Explicit Arithmetic of Modular Curves

Samir Siksek

MATHEMATICS INSTITUTE, UNIVERSITY OF WARWICK, COVENTRY, CV4 TAL,
UnIiTED KINGDOM
FE-mail address: s.siksek@warwick.ac.uk



ABSTRACT. These are my notes for a course I gave at the Institut Henri
Poincaré (29 April-3 May 2019) and at CMI-HIMR Summer School in Com-
putational Number Theory, Bristol (17-21 June 2019). I would like to than
Philippe Michaud-Rodgers for catching many misprints in a previous version.

Please proceed with extreme caution. These notes are extremely
rough, written from the top of my head without checking of references and
probably contain serious errors. At some point a more polished and complete
version will eventually appear on my homepage.



CHAPTER 1

References

Theoretical:

e P. Deligne and M. Rapoport, Les schémas de modules de courbes ellip-
tiques, Modular functions of one variable, II (Proc. Internat. Summer
School, Univ. Antwerp, Antwerp, 1972), 1973, pp. 143-316. Lecture
Notes in Math., Vol. 349.

e B. Mazur, Rational points on modular curves, Modular functions of one
variable, V (Proc. Second Internat. Conf., Univ. Bonn, Bonn, 1976),
1977, pp. 107-148. Lecture Notes in Math., Vol. 601.

e F. Diamond and J. Shurman, A first course in modular forms, Graduate
Texts in Mathematics, vol. 228, Springer-Verlag, New York, 2005.

Explicit: Many many papers, by Derickx, Sutherland, Zywina, Najman, ...

e Steven Galbraith, Fquations for Modular Curves, DPhil Thesis, Oxford,

1996.

e J. Rouse and D. Zureick-Brown, Elliptic curves over Q and 2-adic images
of Galois, Research in Number Theory, Volume 1, Issue 1, 2015.

Magma packages for “modular forms”, “modular symbols”, “modular abelian
varieties”, “small modular curves”. Versions of the first three are available in SAGE,
but unfortunately not the last one. If you would like to experiment with Magma
but don’t have a license you can use the Magma online calculator:

http://magma.maths.usyd.edu.au/calc/

Descriptions of the packages mentioned above can be found at:

http://magma.maths.usyd.edu.au/magma/handbook/part /17






CHAPTER 2

Galois Properties of Torsion of Elliptic Curves

The key goal of the subject is to understand the Galois properties of torsion
subgroups of elliptic curves, or put slightly differently, the possible images of Ga-
lois representations of elliptic curves. We shall introduce Galois representations of
elliptic curves from scratch. We assume familiarity with elliptic curves, roughly to
the level of Silverman’s book [22]. Much of the material in this chapter can in fact
be found in Silverman’s book, but we rewrite it in fashion that emphasizes Galois
representations.

1. Definition and First Examples

Notation:
K a perfect field
Gk = Gal(K/K) the absolute Galois group of K
N a positive integer, if char(K’) > 0 then want char(K){ N.
E an elliptic curve defined over K.
Recall
(1) E[N|2Z/NZ & Z/NZ

and so E[N] has rank 2 as a Z/NZ-module |} However, E[N] C E(K) and is stable
under the action of Gx. We therefore obtain a representation

where Aut(FE[N]) is the automorphism group of F[N]. This is known as the mod
N Galois representation attached to E. An automorphism of E[N] is the same
as an Z/NZ-linear isomorphism E[N]| — E[N]. Choosing an basis for E[N] we can
identify pg  as a representation

Ppp ¢ Grx — GLo(Z/NZ).

Since GLy(Z/NZ) is finite, we know that the kernel ker(p) is normal of finite
index. Moreover,

o € ker(p) <= P? = P for all P € E[N].

Thus
ker(p) = Gk (mN))-

9t K C C then we may see this as follows. Recall that there is some 7 € H (the upper
half-plane) and a complex analytic isomorphism
C

BO) o

Thus E(C) 2 R/Z x R/Z from which (T follows.
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6 2. GALOIS PROPERTIES OF TORSION OF ELLIPTIC CURVES

Hence
A(Gx) = Gr /Gy = Cal(K(E[N])/K).

2. An Example: pg o

In simple examples we can sometimes guess what the image p(G k) has to be.
The simplest case is when N = 2. Here we are supposing char(K) # 2. We can
write

E: Y =f(X), [f(X)=X*+aX?+bX+ceK[X], A(f)#0.
Recall that the points of order 2 are (8;,0) where 61, 65, 05 are the roots of f. Write
Pi = (92,0) Then Pl, P2 is a basis for E[?] = {O,Pl,PQ,Pg} and P3 = P1 +P2
Observe that

K(E[2]) = K(601,02,05),  Gal(K(E[2])/K) = Gal(f).
e If 61, 0, 03 € K, then p =1 (the trivial homomorphism).
e Suppose 01 € K, 0, ¢ K and so 03 ¢ K. We can write f(X) = (X —
601)(X?+uX +v) where u, v € K, and d = u? —4v € K*\ (K*)?. Thus 63,
65 are the two roots of the irreducible quadratic factor X2 + uX + v, and
K(E[2)) = K(62) = K(03) = K(+/d). We shall write PE o With respect to
the basis Py, Py. Let 0 € Gg. If 0(v/d) = v/d then
_ 1 0
U(Pl)zpl, O’(.PQ):.PQ7 p(O’): (O 1) EGLQ(]FQ)
If 0(v/d) = —V/d then o swaps 6a, 03, s0
_ 1 1
U(Pl):Pl, J(P2)2P3:P1+P2, p(O’):(O 1>EGL2(]F2)
Note that

5(Gx) = { ((1) ‘1)) , ((1) D } >~ 7,/97, = Gal(K (V) /K) = Gal(K (E[2])/K).

e Suppose f is irreducible, but A(f) € (K*)?2. Then Gal(f) = As. Let
o € Gk. Then o acts on (61, 63, 03) via one of the three permutations id,
(1,2,3), (1,3,2) € As.

[ o o — 1 0
(01,02,03)7 = (01,02,03) = P{ =P, Py =P = p(o)= (0 1)

_ 0 1
(01,02,05)7 = (02,03,0,) = Py = P, P§=P3=P1+P2:>P(U)=<1 1)

_ 1 1
(01,02,03)° = (03,01,00) = P =P3=P,+2, PJj=P — p(o)= (1 0) :
Thus

5(Gx) = {(é (1)) (? D G (1))} >~ 7,/3Z = Gal(K (E[2))/ K).

e Suppose f is irreducible and A(f) ¢ K*2. Thus Gal(K(E[2]/K) =
Gal(f) = S3. Thus p(G ) is a subgroup of GLy(F2) that is isomorphic to
S3. But #S53 = # GLy(Fy) = 6. Hence p is surjective and we also arrive
at the conclusion that S35 = GLy(F2). It’s easy to write the matrix p(o)
in terms of the action of o on 6y, 65, 63.
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Important Remark. The image p(Gg) C GL2(Z/NZ) depends on a choice of
basis for F[N]. If we change basis then we conjugate p by the change of basis matrix,
which is an element of GLo(Z/NZ). So the image is really only well defined up to
conjugation.

3. The mod N-Cyclotomic Character

Let (y be a primitive N-th root of 1. Define the mod N-cyclotomic char-
acter xy : Gg — (Z/NZ)* as follows. For o € Gg we see that ({ is also a
primitive N-root of unity and so ({ = (37 where a, is an integer, coprime to N,
and whose value is defined only modulo N, i.e. a, € (Z/NZ)*. We let xn(0) = a,-.
To summarise,

X~ Gk — (Z/NZ)*, (G ="

THEOREM 1. Let K be a number field.
(i) If 7 € Gk denotes any complex conjugatiorﬂ then xn(7) = —1.
(ii) Let A # N be finite place of K, and let Iy C Gk denote an inertia
subgroup at A. Then xn(Ix) = 1 (we say that xn is unramified at \).
Moreover, if oy € Gk denotes a Frobenius element at X\, then

xn~(ox) = Normg g(A)  (mod N).

