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Abstract

We propose an equivalent system (5, L) for studying the set of eventually periodic
points, Per(Tg), for the beta-transformation of the unit interval, when (3 is a Pisot or
a Salem number. This system is defined by a map C, which is closely related to the
companion matrix C of the minimal polynomial of 3 (of degree d > 2), and by a set of
points L Q<.

The systems (C, L) and (T3,[0,1)NQ(B)) are semi-conjugate and furthermore
the semi-conjugacy is one-to-one. Given that Per(T3) C [0,1) N Q(53), we say that
(5,L) is an equivalent system as far as the study of periodic points is concerned.

We define symbolic dynamics for (6’, L), which is related to the beta-expansions
of numbers in the unit interval. We show that C' can be factored to the toral automor-
phism defined by C' and we also study the geometry of (5,L).

The main motivation for this work is Schmidt’s paper [Sch80], and in particular
the theorem that Per(Tg) = [0,1)NQ(3) when (3 is a Pisot number, and the conjecture
that the same should be true when 3 is a Salem number. We compare the different
dynamical behaviours of (G,L) when [ is Pisot and when (3 is Salem , and state some
of the implications of Schmidt's theorem and conjecture.

Finally, we use computer simulations and plots for a particular Salem case of

degree 4, with a view to gaining further insight about the general Salem case.

Xi
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Chapter 1

Introduction

The representation of real numbers in decimal base is a rather familiar notion to most
people. In order to determine the decimal digits which represent any non-negative real
number in base 10, we choose the highest possible integers between 0 and 9, which
are associated to each power of 10, starting from the highest power to the lowest. For

example if z = 100v/2 ~ 141.4213. . ., then:
2 =1x10%+4x 10" +1x10°+4x 107 +2x 1072 +1x 102 +3x 1074 +... . (1.1)

This way of generating the integer coefficients is called the greedy algorithm, since in
each iterative step it chooses the highest integer possible. The generalization to any
other integer base 3 > 1 is straightforward. If we want to define this algorithm explicitly,
it helps to normalize any non-negative real number to the unit interval [0,1), dividing
it by a suitable power of the base.

For any integer 3 > 1 we define the greedy expansion in base 3 of z € [0,1) as

ar(x)  as(z) az(x) > ag(x)
+ +o=Y =L (1.2)
5 2

where ai(x) € {0,1,...,3 — 1} are determined as ay(x) := [ Tg_l(x)], with:

Tg: [0,1) — [0,1)
r  +— fr—[Ba]

(1.3)



and [z] ;= max{n € Ny | n < z}.

The symbolic dynamics associated to the map T} is defined in terms of the
one-sided shift on B-symbols. This one-sided space of sequences is trivially defined, and
it is known that the sequences which have periodic tails (that is, which are eventually

periodic under the shift map) correspond to the rational numbers in the unit interval.

In [Ren57], Rényi suggested generalizing the expansion of a number to any non-
integer base B > 1. In this case, the corresponding expanding map of the unit interval
is called the beta-transformation. The symbolic dynamics associated to this map are
related to a subshift of the full shift on [3] symbols, but it is not immediate to give a
description of that subshift. In [Par60], Parry characterized this subshift, describing the

sequences which belong to it.

In [Ber77] and [Sch80], an important result concerning the eventually periodic
points of the B-transformation was proved. It brought about a connection with the the-
ory of algebraic numbers, with crucial results related to two special classes of algebraic
numbers: Pisot and Salem numbers. The Pisot case is completely understood, but the
Salem case presents additional difficulties, and therefore there is still an open conjecture
concerning the Salem case. As far as we know, the only published works directly ad-
dressing the conjecture stated in Schmidt's paper, were Boyd's articles [Boy89], [Boy96]
and [Boy97]. Despite the interest and the partial results obtained by Boyd, Schmidt's

conjecture still remains unanswered.

We attempted to deal with this difficult open problem, going back to the original
paper by Schmidt. We relied on some of the original ideas used by Schmidt, and when
B > 1is Pisot or Salem , we were able to explicitly define a dynamical system which is
semi-conjugate to a restriction of the S-transformation to a subset of the unit interval
which is suitable for studying eventually periodic points. This system is defined in a
subset of Q%, and its definition is related to the linear map defined by the companion

matrix of 3.

This system can be factored to the toral automorphism defined by the companion



matrix. The way in which the periodic orbits are mapped into the torus follow a different
pattern, according to whether (3 is Pisot or Salem . We also show how the main result
by Schmidt is translated into this new setting. Finally, our system also allows us to
explicitly define the points in Q% which represent an eventually periodic point, defined

by its sequence.



Chapter 2

The beta-transformation and

symbolic dynamics

2.1 Introduction

In this chapter, we summarize some classical results concerning a particular way of repre-
senting real numbers in an arbitrary non-integer base 3 > 1. Following the analogy with
the representation of real numbers in an integer base, we will apply the greedy algorithm
in order to obtain sequences of symbols representing real numbers x € [0,1), and we
will call these sequences (3-expansions.

The dynamical way of defining the greedy algorithm is connected to a map of
the unit interval which is called the S-transformation. The dynamical properties of this
map are related to the allowed sequences generated by the greedy algorithm. The study
of [-transformations was first carried out by Rényi and Parry in [Ren57] and [Par60].
In [Par60], Parry described the sequences generated by the greedy algorithm applied to
numbers x € [0,1). This description is related to the expansion in base 3 of the number
1 and uses the notion of lexicographic inequality between sequences. We will introduce
some of the classical concepts and results from [Par60], while using the most recent

terminology which in the mean time has become standard. We introduce a sequence of



steps which prove these results.
The study of periodic orbits for the 3-transformation (or equivalently, the study of
periodic sequences generated by the greedy algorithm) is one of the non-trivial problems

in which we will be interested in the following chapters.

2.2 The beta-expansion

Let 8 > 1 be a non-integer real number. Following the motivation of the representation
of real numbers in integer base, we would like to express any = € [0,1) as a sum of

terms consisting of negative powers of 3 weighted by non-negative integer coefficients:

r = gﬁl ;2; Z (2.1)

We say that (2.1) is an expansion of z in base  and that the sequence of integers
g := (e1,€9,...) represents x in base 3. There exist many ways of representing x with
sequences such that (2.1) holds, but we shall be concerned with a particular one which
is called the B-expansion.

The example of the integer base expansion of real numbers suggests that the
integers ¢j, should satisfy 0 < g, < 3. If we define the notation for the integer part of
a real number z as:

[x] :==max{n € Z | n < z}, (2.2)

then ¢, € {0,1,...,[0]}, and we write € € E = {0,1,...,[B.

We also define the fractional part of z as: {z} := = — [z].

We shall now describe an algorithm that for each = € [0, 1) uniquely determines
coefficients ej which satisfy (2.1).

Given any z € [0, 1), multiply (2.1) by 5:

ﬁx—sw(ﬁ ;?;+ s (2.3)
and compare it with:
fr = [Bz] + {B=}. (2.4)



Comparing (2.3) and (2.4) suggests that:

£92 £3
This defines ¢; € {0,1,...,[3]}, and the coefficients (e9,¢e3,...) still need to be de-

termined. But we can apply the same method to the number {8z} € [0,1) in order
to determine €5, and this will define the coefficients {ej }ren by induction. In order to

simplify the description of this algorithm, we introduce the following map:

Definition 2.2.1. For any non-integer 3 > 1, we define the (3-transformation of the

unit interval:
Tﬁ : [071) B [071)

xr [z —[fz].

(2.6)

The B-transformation relates to the algorithm that we're describing in the fol-

lowing way:
€k+1 k42 €k+3
Th(z) = E + 5; + 5; ... (2.7)
With this new notation, we can define:
er =[BT '(x)] VkeN. (2.8)

This algorithm is known as the greedy algorithm, because the choice of each
term e corresponds to be the greatest possible integer in each step of the iterative
process. Therefore, an equivalent way of defining the algorithm is the following: if the
integers {&; }o<i<k have already been determined, then define ¢}, as the greatest possible
integer such that the sum of the first k£ terms in the expansion in base J doesn't exceed

x.

ek::max{ee{o,1,...,[ﬁ]}| 3 ;—+%§x} (2.9)

0<i<k

For each z € [0, 1), the expansion (2.1) determined by the greedy algorithm is

called the -expansion of x. Very often in the literature, it became a common practice



to call the sequence (e1,€9,¢3,...) generated by the greedy algorithm the (3-expansion
of x as well. This is a slight abuse of language (with respect to the original definition
by Rényi and Parry, [Par60]), but given that it is usually clear from the context whether
we are referring to the sequence of symbols determined by the greedy algorithm, or to

the actual sum (2.1) with those symbols replaced, we will follow the same practice.

2.3 Symbolic dynamics

Define 7g : ZFB] — R as:

> 3
mg(e1,€2,€3,...) i= Zﬁ—’;. (2.10)
k=1

We also define the following notation: X; C E[J%] is the set of all possible

sequences which are (-expansions of numbers z € [0,1).

Definition 2.3.1. We call dg the function which maps each x € [0,1) to the sequence

€ which is the [3-expansion of x:

do: 0 — X5 (2.11)
r o E:=dg(z).
This means that € = (1, €9,¢3,...) is determined by the greedy algorithm, as
defined in (2.8), or equivalently in (2.9).
Note that g o dﬁ(x) = x, that is to say, the restriction of 73 to XE is the

inverse of dg.

Definition 2.3.2. The one-sided full shift on E[E] is the pair (E[E], o), where o is:

. + +
g 2[5} — 2[5} (2.12)

(e1,€2,€3,...) +— (£2,€3,€4,...).
The restriction of ¢ to XE is well defined, because XE is o-invariant: for any
e Xg, there exists = € [0, 1) such that € = dg(x) and o () = dg(y), with y := T(x).
Therefore 0(2) € X3



Proposition 2.3.3. The dynamical system (o, XE) is semi-conjugate to (13,[0,1)):

X g z X g
Wﬁ[ lﬂﬁ (2.13)
[0,1) — [0,1)

Proof. mg : Xg — [0,1) is a continuous surjective map.

Let us check that the diagram commutes.

7T500‘(€1,€2,...) = 7T5(€2,€3,...)
€2 €3
= -+ 5+ 2.14
g B (2.14)
On the other hand,
€1 £9
Tgomg(er,e0,...) = T(—+——|—...>
5o ms( ) NG+
159} €3
= =4+ =+4..., 2.15
5t (2.15)
therefore the diagram is commutative. O

This means that the orbits of points z € [0,1) under T3 are in one-to-one cor-
respondence with the orbits of sequences € € Xg under the shift map o. An eventually
periodic point x € [0,1) corresponds to a sequence z € Xg which has a periodic tail of

symbols.

2.4 Lexicographic order

The order of real numbers in [0,1) is carried by dg to an order between sequences in

X;, which is called the lexicographic order.

Definition 2.4.1. We say that a sequence of integers (e1,£9,¢3,...) is lexicographically

less than a different sequence (¢, €}, €5, . ..), and we write

(517527537'“) <lex (5/175/27537"')7 (216)



if and only if:

Em < &y, where m:=min{k € N | g # &}, }.

Proposition 2.4.2. Consider 3-expansions of x,y € [0,1):

(e1,€9,€3,...) :==dg(z) and (e},e5,¢5,...) :=da(y). (2.17)

Then:

r<y & (e1,62,€3,...) <tex (€1,8h,65,...). (2.18)

Proof. Choose x,y € [0,1), such that z < y and let (¢1,¢e2,¢€3,...) and (&],&5,¢5,...)
be defined as in (2.17). Since z # y, then dg(z) # dg(y) and we can define a positive

integer m :=min{k € N | g5 # ¢} }.

Z Z . (2.19)

0<k<m
Z Z . (2.20)
0<k<m
Since Yockam €k = €, then > . Ekﬁ;;" = 0. Subtracting (2.20) from (2.19) we
obtain:
-
x—yzzﬁ—zﬁ (2.21)
k=m k=m
But x — y < 0, therefore:
0o - 00 c 00 el
m—1+41 m—1+1
Z Z —r» and so Zi < R aa (2.22)
k=m gt B = = P

where (g1, em41,...) = dﬁ(Tﬁm_l(w)) and (&), €0415---) = dg(Té”_l(y)). According
o (2.22), Tg”_l(:n) < Tﬁm_l(y), and the greedy algorithm implies that

m = [BTF " (2)] < &, = [BT5 (). (2.23)

But e, # €}, and so &, < &},,, which proves that (e1,e2,¢3,...) <jex (€],€5,€5,...).
Finally, assume that (g1,e2,¢€3,...) 1= dg(x) <jex (€},€h,¢%,...) = da(y).

Given that (e1,¢€9,...) # (€],€5,...) and that these sequences are obtained using the



greedy algorithm for some x,y € [0,1), then x # y. Therefore either x < y or y < x.
But if y < x, then dg(y) <jer dg(x), which is a contradiction. This proves that
Tz <y. O

2.5 Lexicographic supremum

The set Z[E} is bounded in the lexicographic sense:

VE:= (e1,692,€3,...) € ZEZ]’ g <iez (1B, 18], - - -)- (2.24)

Given that Xg C E[E}, it makes sense to investigate the lexicographic supremum of
X;. We shall see that the sequence which is the lexicographic supremum of Xg always
defines an expansion of 1 in base (3 (although not necessarily the one that would be
obtained if we applied the greedy algorithm to 1). Furthermore, this sequence plays an
important role in the description of the possible sequences in Xg through a countable

number of lexicographic inequalities.

