fixed points of the circle action. |



The usual argument from index theory identifies the kernel and cokernel of
the signature operator with subspaces of the cohomology H*(M;C). Since the
circle is connected 1t must act trivially on cohomology. This can be used to
prove that the character-valued signature is constant without any hypotheses
on the fixed points. However, this line of argument does not give the value of
the constant. The fact that this constant is >_ n(p) in the case where the circle
action has isolated fixed points p 1s required for the proof of 1.1.

Lemma 2.2. Let M be a compact oriented manifold and suppose the circle acts
on M with isolated fixed points; then

where the sum is taken over the fired points of the circle action.

Proof. Choose an invariant Riemannian metric on M. Then the formula follows
from the previous lemma since o(M) = o(1; M). [

3 Hamiltonian circle actions with isolated fixed
points

Now let M be a compact symplectic manifold of dimension 2n with a Hamil-
tonian action of the circle which has isolated fixed points. Let p : M — R
be a momentum map for this circle action. Then we can draw the following
conclusions.

e A point p € M is a critical point of p if and only if 1t is a fixed point of
the circle.

e The critical points of p are all non-degenerate and all have even index.

e If p is a critical point of g with index ind(p) then
n(p) = (1)@,

The first of these statements follows easily from the conditions the momentum
map must satisfy.

To prove the others, we choose a metric ¢ and an almost complex structure
J on M which satisfy the usual compatibility hypotheses

w(X,Y)=g(X,JY) = —g(JX,Y)

for all vector fields X, Y on M. Here, of course w is the symplectic form on
M. Let p be a fixed point of the circle action. The almost complex structure J
makes 7},(M) into a complex representation of S' and we can decompose this
representation into its irreducible summands

T,(M)=FE\ & @ E}.

with exponents m/(p) € Z: thus z € St acts on E! by multiplication by Zmip)|
Note that in this decomposition we cannot assume that the m}(p) are positive
but since p is an isolated fixed point we do know that m}(p) # 0.



It is straightforward to check using the compatibility of ¢, w, and J, and the
definition of the momentum map that the Hessian of p is positive definite on the
real subspace of 7,,(M ) spanned by the summands E} with exponents m}(p) > 0
and negative definite on the real subspace of T,(M ) spanned by the summands
E! with m}(p) < 0. Since m}(p) # 0 this proves that p is non-degenerate. It
also shows that the index of p is twice the number of negative exponents m}(p);
in particular ind(p) is even.

The orientation of M is defined by the almost complex structure J. Now
considering p as a fixed point of the circle action; it follows that n(p) is 1 if
there are an even number of negative exponents m}(p) and —1 if there are an
odd number. This gives the equation

n(p) = (=)@,
We can now complete the proof of the main result of this note.

Proof of Theorem 1.1. The critical points of the momentum map g : M — R
are isolated, non-degenerate and each critical point has even index. Therefore
the j-th Betti number b;(M) is equal to the number of critical points of index
j. Now lemma 2.2 shows that

o(M) =7 n(p)

P
and since .
n(p) = (—1)nd®)/2,
this gives the required formula
(M) =" bsi(M) = baiya(M).

|

4 Hamiltonian circle actions on symplectic 4-
manifolds

The first interesting case of Theorem 1.1 is when M has dimension 4.

Corollary 4.1. Let M be a compact symplectic 4-manifold with a Hamiltonian
action of the circle with isolated fized points. Then b (M) = 1 where b¥ (M) is
the dimension of the subspace of H*(M;IR) on which the intersection form of
M 1is positive definite.

Proof. The main theorem shows that
B (M) — b5 (M) = bo(M) = ba(M) + ba(M) = 1 = bF (M) — b5 (M) + 1
and therefore b3 (M) = 1. [

Karshon has proved the general result that the only symplectic 4-manifolds
which admit Hamiltonian actions of the circle with isolated fixed points are CP?
and S? x S?. This is consistent with the above corollary since both have b;’ =1.

We get another result about circle actions on 4-manifolds by applying the
Atiyah—Bott fixed point theorem.



Theorem 4.2. Let M be a compact 4-manifold with a non-trivial circle action.
If the circle has no isolated fized points then o(M) = 0.

The proof of this theorem uses the full version of the fixed point formula; see
[3] for the derivation of this formula. Let M be a closed oriented 2n-manifold
with an action of the circle. It follows that the fixed point set of M 1is a disjoint
union of oriented manifolds and that

where the sum runs over the components of the fixed point set, n(P) is a sign
which depends on orientation conventions, and ¢(P) is the signature of P (with
the convention that if P has dimension not divisible by 4 then o(P) = 0).

Applying this formula to a 4-manifold with a non-trivial circle action which
has no isolated fixed points gives o(M) = 0 since the other components of the
fixed point set must have dimension 1, 2 or 3.
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