PROOF. Part (i) is clear as complex conjugation takes {n to C;,l.

We turn to (ii). Corresponding to Iy is a prime u | A of K (changing u
conjugates I and so leaves the desired result unaffected). By definition of inertia,
(R =Cv  (mod p)
for all o € I. Recall that the difference of two distinct N-th roots of 1 divides N.
As A # N we have pt N. Thus ¢ = (y. But ¢§ = (¥ by definition of . It

follow that C;\‘,N(") =(n and xn(o) =1 for all o € I,.
Now let o) be a Frobenius element corresponding to A. Then

o Norm A

= (mod )
by definition of Frobenius. As above (3 = CgormK/Q(A). Hence xn(0x) = Normp g (A)
(mod N). O

THEOREM 2. detpg v = XN -

PRrROOF. Recall that the Weil pairing
en : E[N]x E[N] = pun = ((n)

is bilinear, alternatingﬂ non-degenerate and Galois invariant.

2Let us explain what complex conjugation is. Let K be a number field and let 1 : K — R
be a real embedding of K. Let ¢ : K — C be an embedding extending too. Let ¢ : C — C
denote complex conjugation. Then ¢t~ o co ¢ is an element of G which we call a complex
conjugation. Of course if K is totally complex then it does not have any complex conjugations.
You can check that the conjugacy classes of complex conjugations inside Gk are in bijection with
the real embeddings of K

3As a reminder, alternating means ey (S, S) = 1 for all S € E[N]. This implies that ey is
skew-symmetric: ex(T,S) = en(S,T)~!. To see this note

1l=en(S+T,5+T)=-en(S,S)en (S, T)en(T,S)en(T,T) =en(S,T)en(T,S).
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As ey is non-degenerate, we may choose a basis S, T for E[N] such that
en(S,T) =(n. Let 0 € Gg. Write

pen@ = (2 4).

S? =aS + T, T° =bS +dT.

Thus

Then
CJ)SYN(U) % by definition of xn

=en(S,T)° by choice of S, T’

(
en(57,77) by Galois invariance of ey
en(aS 4+ cT,bS +dT)
(
(

en(S,8)en(S, T)en (T, S)"en (T, T) by bilinearity of ey

= en(S, T)edbe as ey is alternating
= X,dibc again by choice of S, T.
Hence xn(0) = ad — bc = det pg (o) completing the proof. O

When K is a number field we say that a representation p: Gx — GL2(Z/NZ)
is odd if for every complex conjugation 7 € Gx we have det(p(7)) = —1.

COROLLARY 3.1. Let E be an elliptic curve over a number field K. Then pg
1s odd.

ProOOF. This follows from Theorems [I] and O

Of course if K is totally complex, then the corollary is vacuous.

4. Torsion and Isogenies

THEOREM 3. The following are equivalent:
(a) E has a K-rational point of order N;

1 %
b) PN ~ .
(b) PEN (0 XN)
(¢) Pe.n(GK) is conjugate inside GLo(Z/NZ) to a subgroup of

Bi(N) = {((1) Z) . beZ/NZ, de(Z/NZ)*} C GLy(Z/NZ).

PRrOOF. (a) = (b). Suppose E has a K-rational point P of order N. Let
Q@ € E[N] so that P, @ is a Z/NZ-basis for E[N]. Then for all o € Gk, we have

o(P) =P, 0(Q) = b, P+ d,Q.

pen() = (5 )

for all o € Gk. However, by Theorem
do = detpp y(0) = xn(0)

Hence

Thus (b) holds.
(b) = (c). This is clear.
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(¢) = (a). Suppose (¢). Then we can choose a basis P, @ so that the image
pe,.n(Gk) is contained in By (N). Note that

P7 =P, Q7 = b, P+ d,Q
for all o € Gk (where by, d, € Z/NZ). As P is fixed by G it follows that
P € E(K). Since P, @ is a basis, P must have exact order N, proving (a). O

THEOREM 4. The following are equivalent:
(a) E has a cyclic K-rational N-isogeny;

(b) PN~ (g ;;), where ¢, ¥ : Gx — (Z/NZ)* are characters satisfying

P = XN
(¢) Pe.n(GK) is conjugate inside GLo(Z/NZ) to a subgroup of

By(N) = {(g Z) . beZ/NZ, a de(Z/NZ)*} C GLy(Z/N7Z).

PROOF. (a) = (b). Suppose F has a cyclic K-rational N-isogeny 0 : E — E.
The ker(#) is cyclic of order N and thus ker(f) = (P) where P is an element of
E[N] of order N. As 0 is defined over K, the group (P) is K-rational (i.e. it is
stable under the action of G ). Let @Q € E[N] be such that P, ) is a basis. Then
for all o € Gk, we have

P° =a,P, Q° =b,P+d,Q.

_ ay by
PE,N(U) = <O do’)

for all 0 € Gk. Let ¢, ¥ : Gk — (Z/NZ)* be given by ¢(0) = a,, (o) = do.
We leave to the reader the task of checking that ¢, 1) must be characters, and
completing the remainder of the proof. (I

Hence

5. Quadratic Twisting

LEMMA 5.1. Let d € K*. Suppose char(K) # 2. Let E' be the quadratic
twist of E by d. Let ¢ : Gg — {1,—1} be the quadratic character defined by

Vd" =(0) - Vd. Then gy~ P n-
PROOF. As char(K) # 2, the curves E, E’ have models
FE:Y? = X34+aX?’4+bX +c, E':Y? = X%+ daX?+ d?bX + d°c.
The map
6: BE) > BE). o) = (5 55)
d’ dvd

is an isomorphism of abelian groups, and thus induces an isomorphism ¢ : E[N] —
E'[N]. Let P = (z,y) € E[N]. Note that +P = (x, +y). Thus,

T yO' xo’ ya xO’ yO'

P = |—, = — ) = |—, ¥) ——=) = ¢Y(o)|—, —= | = ¢(o)o(P?).
opy = (4. ) = (v L) = v (. 22 = wlorar)
Now let P, @ be a basis for E[N], and we take ¢(P), ¢(Q) as a basis for E'[N]. With
respect to these bases it is now an easy exercise to show that pg y =9 pp y. U

o
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THEOREM 5. Let H be a subgroup of GLao(Z/NZ). Suppose that pp n(Gr) is
contained in H. Let E' be a quadratic twist by some d € K*. If —I € H, then
pr n(GK) is contained in a conjugate of H.

ProoF. This follows immediately from Lemma [5.1 (]

COROLLARY 5.2. If E has a cyclic K-rational N isogeny, then so does any
quadratic twist.

For N > 3, if E is an elliptic curve with a K-rational point of order N then
a non-trivial quadratic twist will not have a point of order N, but it will have an
N-isogeny.

EXERCISE 6. Suppose E has a K-rational 3-isogeny. Show that there is a
quadratic twist E’ that has a point of order 3.

6. Local Properties of mod N Representations of Elliptic Curves

Let K be a number field and A be a prime of K. Let E be an elliptic curve
defined over K. We say that pp y is unramified at A if pp y(Ix) = 1, where
Iy € Gk denotes an inertia subgroup at .

THEOREM 7. Suppose A { N is a prime of good reduction for E. Then pg y is
unramified at \.