Definition 2.5.1. The lexicographic supremum of the set Xg is defined as:
SupX; =0 = (wy,we,ws,...), (2.25)
lex

where {wy }ken is defined inductively as:

Wy w
i ::max{wG{O,l,...,[ﬁ]} B E+@<1'} (2.26)
0<i<k
Furthermore,
e wg
m3(w) = @ =1. (2.27)
k=1

Proof. We will start by proving (2.27). Consider the non-decreasing sequence of points

{zr}ren C [0,1):

k
Wi
T = ﬂﬁ(wl,...,wk,0,0,...) = E ﬁ_z (228)
=1

10



Note that (2.28) is the [3-expansion of xy, or equivalently:
dﬁ(ﬂjk) = (wyy...,wg,0,0,...), (2.29)

because each integer coefficient w; up to order k is the greatest possible according to
the definition (2.26), and this corresponds to the greedy algorithm. This means that
in step k, we choose wy, to be as big as possible. Therefore if we added 5% in the

expansion, we would obtain:

k k
Wi 1 Wq 1
— 4+ —>1, andso ‘1— — | < —=. 2.30
This implies:
. Wk
k1—>H<;lo| x| =0, and so ,;_1 o , (2.31)

which proves (2.27).

Let us now prove that V,c(o.1) dg(®) <jep W. If 2 € [0, 1), then x # 1 therefore
dg(z) == (e1,€2,€3,...) #w. Let m := min{k € N | g, # wy}. By definition, wy, is the
maximum possible integer which implies that €, < wy,. This proves that dg(x) <je; @,
therefore @ is a lexicographic upper bound for X;.

It remains to prove that @ is indeed the least lexicographic upper bound. Suppose
that &' € 25,
min{k € N | w}, # wy}. Since @' <je, W, then w), < wyy,. But

@ <jer W and W' is a lexicographic upper bound for X;. Let m =

(Wi, vy wm,0,0,...) € Xg, (2.32)

and therefore @' <jop (w1,...,wm,0,0,...), which means that @’ isn't a lexicographic
upper bound for Xg, which is a contradiction. This proves that W € E[E} is the least

lexicographic upper bound for Xg. [l

We will now extend the definition of 3-expansion to the number 1, according to
the greedy algorithm. If we extend the definition of T} to the point 1 as T3(1) := {8},

then we obtain the 3 expansion of 1 in a similar way as for any other z € [0,1):
dp(1) = (01,02,83,...), where & =[BT} " (1)], (2.33)
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or equivalently:

8 = max{5€ 0,1,...,[8]} | Z 5k < } (2.34)

0<i <k
We note that the definitions of @ and dg(1) in (2.26) and (2.34) only differ in the
inequality sign: in (2.34), it is possible that a finite number of terms might add up to
1, whereas in (2.26) the inequality is strict, and therefore that isn't allowed. We should

distinguish two cases: if dg(1) is an infinite expansion, that is:

dﬁ(l) :(51,52,53,...) and \V/NGN Elk>N : 5k§£0,

then no finite number of terms in the (-expansion ever adds up to 1, and therefore
w=dg(1) because (2.26) and (2.34) define the same sequence.

However, if dg(1) is a finite expansion, that is:
dg(1) = (01, ... ,0m,0,0,...), with &, #0,

then
m 5k
E — =1. (2.35)
k
k=1 6

According to (2.26) and (2.34), Yo<k<m wi = O, but w,, < J,,, because otherwise
> ke1 5% = 1, which is not allowed. The greatest integer wy, such that 3 )", S <1
is Wy = 0, — 1. This means that:

f:;_:< Z mm > Z _ (2.36)

0<k<m k= m+1

<1 _ _> Z ﬁk - Z Pmbi (2.37)

k=m+1

But (wm+1,wWm+2,...) satisfies (2.26), therefore it is the lexicographic supremum of
X;. This proves that @ is related to dg(1) = (d1,...,0m,0,0,...) in the following
way: w is the infinite repetition of a sequence of m integers, which we denote as
(01,01, (6 — 1) ).

We can sum up these results as follows:

12



Theorem 2.5.2. Let dg(1) := (d1,02,03,...). The lexicographic supremum ofX;r is:

(51,52,53,...) ifdg(l) 18 z'nﬁm'te
W= (2.38)

(01, 0me1,(6m — 1)) ifdg(1) is finite.

The lexicographic supremum @ is some times called the modified 3-expansion of

1, and often in the literature the following notation would be used to refer to it: dj(1).

2.6 The (-shift

We will now show how the lexicographic supremum W can be used to describe the

sequences in X;. This problem was addressed in [Par60].

Lemma 2.6.1. Ifz € &7

9] is a finite sequence, then:

Vien O’k_l(g) <lezw = 0< ﬂﬁ(?) < 1. (239)

Proof. We only need to prove that > 72, 6k < 1, given that this is a sum of non-
negative terms and therefore always non-negative.

_l’_
Letz € E[ﬁ

that 35,2, 5k > L.
Let m; € N be my :=min{k € N | g < wi}.

3 ﬁ—’“ = Z ;:’;;11 ﬁ}m (gmé“ + Emﬁl;z +.0) (240)

k=1 0<k<m1

| be a finite sequence and Vien (g, Ekt1, Ekt2s - - -) <lex W. Suppose

Since &, < wm, and 3531 Zk < 1, then:

Z S Z 5m1 <1-— ﬁ (2.41)

and therefore

g% < (1 . ﬁiH) + 571711 (gmé“ + 6"5;2 n ) (2.42)
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By hypothesis —’,3 1, and together with (2.42) this implies that
e

€mi+1 Emi+2
+ +... > 1. 2.43
/3 ﬁz ( )

But the sequence (€41, Emy+25Emy+3, - - ) <iex @, and we can apply the same argu-
ment inductively, defining

Vien mit1 :=m; + min{k € N | Emitk < Wi} (2.44)

The sequence {m;};cn is an increasing sequence of integers, therefore it is unbounded.

Since € € Z[E} is a finite sequence, there exists some 7 € N for which:

(Emi—i-h Em;+25Em;+35 - - ) = (07 07 07 e ')7
and therefore (2.43) is impossible. O

Although in Lemma 2.6.1 we required the sequence g to be finite, this condition

isn't necessary:

Corollary 2.6.2. Let < X. Then

(s

Vien 08 7HE) <z @ = 0 < mH(E) < 1. (2.45)

Proof. Let us first prove that 220:1 ;—’,g < 1. In fact, if it was, there would exist some

m € N such that:
m
Yok (2.46)
o g
But (e1,...,6m,0,0,...) satisfies the conditions of Lemma 2.6.1, therefore (2.46) is
impossible. This proves that Y2 13 <.
Finally, let us prove that Y~ 1 L < 1. By hypothesis € <j., @, so let us define
m :=min{k € N | e, < wg}. Then:

Y X Frmem e ) e
k=1

0<k<m
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We've just proved that Y 72, =2k < 1, and together with the fact that &, + 1 < Wy,

ﬁk
we obtain from (2.47):
1 " WEk
ng— Z —+5—m§2@<1. (2.48)
0<k<m k=1

O

Theorem 2.6.3. A sequence € € E[E] is the (3-expansion of some x € [0, 1) if and only
if:
VEeN o 1E) <per T, (2.49)
where W is the lexicographic supremum of X;’. Therefore:
={eeXf | Vren ") <t ) (2.50)

Proof. Let € € E[Jr] be the (-expansion of some x € [0,1). This implies that:

" HE) = (eks Ehit1s Bty - .) = dg(Tg_l(ac)). (2.51)

By definition, @ is the lexicographic supremum of X;, therefore dg(Tg_l(x)) <leg W
hence (2.49) is a necessary condition for £ to be the 3-expansion of some = € [0, 1).
Let us now prove that (2.49) is also sufficient for £ € XJr Suppose that € € E[B}

satisfies (2.49), but € ¢ X;. By Corollary 2.6.2, we know that 0 < z := m3(€) < 1. If
e¢ X5, dg(x) == (e},€h,5,...) #E:= (e1,62,63,...). Let

m = min{k € N| g, # ¢} }.

oo [e.e] / [e.e] c [ee] E/
- —k and v0<k<m Ek = 52; = E = —IZ (252)
£ o~ &
k—1 k— —
;&Z m+ - mgk =T (2), (2.53)
k=1

where dg(Tﬁm_l(az)) = (elm,’gm—i-l?gm—i-Z? ).

But &, # ¢, and so |, — e),| > 1, which implies:

(Zem““ > ’Z;’“( > 1. (2.54)
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But (2.54) is impossible, given that 0 < >"77, agjk < 1 (because of Corollary 2.6.2)
and 0 < Y777, E’E—ﬁ < 1 (because (7,11, €19 - --) = dg(T5*(2))). This proves that
the (-expansion of x cannot be another sequence different than (eq,e9,¢3,...) and

therefore (2.49) is a sufficient condition for £ € X;. O

We will consider the closure of Xg and define a subshift of (E[J%},J), which is

known as the one sided [3-shift:

Definition 2.6.4. The one sided [3-shift (V;, og) is the subshift of(EF%], o) defined by:

V5+ = XE_ ={e e E[E] | Vken 0" (E) <iew @} (2.55)

The closure of Xg is obtained by replacing in (2.50) the strict inequality by a
less or equal inequality. Consider € € E[E] which is the limit of a sequence of finite
(-expansions in X;:

g = lim (eq1,...,€,0,0,...), (2.56)

k—o00

but it isn't the (-expansion of any z € [0,1):
EIkEN (O-k_l(g)) Zlex W. (257)

Since (e1,...,€,0,0,...) <z @, given that W is the lexicographic supremum of all
[-expansions, then limg o (e1,...,€,0,0,...) Fler @. This means that if € ¢ X;,
then Jy.cn such that o*+1(8) = @. We are dealing here with two alternative expansions

of x in base 3:

€p_1 w1 wo €1 Ek—1 1
FgE g b= gt g b g

but only one of them is the B-expansion of x: dg(z) = (e1,...,e,-1 +1,0,0,...).

€1
E—i_"'—i_ﬁ’f—l

:x7

Hence VﬁJr contains the [-expansion of every z € [0,1), and additionally one
other sequence which is not in X;, for each = € [0,1) which as a finite S-expansion:
if z € (0,1) and dg(z) = (e1,...,€£,0,0,...), with €5 # 0, then the alternative

g = (e1,...,6x — Liwy,wo,ws3,...) € VﬁJr is not a [F-expansion, but m3(') = . The
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B-expansion of 0, dz(0) = (0,0,...) should be considered separately: we could consider
w = (w,ws,...) € VﬁJr to be its alternative representation in base (3, if we agree to
identify the end points of the unit interval.

Finally, we recall that:
FIITEEENY N
or equivalently, using the notation that we have defined:

+ + +
X c Vi cxh (2.59)
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Chapter 3

Pisot numbers, Salem numbers

and periodic points

3.1 Introduction

In the previous chapter we have given a description of the sequences which are (-
expansions of numbers in the unit interval, when > 1 and 5 ¢ N. We saw how non-
trivial this problem was, as opposed to the case when 5 > 1 was an integer. Despite
these results which had been obtained by Parry in [Par60], the periodic properties of the
[-transformation (or equivalently, of the 3-shift) still remained an open problem. It was
well known that if 3 > 1 was an integer, then the set of eventually periodic points for T
was the set of all rationals in the unit interval. Would it be possible then to describe the
set of eventually periodic points when 3 > 1 was not an integer? Or equivalently, which
numbers in the unit interval are represented by the eventually periodic #-expansions?
It was not until 1977 that Bertrand [Ber77] discovered a partial answer to this
question, giving a complete characterization of the set of periodic points when 3 > 1 was
an algebraic number of a particular type: a Pisot number. Almost at the same time,
Schmidt [Sch80] not only obtained the same result, but also completed the picture,

bringing into the answer another class of algebraic numbers: Salem numbers. Although
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Schmidt could not give a complete characterization of the set of eventually periodic
points for the (-transformation in the Salem case, he did however conjecture that a
similar statement could be made for the Salem case as in the Pisot case. This is a long
standing conjecture, which is often cited in the area, for instance in [Boy89], [Boy96],
[Boy97], [Har06], [BBLT06], [Sch06], [Aki98].

We will introduce the basic concepts from algebraic number theory that will be
needed for the exposition of the main results. After that, we will summarize the basic
ideas behind the description of the set of eventually periodic points, and the two main
theorems concerning eventually periodic points for the 3-transformation, Pisot numbers

and Salem numbers, as well as the unsolved conjecture.

3.2 Algebraic numbers

A root of a non-zero polynomial with rational coefficients is called an algebraic number.
We say that a polynomial with rational coefficients is irreducible if it cannot be factored
as the product of non-trivial polynomials with rational coefficients. Each algebraic
number & determines a family of irreducible polynomials {ps(x)}seq which are rational
multiples of each other, and ps(§) = 0. A polynomial whose leading coefficient is 1 is
called a monic polynomial, and there exists only one such polynomial in the family of

irreducible polynomials associated to &:

Definition 3.2.1. Given an algebraic number &, its minimal polynomial p(z) is the

unique irreducible monic polynomial:
p(z) = 2+ ag 12+t az+ag, agei,...,ap €Q, (3.1)
such that p(§) = 0. The degree of £ is the degree d of the minimal polynomial p(z).

If all coefficients of the minimal polynomial of £ are integers, then we say that
& is an algebraic integer. In this case, in order to emphasize that all coefficients are
integers, we write:

d—1

p(a) = 2 + cq12® + .+ era + oo, (3.2)
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and it is understood that ¢y, ...,cq_1 € Z.

3.3 Pisot numbers and Salem numbers
There are two types of algebraic integers in which we will be interested:

Definition 3.3.1. Let 5 > 1 be an algebraic integer with minimal polynomial (3.2) of

degree d > 1. p(x) has d complex roots:

01,...,06€C, and p(x)= [] (x—6:). (3.3)

1<i<d

Let 61 := (3 > 1. We say that:
1. B is a Pisot number if: Yi<i<q, [0i| <1;
2. (B is a Salem number if: Vici<q, 16| <1 and J1c<q @ |60i| = 1.

We point out that a Pisot number is sometimes equivalently called a Pisot-
Vijayaraghavan number, or a PV number.

Any integer number n > 1 is an algebraic integer with minimal polynomial
p(z) = x — n, which has no additional roots, and therefore all integers n > 1 are
Pisot numbers. In order to find non-trivial Pisot numbers, we need to consider minimal
polynomials of degree d > 2. We present some examples of minimal polynomials p(z)

and the corresponding Pisot numbers G in Table 3.1.

| p(z) | B |
v —x—1 (1++5)/2
2 —x—1 1.3247 ...

x> —222+x—1] 1.7548...
2?2 —dx +2 24++2

Table 3.1: Examples of Pisot numbers and their minimal polynomials
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Notice that 2 + /2 is an example of a Pisot number which has a minimal

polynomial with a coefficient |co| # 1. In general, if 8 > 1 satisfies:

p(B) =B+ cq 1B+ ...+ e+ o =0, (3.4)

then:

Bt BT+ BT =0, (3.5)

and therefore we can express 57! as:
Bt =g (BT g1 BT A 4 ). (3.6)

If co = %1, then 3=! € Z[3], and therefore 3 has an inverse in the ring Z[3], that is, 3

is a unit. If [¢g| > 1, then [ is not a unit in Z[3].

Proposition 3.3.2. Let 3 > 1 be a Salem number with minimal polynomial p(x). The
roots of p(x) are:

01,05,05,...,04 € C, (37)

for some even d > 4. We define 0, := 3, 05 :== ~'. The remaining roots 03, ... ,0,
are complex numbers with modulus 1 and there exists an even number of them (they

appear as complex conjugate pairs). Furthermore, p(x) is a reciprocal polynomial, that

is: p(z) = xp(x~1).

Proof. Suppose that 3 > 1 is a Salem number with minimal polynomial (3.2). There
exists at least some 6; € C such that |6;] = 1 and p(6;) = 0. Furthermore, 0; # +1,
because p(z) is an irreducible polynomial. This proves that ; has a non-zero imaginary
part, and therefore the complex conjugate of 6;, which we denote by 6;, is another root
of p(z). This proves that the roots of p(z) with modulus 1 appear as complex conjugate
pairs, and there must exist at least one such pair.

If 0| = 1 then 6; = 6, and so:
p(;) =0, and p(6; ') =0. (3.8)

21



Let us note that:

plz™h) =0e zipt) = 0. (3.9)

Since ¢(z) is a polynomial of degree d and ¢(6;) = 0, then all other conjugate roots
of 0; (that is, 0, for j # i such that p(§;) = 0) must also be roots of ¢(x). But
q(z) = 0 < p(z~1) = 0, which means that if 6; is a root of p(z), so is 9]-_1. Since (8
is the only root of p(z) with modulus greater than 1, then 3! is the only root of p(x)

with modulus less than 1. Furthermore,
d
co=(-1)'[6:=8-8"=1, (3.10)
i=1

since d is even and if |6;| = 1, then 0, - 0; = 1.

q(z) = 2%p(a™) = corl + 12V + . gz + 1, (3.11)

but ¢p = 1, therefore g(x) is a monic polynomial of degree d and has the same roots as
p(z). This implies that p(z) = ¢(z), therefore p(z) = 2%p(x~1), which is equivalent to
the following condition on the coefficients of p(z): ¢; = c4—;, for all 1 < i < d. We say

that p(z) is a reciprocal polynomial. O

Since the minimal polynomial of any Salem number has ¢y = 1, then any
Salem number is a unit in the ring Z[3] (compare with our discussion of the Pisot case,
and in particular (3.6)). We present some examples of minimal polynomials p(x) and

the corresponding Salem numbers 3 in Table 3.2.

| p(x) I
-+l 1.7220. ..
2t — 23 4+ 2% —2x+1 | 1.8832...
z* — 102 — 100 +1 | 10.0971...
b —at -t — 241 1.4012...

Table 3.2: Examples of Salem numbers and their minimal polynomials
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3.4 Periodic points under the j-transformation

We are interested in the periodic properties of points of the unit interval under iteration

by the B-transformation.
Definition 3.4.1. The orbit of x € [0,1) under the map Ty is defined as:
O(z) = {Tf(x) : k > 0} C [0,1). (3.12)

If O(x) is an infinite set of points, then z is not a periodic point. Conversely, if

O(x) is a finite set, then z is an eventually periodic point:

Definition 3.4.2. The set of eventually periodic points for T}z is defined as:
Per(Tp) := {x €[0,1) | Im>0, p>0 : Tg+m(aj) = T3 ()} (3.13)

If m > 0 and p > 0 are the minimum integers such that Té’+m(:n) = T3 (x),
then m is the pre-period and p is the period of x.

Let Q(8) be the smallest field extension of Q containing 5. If 5 € Q, then
Q(B) = Q, but if 3 is an algebraic number of degree d > 2, then Q(f3) is a non-trivial

algebraic field extension.

Proposition 3.4.3.
Per(Ty) € [0,1) NQ(A). (3.14)

Proof. Let z € [0,1). If z € Per(Tp) then there exist n > m > 0 such that:
T35 (x) = T (). (3.15)

For all ¢ > 0 let us write Té(:n) = ﬁTé_l(az) — &, and g; == [ﬁTé_l(x)].

Th(x) = B(...(B(Br —e1) —€2) ...) —&i = Bl — > _exfF. (3.16)

k=1

From (3.15) and (3.16) we obtain:

B — Z exfVF = M — Z xR, (3.17)
k=1

k=1

23



and so

_ P D D RN
gr—pm ’

which proves that z € Q(f3), and therefore Per(Tp) C [0,1) N Q(f). O

x

(3.18)

Taking into account Proposition 3.4.3, if we want to study the set of eventually

periodic points for the 3-transformation, if suffices to consider the restriction of Tj to

[0,1) NQ(B).
Definition 3.4.4. We define the set of 3-expansions of every x € [0,1) N Q(f3) as
X§ =dg([0,1) NQ(B)). (3.19)
(o, )ZE) is a subshift of (o, X;) and we have the following:

Proposition 3.4.5. (o, )Zg) is semi-conjugate to (13,[0,1) N Q(B)):

el : Tt

B B
Wﬁl Iﬂﬁ (3.20)
0,1) NQ(B) [0,1) N Q(B)

and the semi-conjugacy mg is a bijection.
Proof. This follows from Proposition 2.3.3 together with (3.19). O

If B > 1 was an integer, Proposition 3.4.3 merely asserts that Per(13) C
[0,1) NQ. In fact, we actually know that in this case Per(T3) =[0,1)NQ. If 3 > 1
was an integer, then choose any rational g € [0,1)NQ. As we work out the orbit Tg(%),
we realize that we are multiplying a rational number by an integer, and subtracting some
integer in order to keep the outcome in the unit interval. Therefore, the iterations under
T} of the rational g are rationals with a minimum denominator which divides ¢. In other
words, Tg(%) e {0, %, %, R q%ql}, which is a finite set and this proves that the orbit of

any rational point must be eventually periodic.
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The natural question that follows is an attempt to generalize this result: do
there exist non-integer 3 > 1 for which Per(Is) = [0,1) N Q(3)? Two of Schmidt's

theorems in [Sch80] give a partial answer to this question:

Theorem 3.4.6. Let 3 > 1 be a real number.

If[0,1) NQ C Per(1p), then (3 is either a Pisot or a Salem number.
Proof. See [Sch80], [pg. 272]. O

This theorem is consistent with the previously known description of Per(13) =
[0,1) N Q(B) when B > 1 is an integer. If 5 > 1 is an integer, then the hypothe-
sis of Theorem 3.4.6 is satisfied, and it is true that any integer 5 > 1 is a (trivial)
Pisot number.

It turns out that when (3 is any Pisot number, a complete description of Per (1)

can be given, as it was shown in [Ber77] and [Sch80]:
Theorem 3.4.7. Let 3 be a Pisot number. Then Per(13) = [0,1) N Q(f3).
Proof. See [Sch80] [pg. 274] or [Ber77]. O

We shall make a few remarks about the main idea behind the proof of Theorem
3.4.7. If B > 1is an algebraic number and z € [0,1)NQ(/), then the map T3 multiplies
x by (3 and subtracts a suitable integer in {0,1,...,[5]}. We can represent x in a unique
way as a sum of d powers of 3 weighted by rational coefficients. If we fix a minimum
denominator ¢ > 0 and write x as:

p1+DpeB+ ...+ pafit
q

,  with p1,ps,...,pq € Z, (3.21)

then as we iterate x under T3, we keep on obtaining points in the unit interval which
can be rewritten in the form (3.21). In fact, the minimum common denominator cannot
increase (and always divides ¢), and we can use the identity 3% = —(cq_1 841+ ... +
c18 + ¢p) to reduce the sum of powers of (3 to another of type (3.21). The difficulty in

this case consists in the fact that there exist infinitely many d-tuples (p1,p2,...,pq) €
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Z% defining numbers in [0,1) N Q(B3) for the same fixed denominator ¢. We need
some additional condition that will impose a constraint on the set of possible d-tuples
(p1,p2; ..., pq) € Z% corresponding to Tg(:n) namely, that such a set should be bounded
and hence finite. The Pisot condition, which implies that all other conjugate roots of 3
have modulus strictly less than 1, provides a sufficient argument which guarantees the
finiteness of the orbit of any x € [0,1) N Q(S).

However, if 3 is a Salem number, the existence of complex conjugate roots with
modulus 1 (whose powers always have modulus 1, and therefore don't converge to zero)
doesn't allow us to use the same algebraic argument that works in the Pisot case. It is
possible that if 3 is a Salem number then there might exist € [0,1) N Q(5) such that
O(z) is an infinite set, hence Per(T3) # [0,1) N Q(3). However, in [Sch80] Schmidt
claimed the existence of computational evidence against that possibility, and made the

following conjecture:
Conjecture 3.4.8. Let 3 be a Salem number. Then Per(T3) =[0,1) N Q(5).

This conjecture is quoted in [Boy89], [Boy96], [Boy97], [Har06], [BBLT06],
[Sch06], [Aki98], and it still remains an open problem. If it is indeed true, then to-
gether with Theorem 3.4.6 and Theorem 3.4.7 we could state the following (which was

formulated in [Sch80] as well):

Conjecture 3.4.9. Per(Tg) = [0,1) N Q(B) if and only if 3 is either a Pisot or a

Salem number.
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Chapter 4

An equivalent system for studying

periodic points

4.1 Introduction

In this chapter, we assume that 5 > 1 is a non-trivial Pisot number (not an integer) or a
Salem number. Instead of considering the G-transformation defined on the unit interval,
we will only be concerned with its restriction to [0,1) NQ(3). This choice is justified by
the fact that Per(T3) C [0,1) NQ(f3), therefore [0,1) NQ(/) is an appropriate domain
for studying the set of eventually periodic points for the S-transformation.

If 3 is an algebraic number of degree d, then any = € Q(3) can be expressed as
the sum of d terms consisting of consecutive powers of J weighted by rational coeffi-

cients. For instance:

Vo e Q(B), x=z1+z28+...+zqf" ", (4.1)
with coefficients x € Q. For each x € Q(f3), the coefficients x1,...,x4 are uniquely
defined, because if there existed a different set of coefficients y1,...,yq € Q such that:

w1+ xaB+ . +xafT =y Bt yas (4.2)
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then 3 would be the root of a polynomial with rational coefficients (y; — x;) and of
degree less than d, which is impossible since § is an algebraic number of degree d.

We will show that Q(f) is a d-dimensional vector space (under scalar multi-
plication over the rationals) which is isomorphic to Q¢ (d-dimensional vector space
under scalar multiplication by rationals as well). Furthermore, we can choose a vector
space isomorphism between Q(/3) and Q% and this will induce a field structure on Q.
This isomorphism establishes a bijection between [0,1) N Q(8) C Q(3) and a subset
L C Q% and therefore it induces a map C : L — L which is semi-conjugate to the map
Ty : [0,1) NQ(B) — [0,1) NQ(B).

Although the dynamical systems (C, L) and (T3,[0,1)NQ(/3)) are merely semi-
conjugate, this semi-conjugacy happens to be a bijection. Therefore we can say that
(C,L) is equivalent to (T3,[0,1) N Q(B)), as far as the study of periodic points is
concerned. Furthermore, C : L — L is connected to the linear map defined by the

companion matrix of the minimal polynomial of 3, which is defined as:

0O ... ... 0 —cq
1 0 ... 0 —q
C=|o0o . . = : ) (4.3)
0 —cg—2
0O ... 0 1 —cqg-1

The roots of a monic polynomial p(x) are the same as the eigenvalues of its companion
matrix C. If 3 > 1 is a Pisot or a Salem number, then the linear map C expands by
the eigenvalue (3 along the corresponding eigendirection, and contracts and/or rotates
on the remaining eigenspaces. This provides a geometric visualization in L € Q% of the
dynamics of T} restricted to Q(5) N[0, 1).

If the companion matrix has determinant +1, then C' € GL(d,Z) and it defines a
toral automorphism in T¢ = Rd/Zd. This is always the case when (3 is a Salem number,
but in the Pisot case we should require ¢y = %1 (this excludes the Pisot numbers which

aren't units in Z[3]). When |det C| = 1 the dynamical system (C, L) can always be
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factored to the toral automorphism defined by C', and more specifically, to the restriction

of the toral automorphism to the points of the d-torus with rational coordinates.