_ ProoF. The choice of inertia subgroup I corresponds to a choice of prime p
of K above A\. As E has good reduction at g and p 4 N, the reduction modulo
map

(2) E[N] = E(F), Q~Q (mod pu)

is injective. Let o € I. Then for all Q € E[N] we have that @V" = ( by definition
of inertia. By the injectivity of we have Q7 = Q. Thus pg n(0) = 1 which
completes the proof. O

7. The mod N representation of a Tate curve

Another very instructive computation is the mod N representation of a Tate
curve. The standard reference for Tate curves is Silverman’s advanced textbook [23]
Chapter V] In this section K is a field complete with respect to a non-archimedean
valuation |-| (e.g. K =Qp). Let ¢ € K* satisfy |q| < 1. Define
~ 5s3(q) + Tss(q)

nk n
sle) = S ) = sle), asle) = -2

These converge in K. Define the Tate curve with parameter ¢ by
E, : Y24+ XY = X3+ as(q) X + ag(q).
This is an elliptic curve over K with discriminant
A=q[a-gm*,
n>1
and j-invariant

1
Jj= 6+744+196884q2+~~
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ExaMPLE 8. If E/Q, has split multiplicative reduction, then E = E, for some
choice of ¢ € Q, (i.e. E is a Tate curve). If E/Q, has potentially multiplicative
reduction (i.e. |j(E)|, > 1) then E is the quadratic twist of some Tate curve E, by
—c4(E)/cs(E) where ¢y, ¢ has their usual meanings.

THEOREM 9 (Tate). There is an analytic isomorphism
¢ : E(K)—= K /",
which is compatible with the action of G .

COROLLARY 7.1. Let E = E, be a Tate curve as above. Then

_ *
PEN ™ <Xév 1) .
PRrROOF. Note that ¢ induces an isomorphism
¢ : EIN] = (K"/q") [N]

that is compatible with the action of Ggx. A basis for the group on the right is (y,
¢"/N. Let 0 € Gg. Then

a(Cn) =D, o) = (o gN

for some a,. Let P = ¢~ (Cy), @ = ¢~ 1(¢"/N). Then P, Q is a basis for E[N)]
and, as ¢ is compatible with the G g-action

P? =xn(o)- P, Q° =a, P+0Q.

Hence, with respect to this basis,

pen() = (V97 7).

O

ExAMPLE 10. Let E/Q have split multiplicative reduction at p. Let G, C Gg
be the decomposition group at p; this is simply Gg,. As E is a Tate curve when
considered over QQ,, we see from the above that

_ XN %
pE,N|Gp ~ ( 0 1) .

More generally, let E/Q have potentially multiplicative reduction at p. Let ¢ :

Gp — {£1} be the character satisfying o(y/—ca/cs) = ¢¥(0) - /—ca/cs. Then
_ *
pE,N|Gp ~ - (Xév 1) .

8. Serre’s Uniformity Conjecture

CONJECTURE (Serre’s Uniformity Conjecture). Let E/Q be an elliptic curve
without CM. Let p > 37. Then pg , is surjective.

Recall that detopg , = X, and that this is surjective on Gg. Thus the con-
jecture is equivalent to SLy(FF,) C pg ,(Gg) for all p > 37. It is useful to know
Dickson’s classification of subgroups of GLa(IF,).

THEOREM 11 (Dickson). Let H be a subgroup of GLo(FF,) not containing SLo(F)).
Then (up to conjugation)
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*
0
c Nt L a 0 0 o) . F* li

or H C NS (p) = {(O /3) , ([3 O) o, BE p} (normalizer of
split Cartan)

or H C N,f.(p) (normalizer of non-split C’artanﬂ

or the image of H in PGLy(F,) is isomorphic to Ay, Sa or As (these are
called the exceptional subgroups of GLa(F,)).

either H C By(p) := { I } (Borel subgroup)

EXERCISE 12. Suppose E/Q, has potentially multiplicative reduction at p.
Show for p > 11 that p ,(G)) is not exceptional. (Hint: show that it contains an
element whose order is too large to fit inside the exceptional subgroups.)

In fact Serre showed that pp ,(Gp) is too large to fit inside the exceptional
subgroups for p > 11.

THEOREM 13 (Serre). Letp > 11 and E/Q be an elliptic curve. Then pg ,(Gg)
is not exceptional.

4 N, (p) can be conjugated inside GLy (Fp2) to

{6 5) (% §):aem}



CHAPTER 3

Modular Curves

1. Vague Objective

Given a field K, a positive integer N, and a subgroup H C GLy(Z/NZ),
we want to understand the set of all elliptic curves /K such that pp v(Gr) is
conjugate to a subgroup of H. Provided H satisfies certain technical assumptions,
such elliptic curves give rise to (non-cuspidal) K-points on Xp, where Xy is the
modular curve associated to H. By understanding X (K) we can give a complete
description of the set of elliptic curves E/K such that pp (G k) is conjugate to a
subgroup of H.

We suppose prior acquaintance with the modular curves X (1), X1 (N), Xo(N)
at least as Riemann surfaces, as well as the interpretation of their complex points
in terms of isomorphism classes of elliptic curves with extra level structure, as
explained for example in the excellent book of Diamond and Shurman [7]. However,
we briefly recall the definitions and summarise the basic facts.

2. The Modular Curve X (1)

If you’ve done a first course on modular forms then you will have seen the
construction of X (1) as Riemann surface. Let

H:={z+4+yi: z, yeR, y>0}
be the upper half-plane, and
H* := HUPY(Q)

the extended upper half-plane. The moduli interpretation of the complex points of
X (1) (as well as X1(N) and Xo(N)) makes use of the theory of elliptic functions.
Recall, that given any 7 € H, there is an elliptic curve E,/C such that E,(C) =
C/(Z+7Z- 7). Every elliptic curve over C is isomorphic to E, for some 7. Moreover
E, = FE., if and only if 74 = 7(72) for some v € SLy(Z). Therefore we have a
bijection

SLo(Z)\H « {isom classes of elliptic curves E/C}, SLo(Z) - T — [C/(Z + Z7)];

On the right hand-side of the correspondence we are identifying E, with C/(Z+Z7).
here the square brackets denotes isomorphism class. In other words the points of
the Riemann surface SLy(Z)\H are in one-one correspondence with isomorphism
classes of elliptic curves over C. The Riemann surface SLo(Z)\H is non-compact;
its compactification is SLo(Z)\H*, which is a compact Riemann surface of genus
0. The points of P}(Q) C H* form one orbit under the action of SLg(Z), so the
compactification has only one extra point, called the cusp at infinity co. Any
compact Riemann surface can be identified as the set of complex points on an

13



14 3. MODULAR CURVES

algebraic curve of the same genus. In this we case we denote the algebraic curve
by X (1) = P. The standard identification is via the modular j-function

1
j : SLa(Z)\H* — X(1)(C),  SLa(Z) -7+ j(r) = a+744+196884q?+--- :

where

_ Jexp(2mit) T€H
=0 7 € PHQ).

Note that under this identification, the cusp SLa(Z)\P!(Q) corresponds to the
point co € X(1)(C). Let V(1) := X (1) \ co = Al. To summarize, there is a one-
one correspondence between isomorphism classes of elliptic curves F/C and points
j € Y(1)(C). But more is true: the value j € Y (1)(C) corresponding to E/C is
none other than the familiar j-invariant j(E).

Now let K be any field. The correspondence between isomorphism classes
of E/K and points in Y(1)(K), sending E to its j-invariant F, remains valid.
But what if we're working over K and not K? What do points in j € Y (1)(K)
correspond to? They correspond to classes of elliptic curves defined over K which
are isomorphic over K. Now if E, E’ are defined over K and isomorphic over K,
then they are quadratic twists, except possibly if they have j-invariants 0,
1728. So we have the following 1 — 1 correspondence:

{elliptic curves over K with j-invariant # 0, 1728}/ ~ <= j € X(1)(K)\{0, 1728, 00}

where ~ denotes quadratic twisting.

3. The modular curves X;(N), Xy(N)
We fix N > 1. Let

Ty(N) = {(Z 2>ESL2(Z) . a=d=1 (mod N), ¢=0 (modN)},

T'o(N) = {(‘CL Z)eSLg(Z) . =0 (modN)}.