4.2 Isomorphic fields

Let Q(3) be the algebraic field extension of Q by the Pisot or Salem number 3. Q(/3)
is a d-dimensional vector space with scalars Q, and we will choose an isomorphism to

represent elements of Q(3) by points in Q.

Proposition 4.2.1. Let 3 be a Pisot or a Salem number with minimal polynomial of
degree d. Then Q¢ and Q(f3) are d-dimensional vector spaces with scalar multiplication

over Q. Therefore they are isomorphic, and we define the following isomorphism:

frQt — Q(ﬁ), (4.4)
X +— xz:=0-X
with = (1,0,...,8% 1) and x := (21,22, ...,24)" € Q%
Proof. Let {v1,...,vq} be the canonical basis for Q%:
Ql={zvi+...+zqvq | z1,...,24 € Q}. (4.5)

Since 3 is an algebraic number of degree d, each z € Q(f) admits a unique

decomposition of the type
r=x1 4228+ ...+ 2400, with zq,...,24 € Q. (4.6)
Let u; = 1,us = ,...,uqg = 397!, and so {uy,...,uy} is a basis for Q(3):
QB) ={r1u1+ ... +xqug | x1,...,24 € Q}. (4.7)

Define an isomorphism f : Q% — Q(B) by f(vi) = ug, Vi<k<d. Therefore,
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VX = (x1,...,2q4)" € Q% we have

f(x) = flzivi+...2qvq)
= of(vi) +... +zaf(va)
= :Ell—l—l’gﬁ—l—...—l-l'dﬁd_l

_ 3.x (4.8)

Let us point out that although the isomorphism f : Q% — Q(/3) has the explicit
definition (4.4), its inverse f~' : Q(3) — Q is defined implicitly: for each 2 € Q(f),
(=) is the unique x € Q% such that = = 3 - x (of course, if z had been defined in
the canonical form & = 21 + 28 + ... 24847, then f~1(z) = (21,...,1q)").

Since Q(3) is not only a vector space but also a field, we can use the isomorphism
f71:Q(B) — Q to define a multiplication ® : Q¢ x Q¢ — Q¢ such that (Qd, +,®)
is a field isomorphic to (Q(f), +, x):

Proposition 4.2.2. Define a multiplication @ : Q¢ x Q% — Q¢ by
x®y:=ff(x)x f(y), VYxyeQ® (4.9)

Then f : Q% — Q(B) is a field isomorphism between (Qd, +,®) and (Q(B),+, ).
The unit element of (Q%,+,®) is 1 := (1,0,...,0)" € Z<.

Proof. Since f : Q% — Q(f) is a vector space isomorphism, in order to endow Q¢
with a multiplication ® such that (Q%, 4, ®) is a field isomorphic to (Q(f3), +, x), it is

necessary and sufficient to have:

fxey) = f(x)x f(¥)), (4.10)

which is equivalent to (4.9), since f is invertible.

Finally, the unit element of (Q%, +,®) is f~!(1) = (1,0,...,0)! € Z<. O

30



The main reason why we are interested in the field (Qd,—i-,@) is in order to
reproduce in it the field operations of (Q(/),+, x). In particular, this should provide a
way of defining a map in a subset of Q¢, which is equivalent to the S-transformation
applied to any € [0,1)NQ(S). Indeed, the S-transformation uses the multiplication by
B in the field Q(3), followed by a subtraction by an integer multiple of the unit element
of the field, and therefore we should expect a similar definition for an equivalent map
in (Q% +,®). However, there are two technical difficulties: not only f~!(z) cannot
be defined explicitly, but also the definition of the multiplication in Q% seems rather
strange. We will shortly see how these apparent difficulties can be overcome.

Let Q(C) C GL(d,Q) be the field extension of Q by the matrix C' (under matrix
addition, and matrix multiplication). The unit element of Q(C) is the identity matrix
Id € GL(d,Q).

Proposition 4.2.3. Q(C) is a d-dimensional vector space with scalars Q, and admits a

basis {Id,C,...,C%1}:
Q(C) = {1 Id + z2C + ...+ 24CY | 21,... 24 € Q}. (4.11)

Proof. According to the Cayley-Hamilton theorem (see [SM88]), C is a root of its
characteristic polynomial : C?% + ¢4_1C% 1 + ... 4+ ¢,C + ¢gld = 0. Therefore any
power of C' greater than or equal to d can be rearranged as a sum of terms containing
non-negative powers of C' such as (4.11). Furthermore, the minimal polynomial is

irreducible, hence {Id, C, ... ,C% '} are linearly independent. O

Theorem 4.2.4. The fields (Q(8),+, x) and (Q(C),+, x) are isomorphic, and the

field isomorphism:
F:Qp) — QO

r — A:=F(x),

(4.12)

is completely defined by the equation F'(3) = C.
Proof. Q([3) is isomorphic to Q[x]/p(x), because p(3) = 0. But Q(C) is also isomorphic
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to Q[z]/p(z), because p(C') = 0 (according to the Cayley-Hamilton theorem). Therefore
we define a field isomorphism between Q(3) and Q(C') by sending 3 to C. O

Although the product of matrices in not commutative in general, it is in the field

Q(C), because the powers of C' commute.

If z € Q(5) is defined as

n
€T = Z aiﬁ_i, Wlth V_mgzgn a; S Q?

t=—m

then Theorem 4.2.4 gives a practical way to calculate F'(z) € Q(C):

F(z) = 42 F(alﬁ_i)zlz a; F(67Y)
= Z GZF(ﬂ)_Z = Z CLiC_i.

An alternative way of defining F'(z) is:

Proposition 4.2.5. Let x € Q(f3) be defined as © = x1 + z23 +
therefore x := f~Y(x) = (21,...,7q)" € Q%

Then F(x) := x11d + 22C + ... + 240971 = A(x), with

Proof. Let us fix the following basis for Q(3):
{U1 = 1,112 = ﬁ) y Ud = ﬁd_l}'

According to [Wik07], each x € Q(/3) admits a unique representation

matrix A(x) = {a;j}1<i j<q with rational coefficients determined by:
d
Vicj<a Wz = Y aju
i=1
d
Al = ) s
i=1
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and this is called the regular representation of Q(3). The column j of the matrix A(x)
contains the coordinates of 37~1x in the basis (4.16). Therefore if f(x) = x then the

first column of A(z) is equal to x. Furthermore

Bfx) = BB x)
= Blar+zB+ ...+ 248"
= —Cpxq+ (1‘1 — clwd)ﬁ +...+ (xd_l — Cd_lxd)ﬁd_l (4.19)

- §-Cx
= f(CX)v

which proves that the second column of A(x) is Cx, and the same argument applies for
obtaining the following columns. This proves (4.15).

Finally, F(z) = A(x), because A(1) = Id, A(B) = C, ..., A(p!) = Cci!
hence the regular representation of Q(/3) is the isomorphism F': Q(3) — Q(C). O

Definition 4.2.6. Let
¢: Q) — Qf

3 (4.20)
A — x:=Al,

with 1:= (1,0,...,0)t € Z<.

The map ¢ : Q(C) — Q¢ sends each matrix A to the column vector contained

in its first column.

Proposition 4.2.7. (Q(C),+, x), (Q% +,®) and (Q(B),+, x) are d-dimensional iso-

Q(C) v Q¢
\ / (4.21)
Q(B)

and the isomorphisms are defined in (4.4), (4.12) and (4.20).

morphic fields:
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Proof. We defined the field isomorphisms f : Q¢ — Q(3) and F : Q(3) — Q(O),
therefore the three of them are isomorphic. In order to prove that 1 : Q(C) — Q% is

the other field isomorphism it suffices to prove that:

Y7Hx) = Fof(x)

— F(3-%)
= A(x), (4.22)
where A(x) contains the vector x in its first column. O

4.3 The equivalent system

We will need two main results in order to define an equivalent system for studying peri-
odic points for the (-transformation of the unit interval. The first consists of choosing
a suitable phase space, with points which are in one-to-one correspondence with points
in [0,1) NQ(f). The second, requires carefully defining a map in that phase space, in
such a way that it reproduces (through a bijective semi-conjugacy) the dynamics of the

restriction of the [-transformation to [0,1) N Q(/).

Proposition 4.3.1. Let § be a Pisot number or a Salem number of degree d > 2, and

B:=(1,8,...,8% 1) € RL The isomorphism f : Q% — Q(3) is a bijection between
L={xeQ0< B-x <1} and [0,1)NQ(A). (4.23)

Proof. Let us consider f : Q% — Q(3) as defined in (4.4), which is an isomorphism
between Q% and Q(/3), according to Proposition 4.2.1. Since [0,1) N Q(3) is a subset
of Q(3), there exists a unique L C Q% such that f : L — [0,1) N Q(p) is a bijection.

Equivalently,

L = f7(0,1)nQ(B))
= {xeQ'|0< f(x) <1}
= {xeQ?|0<3-x<1}, (4.24)
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which proves what we wanted. O

This was the first step that we needed. Before defining a suitable map in L,
we should make some comments about the geometry of the set L ¢ Q% ¢ R%. The

definition of L in (4.23) is equivalent to L := Y N Q% where
YVoi={(y1,-,ya0) ERT | 0< i+ B+ +yaf ! < 1} (4.25)

It is an elementary result from vector analysis that the inequalities in (4.25) defining
Y C R? have the following geometrical meaning: Y is the set of points in R comprised
between two parallel (d—1)-dimensional planes (whose direction is defined by the orthog-
onal vector (1,4,...,3% 1) € RY), including the plane containing the origin, and ex-
cluding the other plane (which contains, for instance, the point T = (1,0,...,0) € Z%).
If we intersect Y with Q% we obtain L (and therefore, L is not closed).

The geometry of L is related to the geometry of the eigenspaces of the linear
map C : RY — R? (where C is the companion matrix of the minimal polynomial of /3).

Let us decompose R? into three C-invariant subspaces:
RY = E* @ E° @ EY, (4.26)

where E" is the 1-dimensional eigenspace associated to the unique expanding eigenvalue
0B; E? is the stable subspace which is the direct sum of the eigenspaces associated to
the eigenvalues of C' with modulus less than 1 (in the Salem case, E* is 1-dimensional);
and E° is the direct sum of the eigenspaces associated to the eigenvalues of C with

modulus 1 (E° = & in the Pisot case).

Proposition 4.3.2. Let 8 be a Pisot or a Salem number of degree d > 2. Consider the
decomposition of R as in (4.26). Then

ES®EC L (1,8,...,8%7h). (4.27)
Proof. The vector 3 = (1,3,...,3% ") is a left eigenvector of C, associated to the
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eigenvalue (:

0 ... ... 0 —co
1 0 ... 0 —ea
g-C = (1,6,....67) | o
0 —cg—2
0 ... 0 1 —c4q
= B,....,00 —cg—c1f— ... —cg1 V)
= (B,....,587", 8%
= B0 (4.28)

Choose any x € R?% and write x = Xsc + Xy, With x5, € E° @ E° and x,, € E™.

According to (4.28), we have
p-Cx) = BB-x
B : C’(Xs,c + Xu) = B : (Xs,c + Xu)' (4'29)

Since x,, € E*, which is the eigenspace associated to the eigenvalue 3, we have C'(x; .+
xy) = C(X5,c) + Xy, and from (4.29) we obtain

B : C(Xs,c) + B : (ﬁxu) = ﬁB ‘Xget ﬁB * X, (430)
which is equivalent to 3 - C(xs,c) = g - (Bxs,c) and to:

B-((C - Bld)xs.) =0, (4.31)

for any x, . € E°@ E°. But the restriction of the linear map (C' — 5Id) to the invariant

subspace E* @ E€ is invertible, therefore from (4.31) it follows that
VveE*®E, [f-v=0, hence E*®E° 1L f3. (4.32)
U

We can finally state the relation between the geometry of L and the C-invariant

subspaces of R%:
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Corollary 4.3.3. The set L C Q% is contained in the region between two parallel planes

in R%, which are:

ES®&EC  and 14 E°® E°. (4.33)

Proof. The (d — 1)-dimensional planes which are the boundary of Y are orthogonal to
f3, as we have seen in (4.25). E*@® E°is a (d — 1)-dimensional subspace of R? (because
E" is 1-dimensional), and according to Proposition 4.3.2, this subspace is orthogonal
to 3. Therefore E* @ E° is the (d — 1)-dimensional plane which is orthogonal to 3 and
contains the origin, whereas its translation by the vector 1 := (1,0,...,0)! € 7% is the

other parallel plane (containing 1) which together form the boundary of Y. O

We now state the second main result which we need for the definition of our

equivalent system for studying periodic points for the S-transformation:

Theorem 4.3.4. The map defined by

cC: L — L
3 (4.34)
x — Cx—e1(x)1,
with e1(x) := [Bf(x)] = [83-x] € {0,1,...,[B]} is semi-conjugate to the restriction
of the [(3-transformation to [0,1) N Q(3):
Ts: [0,1)NQMB) — [0,1)NQ(A) (4.35)

x —  fx — [fz].
The semi-conjugacy of the two systems is shown in the following commutative diagram:

C

L L

! f (4.36)
[0,1) NQ(B) 0,1) NQ(B)

Tp

where the semi-conjugacy f : L — [0,1) N Q(f) is a bijection (as defined in (4.4)).
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Proof. According to (4.4), f: L — [0,1) NQ(S) is a continuous bijection. Let us now
prove that the diagram (4.36) is commutative. Using the definition of C' (4.34), we
have:

foC(x) = f(Cx —e1(x)1). (4.37)

f is a linear map (vector space isomorphism) between Q% and Q(f) (with scalars Q).

Since Vx € L, e1(x) € {0,1,...,[B]} C Q, we use the linearity of f to obtain:

fol(x) = f(Cx) —e1(x)f(T). (4.38)

Let us use (4.19) to simplify f(Cx) = Bf(x). Furthermore, f(I) = 3-1 =1 and
e1(x) := [Bf(x)], therefore:

foC(x) Bf(x) —e1(x)

= Bfx) - [Bf)]. (4.39)
On the other hand,
Tgof(x) = Ts(f(x))
= Bf(x) =B, (4.40)
which proves that f o C(x) = T o f(x) and the diagram is commutative. O

Proposition 4.3.1 together with Theorem 4.3.4 provide us with a non-invertible
dynamical system (5, L) which is equivalent to the S-transformation of the unit interval,

as far as the study of periodic points is concerned.
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Figure 4.1: The set L and the map C
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Chapter 5

Periodic points

5.1 Introduction

In this chapter, we consider the dynamical system (é,L) which is semi-conjugate to
(T3,[0,1)NQ(/3)). Given that the semi-conjugacy f is a bijection, (5, L) is an equivalent
system for studying periodic points for the (-transformation.

We assume that 5 > 1 is a Pisot number (having minimal polynomial p(x) with
co = £1) or a Salem number, therefore |co| = |det C| =1 and C' € GL(d,Z). ltis
a standard result in the theory of Dynamical Systems that the linear map C' defines a

toral automorphism on the d-dimensional torus (see, for example, [KH95]):

Definition 5.1.1. Let 3 > 1 be a Pisot number (with a minimal polynomial p(x) having
co = £1) or a Salem number. The companion matrix of the minimal polynomial of 3

defines a toral automorphism in R%/Z%:

C: RYz4 — R?/74
(5.1)
x+ 7% — Cx+ 74

The similarity between (5.1) and (4.34) suggests that the map C can be factored
to the toral automorphism C. Given that the domain of the map CisLcC Q4, when
we factor C to C, it suffices to consider the restriction of the toral automorphism to

Q%/Z  T¢ (which is the set of periodic points for the toral automorphism C):
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Proposition 5.1.2. The dynamical systems C:L—LandC : Q%7 — Q474 are

topologically semi-conjugate:

LL C j
Q/2d ———Q¥/z¢

and the semi-conjugacy is the projection into the torus:

n: LcQ? — Q¢/z¢

X — x4+ Z4%

(5.2)

(5.3)

Proof. Let us prove that the diagram commutes. Vx € L, ¢1(x)I € Z, therefore

moC(x) = m(0x—e(x)1)

= COx—¢e(x)T+ 24

= Cx+ 7%
On the other hand,

Con(x) = C(x+17%

= Cx+74%

hence o C(x) = C o m(x), Vx € L.

(5.4)

Finally, 7 : L — Q%/Z% is a continuous surjection, therefore 7 is a topological

semi-conjugacy.

O

We will be interested in the factorization of C-orbits to C-orbits by the semi-

conjugacy 7. We recall that any C-orbit in Q%/Z¢ is periodic (in the strict sense),

and therefore any C-orbit (whether it is eventually periodic or possibly non-periodic) is

mapped by 7 into a periodic C-orbit.
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5.2 Partitioning L according to periodic properties

The map C' is not invertible, and we define the set of eventually periodic points as:

Definition 5.2.1. The set of eventually periodic points for C is:

Per(C):={xe€ Lc Q| 350 p0 : CP™(x) = C™(x)}. (5.6)

If x € Per(C') we are interested in the minimum number of iterates m that it

takes for C™(x) to be periodic in the strict sense:

Definition 5.2.2. Let x € Per(C) C L. The pre-period of X is

m :=min{k € Ny | Jpen : CPTF(x) = CF(x)}. (5.7)

If x € Per(C) has pre-period m = 0, we say that x is strictly periodic.

For each x € Per(C') we define its (minimum) period as the (minimum) period

of the periodic component of the C-orbit of x:

Definition 5.2.3. Let x € Per(C) C L. The (minimum) period of X is
pi=min{k €N | Ipen: CF"(x) = C™(x)}. (5.8)

We can partition L into the disjoint union of three sets distinguishing points

according to their periodic properties:

Definition 5.2.4. The set L is the disjoint union of three sets:

L=P U E UN, (5.9)
——
Per(C)

where:
1. P is the set of strictly periodic points (pre-period m = 0).
2. FE is the set of eventually periodic points with pre-period 0 < m < oo.
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3. N := L\ Per(C) is the set of non-periodic points.

According to Theorem 3.4.7 and Theorem 4.3.4, if 8 is a Pisot number then
Per(C) = L and N = @. The same would be true in the Salem case, should Schmidt's
Conjecture 3.4.8 be true. Since we do not know whether or not that is the case, we
assume the possibility that N # & in the Salem case.

The set Per(C) = PU E is C-invariant:
vx € Per(C), Vn e N, C"(x) € Per(C), (5.10)
and so is N (though this is trivial in the Pisot case):
vxe N, VneN, C"(x)eN. (5.11)

For each x € F, there exists m € N such that C™(x) € P, therefore P can

be considered as an attractor (in the sense that we are suggesting) for the orbit of any

x € Per(C).

If 3 is Salem and N # &, then the orbit of any x € N is non-periodic and it
contains an infinite number of points. Moreover, as we choose x € N C L C Q% we fix
a minimum common denominator ¢ > 0 for the rational coordinates (z1,...,z4)! € Q4.
Given that C does not increase ¢, we can say that for any n € N, én(x) € (Zd/q) NL.
But (Z%/q) is a lattice, hence any non-periodic (infinite) orbit must be unbounded.

This proves that if N # &, then

VxeN,VK >0, 3keN : n>k=|C"x) > K. (5.12)

5.3 Symbolic dynamics

We can use the subshift (o, )Zg) to describe the dynamics of (C, L).
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If we consider Proposition 3.4.5 and Theorem 4.3.4 together, we have:

X% o Xy
[0, 1)ﬁfl1 Q) —,—[0.1) rlﬂg(ﬁ) (5.13)
] I
L _ L
C

where both g : )N(; —[0,1)NQ(B) and f: L — [0,1)NQ(S) are bijective topological
semi-conjugacies (their inverses are not continuous). Let us define a bijection Ilg :

)N(g — L by Ilg := f~lo mg. This allows us to write the simplified commutative

diagram:
v+ o v+
X X5
Hﬁl lﬂﬁ (5.14)
L — L
C

Although 114 : )A(:g — L is not a semi-conjugacy (because it is not continuous), it is a
bijection and carries the dynamics of the shift (o, )Zg) to (C, L).
Let s € R? be the lift of the fundamental homoclinic point of C (this is a concept

introduced in [Sid01] or [Sid03]; see also Appendix C), whose Z?-coordinate is 1:
s:=(1+E°®E°)NE" (5.15)

Note that s belongs to the intersection of E* with the boundary of Y, and that 3-s = 1.
We can map any x € [0,1) NQ(B) to (zs) € R%

Proposition 5.3.1. Let s be defined by (5.15). Then for each z € [0,1) N Q(3)
x:=(zs+ E°®E)NQ¢ = f (). (5.16)

Proof. For each z € [0,1)NQ(/3) there exists a unique x € L C Q% such that f(x) = x.

Consider (4.26) and write x = X, + X,, with x,, € E* & E¢ and x,, € E*. Since
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x = f(x), we have:

Tr = ﬁ'(xs,c"i'xu)
= - Xse + B Xy. (5.17)
N——
0
On the other hand 3 (zs) = x 3-s = x. This means that 3 - (rs) = 3 - x, and
~—

1
(rs) € E*, hence x, = =s and

(Xs.c +%u) € (x5 + E* @ E°) N Q% (5.18)
N——

In fact, there cannot exist other v # x such that v € (zs+ E*® E°)NQ¢, because any
plane parallel to £* @ E° is orthogonal to 8 = (1,3,...,3%"), and therefore it cannot
contain a non-zero vector with rational coordinates, or equivalently, it cannot contain
two different points with rational coordinates. Therefore x := (zs + E* © E¢) N Q% is

well defined and x = f~1(z). O

Proposition 5.3.2. The bijection in (5.14)

My: Xi — L
pe e (5.19)
g — x:=1I3(e),
can be defined as:
M4(z) := <Z€k C7Fs) + E° @ EC> N Q<. (5.20)
k=1
Proof. Let € € )Zg and 7 := dg(8) = > 7o, er3F. By definition
3(E) = flods(e)
= [H(=), (5.21)
and together with Proposition 5.3.1 we obtain
4(2) = (zs + E° @ E) N Q™. (5.22)

But xs =Y o0 exB Fs =72, e,CF(s), because s € E*. Replacing this in (5.22)
gives (5.20). O
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We can give an alternative definition for Ilg, provided that € )A(:; is an even-

tually periodic sequence:

Proposition 5.3.3. Letz € )N(; be eventually periodic:

E:(617---7Em7€m+17---75m+p7---)' (523)
Then
P
Yo aC T+ (CP—TId)™ > epmCPRL (5.24)
1<k<m k=1

Proof. Let us start by writing the (-expansion of x := 7g(g):

o0 o0
Ek €k 1 € k
=3 > g () 525)
k=1 1<k<m k=1
The infinite sum in (5.25) can be simplified:
€m+k = €m+1 oo €m+p €m+1 oo €m+p e
Z _< i +ﬁp>+<ﬁp+1+ +62p>+

Em+1 » gm+p> oo ( >n
8 <\ Br

n=

LA g » R o
(Z ﬁ+ ) Gr — 1 - 1) ! kEZ:l gm-‘rkﬁ k- (526)
(

k=1

If we replace (5.26) in (5.25), we have:

z = Z G (G iemmp—’f)
k=1

1<k<m
p
€ _ ——
- Zﬁ—’; + (=D ek (5.27)
k=1 k=1

We can use the field isomorphism F': Q(3) — Q(C) to obtain:

F(r) = F< > %) + F((ﬁp—lrl)F(Zsmmp—m—’f)

1<k<m k=1
p
= ) @CF 4+ (CP—Id)) emsCPT R, (5.28)
1<k<m k=1
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Finally, we recall that II5(z) = x and x = f~!(x) = ¢ o F(x), therefore:

p
M) = > eCFT + (CP—Id)™' Y epnupCP ™ P (5.29)

1<k<m k=1
O

Corollary 5.3.4. If x € L is strictly p-periodic, then there exists a unique strictly

p-periodic sequence € := (€1, ...,¢p,...) € X7, such that x = I14(g) and:
p
Mg(E) = (CP—1Id)") CP "1 (5.30)
k=1

\ .
= (CP—Id)7 | cr1T ... T 1 N (5.31)
| | | €p
Given that in the Pisot case, every x € L is eventually periodic, we have an
explicit definition of Il for every € € )N(g However, in the Salem case Proposition

5.3.3 may not always be useful (if there exist non-periodic sequences in )Z;)

5.4 Strictly periodic orbits

If x € L is eventually p-periodic, there exists a unique eventually p-periodic sequence
g € )A(:g such that IIg(Z) = x. Together with Proposition 5.3.3 we can say that if

x € L is eventually p-periodic, then x € (C? — Id)~'(Z%):

Proposition 5.4.1. Let Perp(é) be the set of eventually p-periodic points for C. Then

Per,(C) C LN (CP —Id)~YZ%). (5.32)

Proof. Let x € Perp(é), e )N(; and II3(€) = x. Proposition 5.3.3 allows us to write

x as in (5.24), which contains two terms:

> aC*I e zlc(cP-1d)~H(z
1<k<m
p
(CP—Td)™' > emupCP™ T € (CP — 1d)~1 (2, (5.33)
k=1
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therefore x € (CP — Id)~1(Z4). O

If x € Per(C) N (CP — Id)~Y(Z%), it does not necessarily follow that x is
eventually p-periodic. However, there must exist £ € N such that x is kp-periodic,

because 7(x) is p-periodic for C.

Proposition 5.4.2. For eachp € N, let P, :== PN (C? — Id)~Y(Z%). Then

Vx e Per,(C) 3meNy : C™(x)e B, (5.34)
Furthermore the set of strictly periodic points is

rP=|]P,. (5.35)

1C3

In the Pisot case, P, contains a finite number of strictly p-periodic 5-orbits, and there-

fore P, is a finite set. Moreover, P is a bounded set.

Conjecture 5.4.3. Consider the previous Proposition. If 3 is Salem , then P, is an

infinite and unbounded set. Furthermore, P is unbounded.

We propose this conjecture, taking into account the computer simulations that

we have carried out for a particular Salem case in Chapter 6.3 and Appendix A.

5.5 Correspondence between orbits

In this section, we will mention some of the differences between the Pisot and the
Salem cases, concerning the set P and the projection 7 : P — Q¢/7Z¢.

The restriction of C to P is invertible. Furthermore, we have the following:

P ¢ P
| I -
Q'/z! ——— Q'/2°
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Proposition 5.5.1. If 3 is Pisot (with co = +1) then 7 : P — Q%/Z¢ is surjective.

Proof. If 3 if Pisot , then Per(C) = L and Vx € L Jpeny : CF(x) € P. In order
to prove that 7 : P — Q%/Z% is surjective, let us choose any (x + Z¢) ¢ Q?/z.
Define x' := x — [ - x|T, and note that X’ € L and 7(x') = x + Z%. If X' € P,
then we have found a pre-image for (x + Z%). If X’ € E and has pre-period m, then
x" := C™(x') € P. Since the C-orbit of x” in P is strictly periodic and is factored by
T to the C-orbit of x + Z¢, there exists i € Ny such that o C'(x”) = x + Z%, and
Ci(x") € P. 0

If 3 is Salem, we cannot say whether or not 7 : P — Q%/Z% is surjective:
if Schmidt's Conjecture 3.4.8 is true, then Proposition 5.5.1 would also be true for
any Salem number. However, if Conjecture 3.4.8 is false, there could exist some (x +
7% € Q9/7Z% such that any pre-image 7T_1(X + Zd) is non-periodic, and therefore
w_l(x—l—Zd) NP=g.