We are interested in isomorphism classes of pairs (E, P) where E/C is an elliptic
curve and P is a point of order N on E. By an isomorphism of pairs (Eq, P),
(E2, Py) we mean an isomorphism ¢ : Ey — E5 such that ¢(P;) = P,. We write
[(E, P)] for the isomorphism class of the pair (F, P). One checks that given (F, P)
with E an elliptic curve over C, then there is some 7 € H such that E(C) =
C/(Z +7Z - 7) and this isomorphism take P to 1/N + (Z + Z71) € C/(Z + Z1) (we’ll
henceforth denote the coset 1/N + (Z+Z7) by 1/N). Thus we may identify [(E, P)]
with [(C/(Z+Z1),1/N)]. Moreover 7, 72 yield isomorphic pairs (C/(Z+Zm),1/N),
(C/(Z + Z72),1/N) if and only if there is some v € I'1(N) such that 71 = v(72).
Thus we have a one-one correspondence

I (N)\H < {isom classes of pairs (E/C, P)}, I'y(N)-m — [(C/(Z+ZT),1/N)].

We are also interested in isomorphism classes of pairs (F, C') where E/C is an elliptic
curve and C is a cyclic subgroup of order N on E. By an isomorphism of pairs
(E1,Ch), (F2,Cs) we mean an isomorphism ¢ : E1 — Es such that ¢(C) = Cy,
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and again we write [(E, ()] for the isomorphism class of the pair (F,C). Arguing
similarly as before we obtain a one-one correspondence

To(N)\H « {isom classes of pairs (E/C,C)}, Lo(N)-m— [(C/(Z+ZT),(1/N))].

Miracle: there are (open) curves Y7 (V), Yo(V) defined over @, such that
Yi(N)(C) =Ty (N)\H,  Yo(N)(C) = Lo(N)\H,

The completions X (1), X1(N), Xo(N) satisfy

Xi(N)(C) =Ty (N)\H",  Xo(N)(C) = To(N)\H",
We call X1(N)\Y1(N), Xo(N)\ Yo(IN) the sets of cusps of X1 (N), Xo(N) respec-
tively.
Fact. A point @ € Yi(N )(K) parametrises an isomorphism class of pairs [(E, P)]
where E/K and P is a point of order N. We shall write Q = [(E, P)] € Y1(N)(K)
(in other words we identify the point @ of Y7 with the pair it represents). Moreover,

this is parametrisation is compatible with the action of Gx. Thus Q7 = [(E, P)|°
where [(E, P)]? is simply defined as (E7, P?).

Question. Let Q = [(E, P)] € Y1(N)(K) as above. If E is defined over K, and P is
a K-rational point of order N, then Q7 = [(E, P)]° = [(E, P)] = Q for all ¢ € Gk,
and thus @ € Y1(K). Does the converse necessarily hold? If Q € Y7 (NV)(K),
is there necessarily some E defined over K, and P that is a K-rational
point order N such that Q = [(E, P)]?

EXAMPLE 14. Let N = 3 and
E :Y?’=X3+2.

Let P = (0,v/2). We consider Q = [(E, P)] € Y1(N)(Q). We claim that Q €
Y1(N)(Q). For this we want to show that for any o € Gg, (E?, P?) is isomorphic
to (E, P) In fact E° = E as E is defined over Q. Moreover P = +P. If P? = P
then the two pairs are equal. If P? = —P, then we take ¢ : E — E to be the
isomorphism R — —R. This shows that [(E, P)] = [(E, P?)]. Hence Q € Y1(N)(Q)
as claimed.

In this case the above question has an affirmative answer. Let

E Y?=X"+1
and let
X Y
: BE— F, XY= | =—=,—].
g - (35 3)

Let P’ = (0,1) = ¢(P) which is a rational point of order 3 on E’. Then ¢ is an
isomorphism of pairs (E, P) = (E’, P’). So Q = [(E’, P')] and we have answered
the above question affirmatively in this case.

ExaMPLE 15. We take N = 3, and
E:Y?=X3%+1.
The third division polynomial for E is 13(E)(X) = 3X(X?® +4). Thus P =

(/—4,+/=3) is a point of order 3. Let Q = [(E, P)] € Y1(Q). We will show that Q
is a rational point. If 0 € Gg then

o(P) = (G3¥/~4,£V73).
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But Aut(F) = Z/67Z generated by
6:E—E,  6(X,Y)=(GX,~Y).
Thus
o(P) = ¢"(P)
for some b. Hence [(E, P)|” = [(E, P?)] = [(E, P)]. Therefore [(E, P)] € Y1(3)(Q).

Note that any E’/Q belonging to the Q-isomorphism class of F has the form
E' :Y?=X’4+D
where D € Z is non-zero. There is an obvious isomorphism
v E—E, ¢(X,Y)=(VYDX,VDY).
We want a value of D such that ¢(P) € E'(Q), or equivalently
VD-¥/=4eQ, VD -V=3€Q.

We can take D = —27 x 16. Thus the answer to the above question is affirmative
in this case too!

4. The Modular Curve Xy
We want to generalise the above constructions to an arbitrary group H <
GL2(Z/N7Z).

4.1. Level Structure. We call an isomorphism « : E[N] — (Z/NZ)? a level
N structure on E. Note that a level N-structure simply corresponds to a choice
of basis: Py = a7 1(e1), P, = a~!(ez) where e; = (1,0), ex = (0, 1).

DEFINITION 1. We call pairs (Eq, «;) and (Fa, ay) H-isomorphic, and write
(Ev,a1) ~i (Ep, a2)
if there is an isomorphism ¢ : £; — F5 and an element h € H such that
a; = hoagod.

Here we think of h € H C GLy(Z/NZ) as an isomorphism h : (Z/NZ)* —
(Z/NZ).

EXERCISE 16. Show that H-isomorphism is an equivalence relation.
We denote the H-isomorphism class of the pair (E, «) by [(E,a)]q.

EXERCISE 17. Let H = B, (N) Show that (El,al) ~H (Eg, 042) if and only if
there is an isomorphism ¢ : Fy — Fs such that ¢(Py) = Pa, where

P =a;*(1,0),  Py=a;'(1,0),
are respectively points of order IV on E7, Fs.

EXERCISE 18. Let H = Bo(N). Show that (E1, 1) ~g (Es, as) if and only if
there is an isomorphism ¢ : Ey — FE5 such that ¢((P;)) = (P,), where Py, P, are
as above.
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4.2. The congruence subgroup associated to H. Given a subgroup H C
GL2(Z/N7Z) it is possible to define an associated Riemann surface in the following
way. Let

Hy = SLQ(Z/NZ)QH, I'y:= {AESLQ(Z) : (A mod N) EHo}.
Note that
'y D T(N) := {AeSLy(Z) : A=1 (mod N)}.

Therefore I'py is a congruence subgroup of SLy(Z).
EXERCISE 19. Show that
Igyvy = Lo(NV), g, vy =T1(N).

Given 7 € H we will write «, for the level N structure on C/(Z + Z7) that
satisfies
aT(l/N):(LO)v O‘T(T/N):(Oal)'
One checks the following
e if F is an elliptic curve over C and « is a level N-structure then there
exists 7 € H such that E = E, and the isomorphism E.(C) =2 C/(Z+Zr)
identifies a with ;. Thus we can think of (F,«) as (C/(Z + Z7), a;).
e 71, T2 lead to H-isomorphic pairs (C/(Z + Zm1), ar,), (C/(Z + Z12), ary)
if and only if 71 = v(72) for some v € T'y.
We conclude that there is a one-one correspondence

I'y\H « {H-isom classes (E/C,a)}, Iy -7 [(C/HZA+Z1),ar)]y -

5. The curve Xy

As before there are algebraic curves Xy O Yy, with Xy complete and Yy open
such that
YH((C) EFH\H, XH((C) %I—‘H\IHI*7
where the isomorphisms are isomorphisms of Riemann surfaces. Moreover, I' g \H*
is compact.
Recall that there is an isomorphism

xn : Gal(Q(¢w)/Q) = (Z/NZ)*.