Definition 5.5.2. Define the set of strictly periodic points with integer coordinates for

C as:

Z:=Pnzl (5.37)

If the [-expansion of 1 is eventually periodic (this is always the case if [ is
Pisot , and it is not known for the Salem case) with pre-period m and period p, then

the strictly periodic component of the orbit of 1 belongs to Z:

{C" M)}, cncmsp € 2 (5.38)

Furthermore, in the Pisot case Z must be a finite set, because there exist only a finite
number of points with integer coordinates in the bounded set P. We conjecture that in
the Salem case Z contains an infinite number of points, based on the computations of

the example in Chapter 6.3 and Appendix A, in which Z = 77 1(vo + Z*).
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5.6 Counting periodic points

The description of the periodic points for a toral automorphism is a simple exercise:

Proposition 5.6.1. The set of p-periodic points for (C,Q%/Z%) is:

Pery(©) = {(x+2%)eQ/z! | T'(x+2%) = (x + %)}

= (CP —1Id)~Y(z%))z°. (5.39)

Proof. According to the definitions, (x + Z%) € Q?/Z% is a p-periodic point for the
toral automorphism C if and only if C*(x + Z%) = (x + Z%). This is equivalent to
(CPx+7Z%) = (x+7Z%) and also (CP — Id)x € Z%. Since det (CP — Id) # 0, (C? — Id)
is invertible and (C? — Id)x € Z% is equivalent to x € (C? — Id)~!(Z%), and therefore
Per,(C) = (CP — Id)~Y(2%) /7. O

Corollary 5.6.2. The number of p-periodic points for the toral automorphism C is:

|Per,(C)| = |det(CP — Id)| (5.40)
d

= JJer -1, (5.41)
i=1

where 6; are the roots of the minimal polynomial (3.2) of (3.

Proof. The set of p-periodic points for the toral automorphism is the finite subgroup of
the torus:

(CP — I1d)~Y(z) )72, (5.42)

which is isomorphic to

7e)(CP — Id)(Z), (5.43)

and the number of points of this subgroup is |det(C? — Id)|. Now C? has eigenvalues

{6P}1<i<a, so (CP — I) has eigenvalues {07 — 1}1<;<4 and therefore
d
| det(CP — I)| = [ 167 — 1I. (5.44)
i=1
U
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Since m : L — Q%/7Z% factors the non-invertible dynamical system (G,L) to
(C, Qd/Zd), it can either preserve the period of the periodic component of the eventually
periodic C-orbit, or factor that period. ™ maps an eventually p-periodic C-orbit to a
C-orbit which is also p-periodic (though p isn't necessarily the minimum period).

Since m maps p-periodic points under the map C into p-periodic points under

C, it is immediate that Per,(C) C (LN (CP? — Id)~"(z%)).

Corollary 5.6.3. For each p € N, we have an upper bound for the number of strictly
p-periodic points for C:

[Pery(C)] < ([8] + 1) (5.45)
Proof. There is a bijection between the strictly p-periodic sequences in )A(:E and the

strictly p-periodic points for C. But )A(ig c {0,1,...,[B]}, where there exist ([3] +1)P

p-periodic sequences with [3]+1 symbols, and this is an upper bound for |Per,(C)|. O

The growth of |Per,(C)| = |det(C? — Id)| = T]%,|#” — 1. And in the
Pisot case, this is []%, |0” — 1| ~ jP.
In the Salem case, this product has an irregular pattern, because some times the

powers of the roots of modulus 1 are close to 1, therefore |67 — 1| is small.

5.7 Schmidt’s proof translated into the notation (C, L)

In this section, we rewrite some of the important results in [Sch80] into our notation.
Lemma 5.7.1. Let x € L C Q%. The following conditions are equivalent:

1. x € Per(C)

2. dk,>0, Ynen, ‘5n(x)’ < K

3. 3,50, Vici<ds Ynen, [(1,6;,...,0071) . O™ (x)| < K,

Proof. If x € Per(C) then {C™(x)}nen is a finite, and therefore bounded set. This

proves that (1) = (2).
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Suppose x € L C Q has rational coordinates with a minimum positive common
denominator ¢ > 0. The minimum positive denominator of 5"(x) cannot be greater
than g, therefore the C-orbit of x belongs to a lattice in Q7 defined by ¢. If (2) holds,
then the C-orbit of x is bounded, and since it belongs to a lattice, it must be eventually
periodic: x € Per(C). This proves that (2) = (1).

There exists some B > 0 such that Vy<;<4, we have |(1,6;,...,0971)| < B,

therefore if (2) holds, then (3) also holds. To see that (3) implies (2), we write:

) 16, ... 61

(n) d—1

x 1 6 ... 0 ~

O I | onx) (5.46)
zy! 1 6 ... 641

But the matrix {93_1}199 is invertible, therefore we can multiply (5.46) by the inverse
of the matrix and express én(x) as the product of a matrix by a bounded quantity.

Therefore (3) implies (2).

The Theorem 3.4.7 becomes:

Theorem 5.7.2. Let 3 be a Pisot number. Then Per(C) = L.

Finally, Conjecture 3.4.8 becomes:

Conjecture 5.7.3. Let 3 be a Salem number. Then Per(C) = L.
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Chapter 6

Examples and computational

results

6.1 Introduction

The main problem which served as motivation for our results was the description of
Per(T3), which is a subset of [0,1) N Q(3), as we have seen in Proposition 3.4.3. If
B is a Pisot number then Theorem 3.4.7 gives a complete description of Per(1j3). The
Conjecture 3.4.8 which was first suggested in [Sch80], claims that if 5 is a Salem number
then the description of Per(7j) is the same as for the Pisot case.

So far, Conjecture 3.4.8 remains to be proved or disproved. [Boy89], [Boy96]
and [Boy97] considers whether or not Salem numbers satisfy a weaker property than
Conjecture 3.4.8. These works are based on explicit computation of the orbits of certain
points, and also on statistical heuristic arguments, which according to Boyd suggest that
Conjecture 3.4.8 should be false. We will summarize the main results and implications
of [Boy89], [Boy96] and [Boy97].

For any x € [0,1) N Q(B), the explicit computation of {T(z) | 0 < n < k}
can be implemented with the help of a mathematical package (for instance, MapIeTM).

These computations can be done with absolute precision, because we can represent
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r€1[0,1)NQ(B) by x € L ¢ Q% and compute the corresponding C-orbit. But in such
case, we are dealing with points in Qd, and therefore our computations will be symbolic,
rather than numerical approximations. We will show some computational results that
we have obtained for the Salem case.

The explicit computation of Tz-orbits of points z € [0,1) N Q(/) cannot be
used to prove Conjecture 3.4.8, because that would require explicitly computing in-
finitely many orbits. On the other hand, if Conjecture 3.4.8 was false, and for a given
Salem number 3 we wanted to prove that the orbit of some = € [0,1) N Q(5) was
infinite, then explicit computation of that orbit would be of no use for proving that the

orbit was infinite.

6.2 Boyd’'s results

The approach of [Boy89], [Boy96] and [Boy97] studies a particular implication of Con-

jecture 3.4.8:

Proposition 6.2.1. If Per(T3) = [0,1) N Q(B) then the 3-expansion of 1 is eventually

periodic.

Proof. Given that

B - v 6
the J-expansion of 1 is:
ds(1) = ([8],€1,e2,¢e3,...), (6.2)

where (e1,€9,¢€3,...) := dg({B8}). But {8} € [0,1) N Q(5), therefore it is eventually
periodic. O

If the 3-expansion of 1 is eventually periodic (or equivalently, if {773(1) | n € N}
is finite ) then we say that (3 is a beta-number (this definition was introduced in [Par60]).
According to Theorem 3.4.7, all Pisot numbers are beta-numbers, and if Conjecture

3.4.8 is true, then all Salem numbers would also be beta-numbers.

54



In [Boy89], it was proved that every Salem number of degree 4 is a beta-number.
If 3 is a Salem number of degree 4, then its minimal polynomial is a reciprocal polynomial
of degree 4, which is determined by two coefficients a,b € Z (not every pair (a,b) € Z?

defines a Salem number, though):
p(z) = 2* + az® 4+ ba® + ax + 1. (6.3)

[Boy89] proved that for fixed a, the period of the orbit of 1 is bounded by 2|a|. However,
this does not prove 3.4.8 for Salem numbers of degree 4. It merely proves that such
Salem numbers are beta-numbers, or in other words, that the Tj3-orbit of 1 is eventually
periodic.

[Boy96] deals with the same problem for Salem numbers of degree 6. Extensive
computations were carried out, trying to compute the Tz-orbits of 1 for several hundreds
of different Salem numbers. For some Salem numbers, the complete orbit was found
to be finite, whereas in other cases, it wasn't possible to determine whether or not the
orbit was finite (given that after several thousands of iterations, a periodic pattern was
not obtained). It was claimed that for such cases, this did not mean that the Tj3-orbit
of 1 was infinite, but possibly simply its period was too big.

[Boy96] also developed a probabilistic model for the distribution of the Tjz-orbit
of 1 for Salem numbers of any degree d (which is necessarily even and d > 4). It was
claimed that this heuristic probabilistic argument provided numerical data supporting the
conjecture that all Salem numbers of degree 6 should be beta-numbers, but the same
should not hold for Salem numbers of degree higher than 6. This contradicts Schmidt’s

Conjecture 3.4.8.

6.3 Salem example of degree 4

We would like to observe different aspects in the dynamical behaviour of C-orbits in
the Salem case (in comparison with the Pisot case, which is better understood). One

of the immediate problems we face, is the dimension of the space Q% which embeds L,
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because Salem numbers have a minimal polynomial of degree d > 4. If we want to plot
the orbits, we have to project them into a subspace of dimension less than 4. We will
choose to project them into the 2-dimensional subspace E° (which is the eigenspace of
C' corresponding to the eigenvalues of modulus 1).

Consider the Salem number 3 of degree 4 defined by the minimal polynomial
p(z) = z* —102® — 10z + 1. (6.4)

The companion matrix for p(z) is:

000 -1
100 10

C= (6.5)
01 0 O
00 1 10

We can work out a numerical approximation for 3 ~ 10.097114224488, and
therefore [5] = 10 and {8} ~ 0.097114224488. The [-expansion of 1 is

dﬁ(l) = (107 07 97 97 07 97 97 e ) = (107 07 97 97 o ) (66)

We shall be considering the following diagram:

-+ o v+
X5 Xg
Hﬁl lnﬁ
L - L (6.7)

L : L

Qd/z? = Q4 /74

We recall that IIg : 5(; — L maps the (-expansion of each x € [0,1) N Q(f) to
x € L C Q% such that x := f~1(z).

We consider the fixed points for the (non-hyperbolic) toral automorphism C:
Fiz(C) = Per(C) := (C — Id)~Y(z%) /7. (6.8)
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We can compute:

L1l 9 9 9 9
(C—Id)'=—~ , (6.9)
81 9 —9 —9 9

1 1 1 1
and |Fiz(C)| = |C — Id| = 18. We can think of Fiz(C) as a finite subgroup of T¢, in
this case of order 18.

Let us define vy := % (—19, -9, -9, 1)t, and v0§k<18 v = kvy.

Proposition 6.3.1. (C'—Id)~Y(Z%)/Z% is cyclic subgroup of T?. We can choose v +Z?

as a generator, and we have:
Fiz(C) = (C — 1d) (24 /2% = {(kv1) + Z* | 0 < k < 18}. (6.10)

Proof. If suffices to check that for any i, j such that 0 < i < j <18, v; —v; =v;_; ¢
Z4, therefore \7Zi +7Z% and v; + Z® are different elements in T?. Furthermore, 18vy € Z%
(as we would expect, because the order of the subgroup is 18), therefore vi + Z%is a

generator for Fiz(C). O

On the other hand, we can also enumerate every fixed point for C. Each x €
Fiz(C) = Per1(C) can be enumerated using the bijection I15(%), given that € € )A(:E
and o(g) = &. Since )A(:E C Z[JB], there are at the most [J] different sequences in )A(:E
with period 1. If we define € := (g7,...) with &1 € {0,1,...,([f] — 1)} we can use

(5.30):

M3(2) = (C—1Id) el

= £1V1. (611)

In our case 0 < €1 = k < 10, and therefore there exist 10 fixed points for C. If we

compare (6.11) and (6.10), we immediately see that:
m(e1vy) = kvy + 24 = vy, + 77, (6.12)
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and therefore each of the 10 fixed points for Cis mapped into a distinct fixed point for
C. But there exist 8 additional fixed points for C, namely {v; + Z¢ | 10 < k < 18}
which don't have a pre-image in L which is 1-periodic.

If Conjecture 3.4.8 is true, then any point x+Z% € Q?/Z? has at least a strictly
periodic lift 71 (x+Z%). In our case, we would like to investigate which strictly periodic
images do the fixed points admit.

Each v; + 7% (for 0 < j < 18) has infinitely many pre-images in L:
Y v; + 2% = LN (v; + 2%, (6.13)
though we are interested in those pre-images which are strictly-periodic:

™ Hv; +ZY NP (6.14)

6.3.1 Computing pre-images within a bounded region with Maple

We consider the factor map m : L — Q%/Z%, such that m(x) := x + Z%. In what
follows, when we mention a pre-image of a point x +Z%, we mean any v € L such that
7(v) = x + Z%, or in other words, such that (v —x) € Z%.