Now det(H) is a subgroup of (Z/NZ)* and so we can identify it with a subgroup
of Gal(Q(¢{n)/Q). So it makes sense to speak of the fixed field

Ly = Q(CN)dEt(H)-
THEOREM 20. The modular curve Xy has a model defined over Ly .

Note, since I'yy C SLy(Z) we have a natural surjective morphism of Riemann

surfaces
Iy \H* — SLo(Z)\H*, Iy -7— SLa(Z) - 7.

This induces a non-constant morphism of curves Xy — X (1), again defined over
Ly, which we denote by j (on complex points it factors through the earlier j-map
SLo(Z)\H* — X (1)(C)).
Assumption: we shall henceforth impose the condition det(H) = (Z/NZ)*. Thus
Xp is defined over Q, and so is the j : Xy — X(1). The cusps of Xy is the set
7~ (o0), and we have Y := Xg \ j~1(00).
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Now let K be a perfect field, which has characteristic 0, or such that char(K) {
N. A point Q € Yy (K) represents an H-isomorphism class of pairs [(F, a)] i where
E is an elliptic curve defined over K and « is a mod N level structure on E; we

identify @ with [(E, )]z and so write Q = [(E, a)]x.

LEMMA 5.1. Let Q = [(E, )|y € Yu(K). Let E'/K be an elliptic curve that
is isomorphic to E. Then there is some isomorphism o : E'[N] — (Z/NZ)? such
that Q = [(E', /)] u.

What the lemma is saying is that for any point ) on Yy I can replace E by any
isomorphic E’ and obtain the same point ) provided I suitably choose the mod N
level structure on E’.

PROOF. Let ¢ : E — E’ be an isomorphism. Let o/ = a0 ¢~!. Observe that
a =Toda o¢ where I is the identity element in H. Thus (E,«) ~g (F',o). O

6. Galois action and rationality
There is an action of Gx on the pairs (E, o)
(B,a)° := (B, a00™ ).

This action is compatible with action of Gx on Yz (K). In other words, if Q =
[(Ev a)}H then QU = [(Eaa Qo 0—71)]H'

LEMMA 6.1. Let Q € Yu(K). Then Q € Yy(K) if and only if Q = [(E, )|y
for some E/K, and some level N structure o : E[N] — (Z/NZ)? such that for all
o € Gk, there is an ¢, € Aut=(E) and h, € H satisfying

(3) a=hsoaoo tog,.

Proor. <= Condition implies (E,a) ~g (E,ao00™!). Thus Q° = Q for

all 0 € Gk and so Q € Yy (K).
= Suppose @ € Yy(K) and write Q = [(E,a)]g. Note that E = E°
for all 0 € Gg. Thus the j-invariant j(E) belongs to K. It follows that F is
isomorphic to some elliptic curve defined over K. By Lemma [5.1| we are allowed to
suppose that F is in fact defined over K. Since Q7 = @ for all ¢ € Gx we have
(E,a) ~y (E,a00™ ). Now follows from the definition of ~g. O

6.1. The case —I € H.

THEOREM 21. Let H < GLy(Z/NZ). Suppose
e det(H) = (Z/NZ)*;
o —JcH.
Then Xy, Yir are defined over Q (in fact they have models defined over Spec(Z[1/N])).

(i) Bvery Q € Yy (K) is supported on some E/K (this means that there is
some E/K and an isomorphism « : E[N] — (Z/NZ)? such that Q =
(B, a)lm).

(i) If @ € Yu(K) and j(Q) # 0, 1728, then Q = [(F, )|y such that E is
defined over K and pp N(Gr) C H (up to conjugation). Conversely, if
there is E is defined over K and pp n(Gx) C H (up to conjugation) then
[(E,o)] € Yg(K) for a suitable c.
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(iil) IfQ € Yy (K) and 5(Q) # 0, 1728, and Q = [(E, a)| i as above, then Q =
[(E',a")] for any quadratic twist E'/K defined over K, and for suitable
o

PROOF. Let’s fill in some of the details for (ii) using Lemma Note that
J(Q) = j(E). As this # 0, 1728, the automorphism group Aut(E) = {1,—-1}.
Thus ¢, = £1 and in particular commutes with all other maps. Thus (3)) can be
rewritten as

aoo = (¢shs)oa.
This can be rewritten as

pE,N(J) = ¢0hcf
once we have taken a~1(1,0), a~1(0, 1) as basis for E[N]. Note that ¢,h, = £h, €
H. Thus pg y(Gk) € H as required. Since quadratic twisting multiplies the pg v

by a character taking values in £1, replacing F by a quadratic twist does not change
the property pp n(Gx) C H. O

Note, if —I € H, then a rational point on Yy corresponds to an infinite family
of quadratic twists (away from j-invariants 0, 1728). Therefore Yy is a ‘coarse
moduli space’.

7. The case —[ ¢ H

THEOREM 22. Let H < GLy(Z/NZ). Suppose
e det(H) = (Z/NZ)*;
o [ ¢H.
Then Xy, Yy are defined over Q (in fact they have models defined over Spec(Z[1/N])).

(i) Bvery Q € Yy (K) is supported on some E/K (this means that there is
some E/K and an isomorphism « : E[N] — (Z/NZ)? such that Q =
(E, o)l

(i) If Q € Y (K) and j(Q) # 0, 1728, then Q = [(F, )|y such that E is
defined over K and pp n(Gr) C H (up to conjugation). Conversely, if
there is E is defined over K and pp n(Gx) C H (up to conjugation) then
[(E,a)] € Yg(K) for a suitable a.

(iii) If Q@ € Yu(K) and j(Q) # 0, 1728, and Q = [(E,a)|g as above, then E

1S unique.

PROOF. Again let’s fill in some of the details for (ii) using Lemma As
before ¢, € {£1} and
pen(0) = ¢ohy
once we have taken a~1(1,0), a=1(0,1) as basis for E[N]. Let H' = (H,—I) <
GL2(Z/NZ). Since —I commutes with the elements of H, we have that H is a
normal subgroup of H' of index 2. Now consider the map

/

Y:Ox 2T, U(o) =7lo) H = .

Since p is a homomorphism, the map 1) is also a homomorphism and so a quadratic
character, or trivial. If ¢ is trivial then pp v (G ) C H. Otherwise 1 is a quadratic
character, and by Galois theory its kernel fixes a quadratic extension K (v/d) of K.
Now pp, v =¥ - Pg n, and thus pg, y(0) = ho € H. Therefore replace E by Ey4
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and adjusting the level structure « gives Q = [(F, )]y with E defined over K and
Pen(Gk) C H. O

Note that away from j-invariants 0, 1728, the modular curve Yy is a ‘fine
moduli space’, by which we mean that a rational point is supported on a unique
elliptic curve. Indeed, let

U:=Xg\j *{0,1728,00}.
There is an elliptic surface
E—=U

which we think of as a family of (smooth) elliptic curves parametrized by the points
of U, and we write £g for the fibre above Q € U. If Q € U(K) then & is defined
over K. Moreover, the image ﬁSQ’N(GK) is contained in a subgroup conjugate to
H, and Q = [(E, a)]g for a suitable a. Conversely, if E/K is an elliptic curve with
J(E) # 0, 1728 and pg(Gx) is conjugate to a subgroup of H then there is some
@ € U(K) (possibly non-unique) such that E = ;. The family £ is called the
universal elliptic curve over Xy.

8. Modular Curves corresponding to subgroups of GL.(F,)

Let p be an odd prime. In Dickson’s classification we met groups By (p), CF (p),
C;H(p), and those with images isomorphic to Ay, Sy, As in PGLy(F),) (the case A;
only arises for p = +1 (mod 5)). Corresponding to these six subgroups, there are
six modular curves Xo(p), XF(p), X (p), Xa,(p), Xs,(p) and X 4, (p) (again the
last case is only for p = +1 (mod 5)). To prove Serre’s uniformity conjecture, it is
enough to show that the rational points on each of these curves are either CM or
cuspidal for p > 37. In fact this has been accomplished for all these families except

X (p).

THEOREM 23 (Serre). If p > 11 then X(Q,) = 0 for X = Xa4,(p), Xs, (),
XA5(p)'

THEOREM 24 (Mazur). If p > 37 then Xo(p)(Q) C {cusps, cm points}.

THEOREM 25 (Bilu, Parent and Rebolledo). If p > 13 then X} (p)(Q) C
{cusps, cm points}.

THEOREM 26 (Balakrishnan, Dogra, Miiller, Tuitman, Vonk). X (13)(Q) and
X,F.(13)(Q) consist of cusps and CM points.

The question of rational points on X, (p) is a famous open problem.



CHAPTER 4

A Naive Approach to Equations for X;(N)

1. Mazur’s Theorem on Torsion

THEOREM 27 (Mazur). Let E be an elliptic curve over Q. Then E(Q)iors 48
isomorphic to one of the groups
Z/NZ (N=1,2,...,10,12),
Z)2Z xZ/2NZ (N =1,2,3,4).
The main part of the proof of this great theorem is to show that for p > 11

prime, there are no elliptic curves E/Q with a rational point of order p. This is
equivalent to the following theorem.

THEOREM 28 (Mazur). X1(p)(Q) consists entirely of cusps for p > 11 prime.

2. Tate Form

LEMMA 2.1. Let E/K be an elliptic curve and P € E(K) such that P, 2P,
3P # 0. Then there is a change of coordinates (defined over K ) so that E becomnes
the model

(4) Euov : Y24+ uXY +0Y = X3 +0X?, P =(0,0),
where u, v € K.

ProoF. This is an easy exercise. Since P # 0 it belongs to the affine plane in
any Weierstrass model for E. Simply shifting P to (0,0) ensures that E has the
form

E: Y+ a1 XY +a3Y = X% 4+ a2 X? + as X.
Now the condition 2P # 0 ensures that a3 # 0. Now rotate the (X,Y)-plane so
that the tangent at (0,0) is the X-axis (for this you will need as # 0), and then
stretch so that as = ag (this is where you will use the fact that 3P # 0). O

The model E,, , is called the Tate form for E. It can be used (rather painfully)
to give a model for X;(p) for small values of p.

3. X1(5)
In the Tate form you can check that 5P = 0 if and only if u = v+ 1. If you
want to do this computation, it is easiest to rewrite 5P = 0 as 3P = —2P. This in

fact tells us that X;(5) = P!. The parameter v is a parameter on X;(5) = P! and
corresponding to this is the elliptic curve

E, : Y2+ (w+ )XY +0Y = X? +0X2

The point (0,0) is a point of order 5 on E,. We have almost completed our task of
classifying all elliptic curves over K with a rational point of order 5. We must check

21



22 4. A NAIVE APPROACH TO EQUATIONS FOR X;(N)

whether the model F, is smooth (and therefore really defines an elliptic curve) or
singular. The discriminant of the model is
A(E,)) = —v° - (v® +11v —1).

Thus the values v = 0, v = (=11 + 5v/5)/2 do not correspond to elliptic curves.
What about v = co € P1(Q). Here it is easier to work with the j-invariant of E,:

, (vt + 1203 + 1402 — 120 + 1)3

](EU) = _ 25 2 _

v? - (v2 4+ 11v —1)

so that when v = 0o we have j(FE,) = co so E,, is not an elliptic curve. The values

{00,0, (—1145+/5)/2} are the cusps of X;(5). The curve E,, is called the universal
elliptic curve over X;(5).

4. X,(11)

Repeating the above calculation with 11 instead of 5 it is possible to show that

X1(11) is the elliptic curve 11A3 with Weierstrass model
Xi(11) : 82 —s=1°—t.
The universal elliptic curve over X;(11) is
Egp : Y24 (st+t— )XY +5(s—1)(s— )Y = X3 +5(s—1)(s —t)tX2.

Thus an elliptic curve E/K with a K-rational point over order 11 is isomorphic to
E, , for some (s,t) € X;(11)(K) where the point of order 11 becomes the point (0, 0)
on the model E; ;. The converse is true if we avoid the cusps; if (s,t) € X1 (11)(K)
is a non-cuspidal point then Ej;; is an elliptic curve defined over K with (0,0) a

point of order 11.
The Mordell-Weil group of X;(11)/Q is

X1(11)(Q) = {0, (0,0), (0,1), (1,0), (1,1)} = Z/5Z.
It turns out that X;(11) has 10 cusps, and the five rational points are among the
10 cusps. Thus there are no elliptic curves E/Q with a Q-rational point of order
11. The other cusps are given by the equations
=3t + 526 — T4? + 17 + 10
B 11 ’

5 —18t* +35¢% — 16t — 2t +1 = 0, s

which give five cusps defined over Q(¢11)7.



CHAPTER 5

Jacobians of Curves

It is convenient for now to talk about general curves. Let X be a curve over a
field K, and let g = g(X) be the genus. Functorially associated to X is its Jacobian
J = Jx which is an abelian variety defined over K of dimension g. Jacobians
give us a way of studying K-points on X. If X(K) # 0 and g > 1 then we
have an embedding X (K) — J(K), and the set J(K) is an abelian group. If we
understand J(K) as an abelian group we might hope to say something about X (K).
Unfortunately it is in general very hard to write down equations for J. The best
computational approach to J is via divisors.

1. Divisors

Let X be a curve over k. A divisor D on X is a formal linear combination

D:zn:aiﬂ, a; €7, PicX(K).

i=1
We define the degree of D to be > a;. We say that D is rational if it is invariant
under Gk := Gal(K/K).

EXAMPLE 29. Let

X P =2(@®+ 1)@ +1).

This is a genus 2 curve defined over Q. Let
D;=2-(0,0)+(1,2), D9 =(i,0)—(—i,0), Ds=(i,0)+ (—4,0)—2-(1,2).
These are divisors and their degrees are
deg(D;) = 3, deg(D2) = 0, deg(D3) = 0.

Observe that any o € G sends 7 to itself (e.g. o is the identity) or changes its sign
(e.g. o is complex conjugation). Thus D is rational, Dj is rational, but D is not
rational, since complex conjugation negates it.

The divisor group of X /K, denoted by Div(X/K) is the set of rational divisors
of X/K. This is obviously an abelian group with addition defined in the obvious
formal way. The degree 0 subgroup of the divisor group is the subgroup

Div?(X/K) := {D € Div(X/K) : deg(D) = 0}.
This is an abelian group.

ExXAMPLE 30. We continue Example In the example D3 € Div’(X/Q), but
D1, Dy ¢ DivP(X/Q).

23



24 5. JACOBIANS OF CURVES

2. Principal Divisors

Let X be a curve defined over a field K. Let K(X) be the function field of

X, and let f € K(X)*. If P € X(K) then there is vp(f) € Z which measures the
order of vanishing of f at P. Define

div(f)= 3 we(f)-P.

PeX(K)

A divisor of the form div(f) is called a principal divisor.
LEMMA 2.1. If f € K(X)* then div(f) € Div’(X/K).
EXAMPLE 31. Let f = % on P'/Q. Then

div(f) = =3 (0) + (V7) + (=V7) + 0.

Intuitively, if x is large, then f ~ 1/x which explains why it vanishes to order 1 at
00. Observe that div(f) € Div?(P'/Q).