For any M € N and x € Q%, define:
BM(X) = {X +n | n:= (’I’Ll, ce ,’I’Ld) € Nd and Vlgigd |TLZ| < M} (6.15)

For any x + Z% € Q?/Z%, if we choose some M € N we define a finite set of

pre-images

By(x)NLcrl(x+129). (6.16)

If x € Q% is small compared to M € N, we can interpret Bps(x) N L as the set
of pre-images of x + Z¢ which have maximum (infinity) norm approximately less than

M.

58



6.3.2 Pre-images of v, + Z*

Let us choose a fixed point for C, for instance:
vo+ 2 € QY/z". (6.17)

We define how big the bounded region is by setting M = 100, and compute the
finite set of pre-images Bjgo(vp) N L with Maple Routine 1.
Given this set of pre-images of vy + Z*, we want to consider only those which

are strictly é-periodic, and we can do that using Routine 2 to compute the list

6.3.3 Generating projections of the orbits

We have computed a bounded C-invariant set of pre-images of the fixed points for C.
The computation of the orbits is a straightforward procedure with the help of Maple.
But if we want to display those orbits, we need to project them into a subspace of

dimension less than 4. We will define a change of basis for R* as follows.

E*=( (-1,°-108% 8* —108,0)" ) (6.18)

Vu

because Cv, = f(v,. We can obtain a stable eigenvalue for C replacing 3 by 57!
in (6.18) and simplifying the expression using the equation p(3) = 0. We obtain, for
instance:

E® = ( (8,108 —1,108° — 3,-B*)" ), (6.19)

Vs

and we can confirm that Cv, = 8~ v,.

In order to find two generators for E¢, we proceeded in the following way:

E? @Ec = < (ﬁ,—l,0,0)t ) (07ﬁ7_170)t ) (070767_1)t >7 (620)

because these three vectors are linearly independent and orthogonal to 5.
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Consider the change of basis defined by the matrix:

g 0 0 -1
e , (6.21)
0 -1 B p*Z-1083
0 0 -1 Ié;
where the first three column vectors generate E® @ E°, whereas the last one generates
E¥. We have numerically iterated by the linear map C a point x € E* @ E°. It
approximates E° and we considered the first three coordinates in the basis defined
by S’. The external product of the vectors consisting of these three coordinates for
consecutive C-iterates of x converges to a vector in R? which is orthogonal to E¢. The
numerical results that we obtained suggested that the orthogonal vector was (32, 3, 1),

and therefore E° should be generated, for instance, by (1, —/3,0) and (0,1, —f), which

in terms of the basis defined by S’ corresponds to:
Vel = 1’(/87_17070)t_5(0757_170)t:(/87_1_/827/870)t7
veo = 1-(0,8,-1,0)" = 5(0,0,8,-1)" = (0,8,-1—8%8)".  (6.22)

This means that

EC={ (8,-1,-8% )", (0,8,—1 - 3%,B)" ), (6.23)

Vel Ve2

and we can confirm that Cv,; = veg and Cveg = vy + (8% — 1082 — 3)ve, therefore
<v61,v01> = E° because this is a 2-dimensional invariant subspace orthogonal to (.

The change of basis matrix

B 0 32 -1
_1_ 32 _ -1 3 _ 2
o 1-p B 10-p71 B3 —10p (6.24)
Jé] -1-p3% 108—-1 p>2-1083
0 B —p B

contains v.1, Ve in the first two columns, and therefore if we want to project a point

x € R?* into E, we take the first two coordinates of S~'x. This is what we do in
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order to obtain the orbits shown in Appendix A, generated with the Maple code shown

in Appendix B.5.

6.3.4 Interpretation of the plots

Let us consider the projections of the strictly periodic orbits that are shown in Appendix
A.

The circular shapes that we observe, reflect the rotating behaviour of the orbits
for the map C. Any strictly periodic point x € L has a component along the stable and
unstable directions (E® and E*) which are bounded and rather small, as the absolute
distance of the point to the origin increases. If a strictly periodic point is very far from
the origin, then its component along E° must be big. When we iterate such point by C,
its E°-coordinates are rotated around an ellipse by an irrational angle (this corresponds
to the linear map ('), and subsequently translated by a variable bounded vector, whose
contribution is less relevant the farther we get away from the origin. This explains why
a slightly square shape can be observed for orbits which are nearer to the origin, whereas
this shape becomes more evenly circular as the orbit is farther away from the origin.

The tones of gray correspond to different periods, where black corresponds to
the lowest period (1) and the lightest shade of gray corresponds to the highest period.

Tables 6.1 and 6.2 show the number of strictly periodic orbits found within the
bounded region (defined by the parameter M = 100), according to their periods and to

which fixed point v, 4+ Z* for the toral automorphism it is mapped by the factor map 7.
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period HV()‘Vl‘Vg‘Vg‘V4‘V5‘V6‘V7‘V8‘V9‘

1 1,1}, 1}1|1}1]1,1;1]1
3 1 1
4 21216622
7 111 111
11 11111 1711
15 10| 7 10 | 11 7 110
19 2 |1 11221 171
26 11221
30
34 1126|133 |1|6]|3]|1
49 1114|1221 4]1]1
53 1 1
60
64 111711 171 (1|1}1
79
83
94
98 1 1
109 1 1 1 1
128
158 1 1

| total orbits — [ 21 [ 17 [ 21 | 19| 26 | 28 | 18 [ 21 [ 19 | 20 |

Table 6.1: Number of C-orbits which are pre-images of v, + Z*

62



period H V1o ‘ Vi1 ‘ Vi2 ‘ Vi3 ‘ Vig ‘ Vis ‘ Vie ‘ V17 ‘
1
3
4
7
11
15
19
26
30
34 3
49 1 ]3] 2
53
60
64
79
83
04 1|1
08 1 1
109 1 1
128 1] 1 1] 1
158 1
| total orbits — [ 20 [ 21 | 22 [ 20 [ 19 | 22 | 22 | 20 |

12 8 12

DN ==
=
=
NN R

Hi= =W =
—
—

=== =N o] =

[y
—

== = =
[ENEY DT TY Y

Table 6.2: Number of C-orbits which are pre-images of v, + Z*
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Appendix A

Pictures for the Salem example

In this appendix, we present the plots generated with Maple while studying some periodic
orbits of the map C for the Salem number defined by the polynomial p(z) = z* — 1023 —
10z 4+ 1. Each page contains two plots: the top one shows the projection into E¢ of
the strictly periodic points for C which are pre-images of the fixed point vj + Z* for
the toral automorphism C. We limit our plot to a bounded region in L (depending on
a parameter M = 100), and that is the reason why the circular regions containing the
points are bounded.

The plot on the bottom half of each page is related to the one above it: each
strictly periodic orbit is represented by a unique point, whose horizontal coordinate is
proportional to the average distance to the origin of its projection to E¢, whereas the

the vertical coordinate represents the period of the orbit.
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Figure A.1: Projection of pre-images of vo + Z* in E°
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Figure A.2: Average orbit distance versus period for each orbit 7! (v + Z*)
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Figure A.3: Projection of pre-images of vy + Z* in E¢
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Figure A.4: Average orbit distance versus period for each orbit 7! (v + Z%)
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Figure A.5: Projection of pre-images of vo + Z* in E¢
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Figure A.6: Average orbit distance versus period for each orbit 771 (vo + Z%)
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Figure A.7: Projection of pre-images of v3 + Z* in E°
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Figure A.8: Average orbit distance versus period for each orbit 7—!(v3 + Z*)
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Figure A.9: Projection of pre-images of v4 + Z* in E¢
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Figure A.10: Average orbit distance versus period for each orbit 7~ !(v4 + Z*)
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Figure A.11: Projection of pre-images of vs + Z* in E°
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Figure A.12: Average orbit distance versus period for each orbit 7! (v5 + Z*)
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Figure A.13: Projection of pre-images of vg + Z* in E°
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Figure A.14: Average orbit distance versus period for each orbit 7! (vg + Z*)
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Figure A.15: Projection of pre-images of v; + Z* in E°
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Figure A.16: Average orbit distance versus period for each orbit 7! (vy + Z*)
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Figure A.17: Projection of pre-images of vg + Z* in E°
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Figure A.18: Average orbit distance versus period for each orbit 7! (vg + Z*)
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Figure A.19: Projection of pre-images of vg + Z* in E°
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Figure A.20: Average orbit distance versus period for each orbit 7! (vg + Z*)
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Figure A.21: Projection of pre-images of vio + Z* in E°¢
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Figure A.22: Average orbit distance versus period for each orbit m=!(v1g + Z*)
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Figure A.23: Projection of pre-images of vi; + Z* in E°¢
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Figure A.24: Average orbit distance versus period for each orbit m=!(vy; + Z*)
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Figure A.25: Projection of pre-images of vi3 + Z* in E¢
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Figure A.26: Average orbit distance versus period for each orbit m=!(vio + Z*)
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Figure A.27: Projection of pre-images of vi3 + Z* in E¢
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Figure A.28: Average orbit distance versus period for each orbit m=!(vi3 + Z*)
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Figure A.29: Projection of pre-images of vi4 + Z* in E¢
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Figure A.30: Average orbit distance versus period for each orbit 7r_1(v14 + Z4)
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Figure A.31: Projection of pre-images of vi5 + Z* in E¢
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Figure A.32: Average orbit distance versus period for each orbit m=!(v15 + Z*)
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Figure A.33: Projection of pre-images of vig + Z* in E°¢
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Figure A.34: Average orbit distance versus period for each orbit m=!(vig + Z*)
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Figure A.35: Projection of pre-images of vi7 + Z* in E°¢
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Figure A.36: Average orbit distance versus period for each orbit 7= 1(vy7 + Z*)
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Appendix B

Maple code

The following code is a common environment, which should precede any of the Maple
programmes that we present afterwards. It loads the Maple packages 'LinearAlgebra’

and 'plots’, initializes the constants /3, 3% and 3> and defines the companion matrix C:

with(LinearAlgebra):

with(plots):

beta := 10.09711422448810102583495496836762141902:
beta2:=betaxbeta:

beta3:=betaxbetaxbeta:

C:=Matrix([[0,0,0,-1],[1,0,0,10],[0,1,0,0],[0,0,1,10]]):

B.1 Implementation of the greedy algorithm

The following routine uses the greedy algorithm to compute the orbit of the point

provided as an argument:

beta_expansion:=proc(u)
local symbols,orbit,i,j,k,v,repeat,temp;
global C,beta,beta2,betal:

#Initializations:
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orbit:=[ul]; symbols:=[]; v:=u;

#Compute the orbit and symbols up to 10000 iterationms,
#or stop once it repeats itself (eventually periodic)
for i from 1 to 10000 do
v:=convert(C.Vector(v),’list’):
k:=floor(v[1]+v[2] *beta+v[3] *beta2+v[4] *beta3):
v[1]:=v[1]-k:

repeat:=0; # check if v has already occurred in the orbit
for j from 1 to nops(orbit) do

if (orbit[jl=v) then repeat:=j; end if;

end do;

symbols:=[op(symbols),k];

if (repeat > 0) then break; end if;
orbit:=[op(orbit),v];

end do;

# end of iterations

if (repeat=0) then
print("Could not find a finite orbit up to 10000 iterations.");
else
print ("Preperiod m = ", repeat-1);
if (repeat>1) then print(seq(symbols[j],j=1..repeat-1)); end if;
print ("Period p = ", nops(symbols)-repeat+1);
print(seq(symbols[j], j=repeat..nops(symbols)));
end if;

end proc;
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The usage is: beta-expansion([1,0,0,0]), in order to generate the symbols which are
the (-expansion of [1,0,0,0] (or any other vector that we choose instead), output the

pre-period m and the period p.

B.2 Routine 1

This Maple routine computes the set of pre-images Bjs(v) (for a given M € N and
v € Q% and considering the Salem number (3). It stores this set of pre-images in a list

points and saves that list into a file preim-vO-M100.m.

Routine 1

points:=[]:
M:=100; #range
v:=0 * [-19/18,-9/18,-9/18,1/18]; #set v0=0
x:=v[1]+v[2] *beta+v[3] *beta2+v[4] *beta3: #\bbb.v
for i from -M to M do
for j from -M to M do
for k from -M to M do
for 1 from -M to M do
temp:=i+j*betatk*beta2+l*xbeta3+x;
if ((temp >= 0) and (temp < 1))
then points:=[op(points), [i,]j,k,1]+v]:
end if;
end do;
end do;
end do;
end do;

save points, "preim_v0_M100.m";
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B.3 Routine 2

This Maple routine reads the list of pre-images of v + Z* within a bounded region
defined by M = 100, which had been computed in Routine 1 and saved in the file
preim-vk-M100.m.

Next, it computes the pre-period m and the period p of each point (it looks for
eventually periodicity up to a maximum of 10000 iterations). Those points which are
strictly periodic (m = 0) are stored in the list strper-points, and their respective periods
are stored in the list periods. These two lists are saved in the file str-per-vk-M100.m,

for subsequent use.

Routine 2
# compute period
Compute_period:=proc(u)

local orbit,i,j,m,p,V;

#Initializations:
orbit:=[]: m:=0: p:=0: v:=u:
#Check for periodicity up to 10000 iteratioms
for i from 1 to 10000 while (p=0) do
orbit:=[op(orbit),v]:
v:=convert(C.Vector(v),’list’):
v[1]:=v[1]-floor(v[1]+v[2] *beta+v[3]*beta2+v[4]*beta3):
for j from nops(orbit) by (-1) to 1 while (p=0) do
if (orbit[jl=v) then
m:=j-1:

p:=nops(orbit)-m:
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end if:
end do:
end do:
return(m,p): #return pre-period m and period p
end proc:
# compute the strictly periodic pre-images of vk
read "preim_v17_M100.m"; #reads pre-images of vk
strper_points:=[]: periods:=[]:
for i to nops(points) do
(m,p) :=Compute_period(points[i]):
if ((m=0) and (p>0)) then
strper_points:=[op(strper_points),points[i]]:
periods:=[op(periods),p]:
end if:
end do:
nops (strper_points);
save strper_points, periods, "strper_v17_M100.m";
periodlist:={}:
for i to nops(periods) do
periodlist:=periodlist union {periods[i]}:
end do:

periodlist;

B.4 Complete Orbits

Since the set of strictly periodic points found within the bounded region defined by

M = 100 is not necessarily C-invariant (because the orbit of such point may lie slightly

outside the bounded region), we add to the list the possibly missing points of the orbits

which are strictly periodic. This will make sure that our plots will show a circular
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boundary, instead of a rectangular one.