3. The Picard Group
It follows from Fact 2.1l that
Princ(X/K) := {div(f) : f € k(X)*}

is contained in Div’(X/K). This is called the subgroup of principal divisors.
It is easy to show that it is a subgroup using the properties

div(1) =0,  div(fg) = div(f) + div(g),  div(1/f) = —div(f),
that follow from the definition of div. We define the Picard group of X/K as

_ Div’(X/K)

Pic’(X/K) := Prine(X/K)

The following two theorems are standard consequences of the Riemann—-Roch The-
orem (See [22] Chapters IT and III)).

THEOREM 32.

Pic’(P!/K) = 0.
THEOREM 33. Let
E : y> =2+ Az + B, A BeK, 4A4%+27B%>+#0.

be an elliptic curve over K. Then
(5) E(k) = Pic’(E/K), P [P — ).

In , the group operation on E(K) is the usual one defined by secants and
tangents.

If X is a curve that isn’t an elliptic curve, what is the correct object to replace
X(K) in the isomorphism (F])?
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4. Jacobians

Let X/K be a curve of genus g. We don’t define the Jacobian Jx of X, but
mention that it is a g-dimensional abelian variety defined over K that is ‘functorially
associated’ to X. An elliptic curve F is its own Jacobian Jg = E.

THEOREM 34. (Mordell-Weil Theorem) If K is a number field then Jo(K) is
a finitely generated abelian group.

The proof uses descent and heights and is similar to the proof of the Mordell-
Weil Theorem for elliptic curves. We can often compute Jx (K) in practice, but
there is no algorithm guaranteed to work.

THEOREM 35. Let X be a curve with X (K) # (. Then
Jx(K) = Pic’(X/K).
For more on this theorem see [19, Section 3]. We usually use elements of
Pic’(X/K) to represent elements of Jx (K).
EXAMPLE 36. We continue Example Let
X y? =z(2® 4+ 1)(2* + 3).

This is a curve of genus 2 defined over Q. It has one rational point at infinity which
we denote by oo (and which we see on a smooth model in a projective plane with
appropriate weights). The curve X has genus 2. Using descent it is possible to
show that

Z Z ) .
Jx(@) = o 1(0,0) = 00 @ o+ [(5,0) + (=4,0) — 200].
It is easy to check that

[(0,0) = o0] + [(2,0) + (~,0) — 200] = [(V/=3,0) + (=V/=3,0) — 200];
to check this the reader should write down a function on X whose divisor is
(0,0) + (4,0) + (=, 0) — (V'=3,0) — (=v/~3,0) — co.
DEFINITION 2. Let X/K be a curve of genus > 1. Let Py € X(K). The
Abel-Jacobi map associated to P, is the embedding
L X — Jx, P— [P-P.

LEMMA 4.1. If X has genus > 1 and Py € X(K) then «(X(K)) C Jx (k). If
moreover Jx (K) is finite (and we know it) we can compute X (K).

5. Torsion Subgroups

Let A be an abelian variety over a number field K. The Mordell-Weil theorem
applies to abelian varieties too and tells us that A(K) is a finitely generated abelian
group. In particular, the torsion subgroup A(K)iors is finite.

Let p be a prime of K that is of good reduction for A. Then we have a natural
homomorphism

red, : A(K) — A(F,)
that takes a point P € A(K) and reduces it modulo p. The following is a standard
type of result; see [13] Appendix].
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THEOREM 37 (Katz). With notation as above (in particular p is a prime of
good reduction for A), let p be the rational prime below p and write e(p/p) for the
ramification degree. Suppose e(p/p) < p—1. Then red, is injective when restricted
to the torsion subgroup A(K)iors-

The following is immediate.

COROLLARY 5.1. Let A be an abelian variety over Q. Let p > 3 be a prime
of good reduction. Then red, is injective when restricted to the torsion subgroup

A(Q)tors-



CHAPTER 6

Jacobians of Modular curves and Eichler—Shimura

Return to our setting: H is a subgroup of GLy(Z/NZ) satisfying det(H) =
(Z/NZ)* and —I € H. Write Jy for the Jacobian of Xpy. These in fact have
models over Spec(Z[1/N]) so they good reduction away from N.

Recall that we defined a congruence subgroup 'y associated to H.

Hy = SLQ(Z/NZ)QH, I'y:= {AESLQ(Z) : (A mod N) EHo}.
There is an isomorphism
dq
So(Pw) = Q(Xu),  fla)— fla)— 7

where S5(I'y) is space of weight 2 cuspforms for the group I'y and Q(Xg) is the
space of regular differentials on Xpg. In particular,

genus(Xp) = dim(Q(Xp)) = dim(S2(TxH)).

There is an action of the Hecke algebra on So(T'y). Let fi,. .., fn be represen-
tatives of Galois orbits of Hecke eigenforms. Eichler—-Shimura associate an abelian
variety As/Q to each eigenform f € {fi,..., fn}. Let Ky be the Hecke eigenvalue
field of f. Then

(K : Q] = dim(Ay).
Moreover, Endg(Ay) is an order in Ky (we say that Ay is of GLa-type).

THEOREM 38. rank(A¢(Q)) is a multiple of [Ky : Q).

Finally,
o~ Ap X Apy XX Ay
where ~ denotes isogeny over Q.
Now let g € {f1,..., fn}, let K, be the Hecke eigenvalue field of g, and let
01,...,04 : Kg < C be the embeddings of C (here d = [K, : Q] = dim(A,)). Let
g; = o(g) be the conjugates of g. Then we have an equality of L-function.

d
s) = HL(gz‘, s)

We have the following famous theorem, which is a version of weak BSD for modular
Jacobians.

THEOREM 39 (Kolyvagin and Logachev). Suppose Ay is a factor of Jo(M) for
some M.
(i) If ords—=1(L(gi,s)) = 0 for some i then ords—1(L(g;,s)) = 0 for all i and
rank(4,(Q)) = 0.
(ii) If ords= 1(L(gl,5) =1 for some i then ords=1(L(g;,s)) = 1 for all i and
rank(A,(Q)) = dim(A,) = [K, : Q].

27
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In fact, L(Ag4,1)/Q, is a rational number, where , is integral of the Néron
differential over A4(R). The modular symbols algorithm [5] can in fact compute
L(A,,1)/Q, exactly, so we have a way of testing if L(.Ag,s) vanishes or not at
s = 1. Values L(") (Ag, 1) can only be computed numerically for r > 1.

EXAMPLE 40. Let us consider Xy(43) and its Jacobian Jy(43). The modular
symbols algorithm (implemented in Magma and in SAGE) allows us to compute the
eigenforms belonging to S2(I'0(43)); see [25] for details. These are

f=a-2¢-2¢"+2¢" —4¢’ +- -
P=q+V2-@ V2P +(2-V2) -+
P2=0-V2- P +V2-@+(2+V2) -+
The Hecke eigenvalue field for f is Q. The eigenform f corresponds to a dimension
1 abelian variety, which is the elliptic curve 43A1 with Weierstrass model
Ap oy +y =2 +2°

Note that g1, go form a single Galois orbit, with Hecke eigenvalue field Q(v/2) of
degree 2. The abelian variety A,, = Ay, has dimension 2. There is probably no
easy way of giving equations for it. It might not even be a Jacobian. Moreover,

J0(43) ~ Af X Ag1

has dimension 3 and so X((43) has genus 3. What can we say about the Mordell-
Weil group Jy(43)(Q)?

In fact
L(‘Afvl) L(‘Agnl) 2

S £ e A W V£ el
O, O, 7

So we know that Ay, (Q) has rank 0 from the Kolyvagin-Logachev theorem. What
about A(Q)? We find that

L'(f,1) =0.34352. ..

so by the Kolyvagin-Logachev theorem, A;(Q) has rank 1. Hence Jy(43)(Q) has
rank 1.