# compute period
compute_period:=proc(u)

local i,p,V;

#Initializations:

p:=0: v:=u:

#Check for periodicity up to 10000 iteratioms

for i from 1 to 10000 while (p=0) do

v:=convert(C.Vector(v),’list’):

v[1] :=v[1]-floor(v[1]+v[2] *beta+v [3] *beta2+v [4] *beta3):

if (v=u) then p:=i:
end if:

end do:

return(p): #return period p

end proc:

# load the variables "strper_points" and "periods"

read "mw_files/strper_v17_M100.m";

# save everything in a list

pointlist:={}:

for i to nops(strper_points) do
v:=strper_points[i]: #complete the orbit of v

for j to periods[i] do
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pointlist:=pointlist union {v}:

v:=convert(C.Vector(v),’list’):

v[1]:=v[1]-floor(v[1]+v[2] *beta+v[3] *beta2+v[4] *betal) :
end do:

end do:

strper_points:=[]:

periods:=[]:

for i to nops(pointlist) do
strper_points:=[op(strper_points),pointlist[i]]:
p:=compute_period(pointlist[i]):
periods:=[op(periods),p]l:

end do:

# this is the version of the file with completed orbits!

save strper_points, periods, "mw_files/strper_v17_M100.m";

B.5 Generate graphics

This is the Maple code that we used to generate the plots.

S:=Matrix([[beta,0,beta"2,-1],[-1-beta”2,beta,10-beta~(-1)
,beta~3-10*beta”2], [beta,-1-beta”2,10*¥beta-1,beta”~2-10*beta] ,
[0,beta,-beta,betal]):

S_1:=Matrix([[1,0,0,0],[0,1,0,0]1).87(-1);

# Read the lists "strper_points", and "periods"
read "strper_v4_M100.m";
newpoints:=seq(S_1.Vector(strper_points[i]),

i=1..nops(strper_points)):
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newpoints2:=[seq([newpoints[i] [1] ,newpoints[i] [2]],

i=1..nops(strper_points))]:

graylist:=[seq(COLOR(RGB,n/20,n/20,n/20) ,n=1..20)]:

periodlist:={}:

for i to nops(strper_points) do

periodlist:=periodlist union {periods[i]}:

end do:

periodlist;

colorlist:=[]:

{1, 4, 15, 19, 26, 34, 49}

for 1 from 1 to nops(strper_points) do

p:=periods[1]:

if (p=1) then colorlist:=[op(colorlist), graylist[1]]:

elif (p=3) then colorlist:=[op(colorlist), graylist[2]]:

elif (p=4) then colorlist:=[op(colorlist), graylist[3]]:

elif
elif
elif
elif
elif
elif
elif
elif
elif
elif

elif

(p=7) then colorlist:=[op(colorlist), graylist[4]]:

(p=11)
(p=15)
(p=19)
(p=26)
(p=30)
(p=34)
(p=49)
(p=53)
(p=60)
(p=64)

then colorlist:=[op(colorlist),

then

then

then

then

then

then

then

then

then

colorlist

colorlist

colorlist

colorlist

colorlist

colorlist

colorlist

colorlist

colorlist

:=[op(colorlist),
:=[op(colorlist),
:=[op(colorlist),
:=[op(colorlist),
:=[op(colorlist),
:=[op(colorlist),
:=[op(colorlist),
:=[op(colorlist),

:=[op(colorlist),
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graylist[5]]:
graylist[6]]:
graylist[7]1]:
graylist[8]]:
graylist[9]]:
graylist[10]]:
graylist[11]]:
graylist[12]]:
graylist[13]]:
graylist[14]]:



elif
elif
elif
elif
elif

elif

end if:

end do:

(p=79) then colorlist:=[op(colorlist), graylist[15]]:
(p=83) then colorlist:=[op(colorlist), graylist[16]]:
(p=98) then colorlist:=[op(colorlist), graylist[17]]:
(p=109) then colorlist:=[op(colorlist), graylist[18]]:
(p=128) then colorlist:=[op(colorlist), graylist[19]]:

(p=158) then colorlist:=[op(colorlist), graylist[20]]:

nops(colorlist);

pointplot(newpoints2,axes=NORMAL, connect=false,

symbol=solidcircle,symbolsize=25,color=colorlist);

read "strper_v4_M100.m";

orbit_represent:=[]:

ppp_list:=[]:

average_dst:=[]:

for i to nops(strper_points) do

if

(strper_points[i] <> [0,0,0,0]) then

orbit_represent:=[op(orbit_represent),strper_points[i]]:

ppp_list:=[op(ppp_list),periods[i]]:

u:=strper_points[i]:

ddd:=0:

for j to periods[i] do
for k to nops(strper_points) do
if (strper_points[k]=u) then

strper_points:=subsop(k=[0,0,0,0],strper_points):
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end if:
end do:
aux:=S_1.Vector(u):
ddd:=ddd+sqrt (aux[1] “2+aux[2] "2):
u:=convert(C.Vector(u),’list’):
ul1] :=ul1]-floor (u[1]+u[2] ¥*beta+u[3] *beta2+u[4] *betal):
end do:
average_dst:=[op(average_dst) ,ddd/periods[il]:
end if:

end do:

colorlist:=[]:

for 1 from 1 to nops(orbit_represent) do

p:=ppp_list[1]:
if (p=1) then colorlist:=[op(colorlist), graylist[1]]:
elif (p=3) then colorlist:=[op(colorlist), graylist[2]]:
elif (p=4) then colorlist:=[op(colorlist), graylist[3]]:
elif (p=7) then colorlist:=[op(colorlist), graylist[4]]:
elif (p=11) then colorlist:=[op(colorlist), graylist[5]]:
elif (p=15) then colorlist:=[op(colorlist), graylist[6]]:
elif (p=19) then colorlist:=[op(colorlist), graylist[7]]:
elif (p=26) then colorlist:=[op(colorlist), graylist[8]]:
elif (p=30) then colorlist:=[op(colorlist), graylist[9]]:
elif (p=34) then colorlist:=[op(colorlist), graylist[10]]:
elif (p=49) then colorlist:=[op(colorlist), graylist[11]]:
elif (p=53) then colorlist:=[op(colorlist), graylist[12]]:
elif (p=60) then colorlist:=[op(colorlist), graylist[13]]:

elif (p=64) then colorlist:=[op(colorlist), graylist[14]]:
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elif
elif
elif
elif
elif

elif

end if:

end do:

(p=79) then colorlist:=[op(colorlist), graylist[15]]:
(p=83) then colorlist:=[op(colorlist), graylist[16]]:
(p=98) then colorlist:=[op(colorlist), graylist[17]]:
(p=109) then colorlist:=[op(colorlist), graylist[18]]:
(p=128) then colorlist:=[op(colorlist), graylist[19]]:

(p=158) then colorlist:=[op(colorlist), graylist[20]]:

newpoints2:=[seq([average_dst[i],ppp_list[il],

i=1..nops(orbit_represent))]:

pointplot(newpoints2,axes=boxed,connect=false,symbol=solidcircle,

symbolsize=25, color=colorlist, gridlines=true);
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Appendix C

Arithmetic codings for Pisot

automorphisms

C.1 Introduction

We summarize in this chapter some results of an area known as arithmetic dynamics.
This branch of symbolic dynamics was initially developed by Vershik and Sidorov in
[Ver92] and [VS98] for the two-dimensional Pisot automorphism, and subsequently gen-
eralized by Sidorov in [Sid01] and [Sid03] to Pisot automorphisms of dimension higher

than two.

C.2 Arithmetic coding

For some hyperbolic toral automorphisms C : T¢ — T? we can be establish a semi-
conjugacy ¢ from the two-sided shift space (o, X) to (C,T%). This semi-conjugacy is
obtained in a different way than the semi-conjugacies obtained with Markov partitions,

and it is called an arithmetic coding.
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Xﬁ—o>Xﬁ

Il

T¢ — - Td
c

This method was presented in [Sid01] for the 2-dimensional case, developing
the results which had been achieved in [Ver92]. Their approach is rather axiomatic, in
the sense the authors specify a priori which properties should a semi-conjugacy have
in order to be called an arithmetic encoding. Afterwards they proceed into studying
the problem of which toral automorphisms admit an arithmetic coding and how many
different arithmetic codings can be found for such automorphisms. We will borrow the

ideas from [Sid01], but present them in a more intuitive approach.

C.3 The semi-conjugacy in the Pisot case

Let us start off by extending the one sided (3-shift (o, Xg) to a two-sided S-shift (o, Xg),

in order to obtain an invertible shift. This two-sided space of sequences is defined as:

Xﬁ = {( ..00e_NE_N41-.-€0.€1€2 .. ) | (5—N5—N+15—N+2 .. ) S XE)} (C2)

Xp is the two-sided space of sequences that can be obtained by shifting any
one-sided sequences in Xg an arbitrary (but finite) number of times to the left. In
particular, these sequences are finite towards the left (for each sequence, 3N € N such
that Vk < —N, e, = 0 ). The two-sided (-shift is well defined in X3 and there exists a

semi-conjugacy between (o, X5) and (Mg, Ry), (with Mg(z) := Bx):

Xz —7 - Xz

f s (C3)
+ +

RO Mg RO
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The semi-conjugacy is defined by:
> €
f(..00e_NE_N4+1...€0.E1...) = Z ﬁ—lz (C.4)
k=—N

If 3 is Pisot then the toral automorphism C : T —T¢ has a one-dimensional
unstable manifold at the origin, which can be lifted to the universal cover R? as a straight
line through the origin which is the expanding eigenspace of the matrix C' associated to

the eigenvalue (:
C

R4 RY

™ ™ (C.5)

T¢ ——— T¢
c

We would like this semi-conjugacy to be a map between compact spaces. How-
ever, given that X3 is not compact, we will compactify it by including sequences which
are not finite to the left: X3. The two sided-shift (o, X3) is a sofic shift.

We shall attempt to map sequences in X3 (which can be identified with Rar)
into the semi-straight line E* C R% which is the lift of the unstable manifold of the

origin W* C T¢. The semi-conjugacy will be 7o f:

X3 7 X3

! f

u d u d
E*CR E*CR (C.6)
W c T¢ W c T¢

Let us start by relating homoclinic points (to the origin) in (¢, X3) and homo-
clinic points (to the origin) in (C, T%). Fix one arbitrary homoclinic point for (o, X3)
of a very elementary type, for instance: d; = (...00.100...). This corresponds to the

number z = % € R, and we would like to map it to a homoclinic point t € E, C T
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The lift of t, that is, s := 7T_1(t) C E", represents distance 5! from the origin along
Ev c R,
So, let us choose a homoclinic point t € W* N W?* and lift it to the universal

cover R%, and define:
dt(01) :==mo f(6) =7(s) = t, (C.7)

and s is the lift of t into E".
Let us denote by J; the sequence of symbols having only one non-zero symbol 1

in the term of order k. Using the semi-conjugacy relation: ¢ o 0 = C o ¢, we obtain:
0u(61) = de(0H1(61)) = T (ou(01)) =T (v). (C8)

This can also be expressed in terms of the universal cover:
F(8) = fle™ (1)) = CTHF(f(61) = O (s). (C.9)

We stress that as we define ¢¢(dy), we define how we map distances from R
into E* and W*. In particularly, we are defining where are numbers 6_1‘“ mapped to
along E* and W*.

Any sequence € € X_ﬁ which is finite to the left represents a number = € Rar:

(C.10)

We want to carry the arithmetic relations in R(J{ to E" and W, therefore, for sequences

which are finite to the left, we shall define:

f( ..00e_ne_N41...€-160-€1E2 .. ) = Z Ekc_k+1(s) = <
k=—N

Z %>S7

k=—N
(C.11)

which corresponds to:

Gt(...00e_NE_N41...E-160.€1E2...) i= Z 5k6_k+1(t). (C.12)
k=—N
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If we want to extend the definition of ¢¢ to all sequences in X_ﬁ we need to extend the
definition to sequences which aren't finite to the left. f will not be well defined for such

sequences, because

i Ekc—k—i—l(s) — (

k=—o00

3 %) s (C.13)
k=—0c0

may be a sum which diverges to infinity. However, is t is a homoclinic point, the
following is well defined:

¢e(e) = lim 7 ( i 5kC_k+1(s)> = i 5k6_k+1(t). (C.14)

N—>o00
k=—N k=—o0

We need 3 to be Pisot , because if it was Salem , then we wouldn't be able to
find non-trivial homoclinic points t. In the Salem case points € T? can be decomposed
into the sum of three components: in the stable, unstable and centre manifolds of the
origin. Since the component in the centre manifold doesn’t vanish, we do not have
non-trivial homoclinic points as in the Pisot case.

Finally, in the Pisot case, we should remember that W is dense in T%, therefore
the semi-conjugacy ¢y is surjective. If t is chosen wisely (fundamental homoclinic point),
then the semi-conjugacy is bijective almost everywhere (if fails to be bijective in a set of
measure zero, where we have ambiguity in representing the same point by two different

sequences).
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