ExAMPLE 41. Let’s consider Jy(31) instead. There is only one Galois orbit of
eigenforms of weight 2 for I'p(31):

1++5
fi=q+ag® —2a¢* +(a—1)g* +¢° +--, a= 2\f
1-56
fo=aq+ B¢ =28¢" + (B-1)g" +¢"+-,  B=—5—.

Thus Jy(31) is a simple 2-dimensional abelian variety. We find that L(Jy(31))/Q =
2/5, so Jy(31)(Q) has rank 0.

Let’s use this fact to show that there are no elliptic curves over Q with a point
of order 31. We consider this commutative diagram.

X131)(Q) —— X(B1)(Q) —— X(1)(Q)

l | |

X1(31)(F3) —— Xo(31)(F3) —— X (1)(F3).
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Suppose E/Q has a Q-rational point of order 31. This gives rise to a non-cuspidal
rational point P € X;(31)(Q). Suppose that E has good reduction at 3. Then,
by the injectivity of torsion, F(F3) has a point of order 31, which is impossible
because #E(F3) < 7 by the Hasse-Weil bounds. So E cannot have good reduction
at 3. Let’s instead suppose that E has potentially good reduction at 3 (in particular
ords(j(E)) > 0). We consider the filtration

E(Q3) D Ey(Q3) D E1(Q3) D Ea(Q3) -+

In fact, we know from the theory of the formal group that F;(Q3) = Zs which has
no torsion. Moreover,

[E(Qs) : Eo(Qs)] <4, [E0(Q3) : E1(Q3)] = #E,5(F3) =3

as E has additive reduction. We see that E(Q3) does not have 31 torsion and we
have a contradiction.

Hence F has potentially multiplicative reduction at 3. This means that ords(j(E)) <
0. Hence the image of P in X (1)(F3) is the cusp. Let Q = 7(P) € X(31)(Q).
Then @ = ¢ (mod 3) where ¢ is one of the two cusps on X((31) (both of these
are rational points). Now consider [@Q — ¢] € Jp(31)(Q). This is a torsion point

—_—

since Jy(31)(Q) has rank 0. But its reduction [Q —c] = 0 € Jy(31)(F3) as Q@ = ¢
(mod 3). By the injectivity of torsion in reduction (Corollary we conclude
[Q—¢c] =0in Jy(31)(Q). So @ = ¢ (you can use Riemann-Roch to show that if two
points on a curve of genus > 1 are linearly equivalent then they must be equal).
That is @ is a cusp on X((31) and so P is a cusp of X;(31) giving a contradiction.

Note that we worked with X(31) and Jp(31). We only needed the fact that the
point comes from X;(31) to make sure it reduces to a cusp modulo 3. In fact if @
is any rational point on X((31) that reduces to a cusp modulo any prime p # 2, 31
then @ must equal that cusp, by the above argument. We have excluded 2 because
we need injectivity of torsion when reducing mod p. We have excluded 31 because
X(31) has bad reduction at 31. But we can conclude that if @ € X((31)(Q) then
J(Q) € Z[1/62], so the problem of determining the rational points on X(31) is
essentially reduced to a problem about integral points.

But it is much easier if we knew the whole Mordell-Weil group. We shall make
use of the following theorem.

THEOREM 42 (Mazur). Let p be a prime. Then
-1
Jo(P) Qtors = (Z/dpZ) - [c1 — 2], d, = numerator (pl2>
where ¢, co are the two cusps of Xo(p).

In our case
Jo(31)(Q) = 7 [c1 — ¢

Now let @ € X¢(31)(Q). Then [@Q — 2] =n-[c1 —cg] for n =0, 1, 2, 3, 4. Thus
for one of these values of n, we have Q@ ~ n-c¢; + (1 —n) - cy. If n = 0 then
Q = co and n = 1 then Q = ¢;. What about the other 3 values of n? Write
D, =c¢1 + (1 —n)ea. Then @ ~ D,, which means that @ = D,, + div(f) where
f € Q(Xo(31))*. Note that f belongs to the Riemann-Roch space L(D,,). In fact
it is possible to compute Riemann—Roch spaces if we have a model for the curve
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(for example using an algorithm of Hess that is implemented in Magma). A model
for Xo(31) was worked out by Galbraith:

Xo(31) : y? =20 — 8% + 62" + 182 — 112% — 142 — 3.
h
Here ¢, ¢o are the two points at oo on this model. We find that dim(L(D,,)) =1,
1, 0, 0, 0 for n = 0,1,2,3,4 respectively. Thus we know that there is no point

Q ~ D, for n =2, 3, 4. We conclude that X((31)(Q) = {c1, c2}. In particular,
there are no elliptic curves over Q with a 31-isogeny.

Now let’s be more ambitious and look at quadratic points. Here we’re following
a recent paper of Bruin and Najman [2]. Let Q € X¢(31)(K) where K is any
quadratic field. Let Q7 be its Galois conjugate. Now Q + Q7 is a Q-rational divisor
of degree 2, and Q + Q7 — ¢; — ¢o is a Q-rational divisor of degree 0. In particular,
[Q +Q° —c1 — CQ] S J0(31)(Q) and so

Q+ Q7 —c1—ca~n(c1 —c2)
where 0 < n < 4. So
Q+ Q7= (n+1)cr+ (1 —n)ex +div(f)

where f € L((n+ 1)c; + (1 — n)ez). For n =0,1,2,3,4 the dimensions of L((n +
Deg + (1 —n)eg) are 2, 1, 1, 1, 1. Let’s deal with 1 < n < 4 first. In each of these
cases, L((n+1)c1 + (1 —n)ez) = Q- gy, for some non-zero function g,,. And so there
is a unique possibility for Q +Q7, namely: Q+Q° = (n+1)c1 + (1 —n)ca +div(gy).
We obtain

[n] Q+Q° \
; (-1 +2M’ 11+2\/T3>2f<—1—2\/?37 11-;/?3)

3 (—1 +2\/T3’ _11+2\/T3> R <—1—2\/?37 _11—2¢T3)
4 2¢s

Next we consider, n = 0. Then
Lin+ew)=QaQ -«

If we take f € Q, then div(f) =0 and so @ + Q° = ¢1 + co. Suppose f ¢ Q. Then
it is proportional to z — u for v € Q, and so div(f) = div(x — u). But

div(z —u) = (u,\/h(u)) + (u, —/h(u)) — c1 — co.

Hence @ + Q% = (u,/h(u)) + (u,—+/h(u)). Note that h(u) is not a square for
any u € Q, since we've already shown that the only two rational points are at
infinity. In particular, @ = (u,\/h(u)), Q% = (u, —y/h(u)) so that Q and Q7 are
interchanged by the hyperelliptic involution. Ogg has shown that for Xy(31) that
the hyperelliptic involution is ws;, the Atkin-Lehner involution. What does w3
do? Recall that a point on Xy(31) represents a pair (F,C) where E is an elliptic
curve and C'is a cyclic subgroup of order 31. Now

w3 (E,C) = (E/C,E[31]/C);
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here E/C is the isogenous elliptic curve. So in our case Q = [(F,C)] and E? is
isomorphic to E/C'. Hence this infinite family of elliptic curves over quadratic fields
are quadratic Q-curves (i.e. isogenous to their conjugate).






CHAPTER 7

Sketch of Mazur’s Theorem for X;(p)

DEFINITION 3. A morphism of schemes § : X — Y over Spec(Z[1/p]) is a
formal immersion at z € X(Q) if the induced map

A~

Ov.j@) = Oxa
is surjective.

Remark. Let ¢ # p be a prime. Let
Resy(z) == {2 € X(Q,) : 2’ =2 (mod ¢)}

which is called the g-adic residue disc of x. If 8 is a formal immersion at = then the
map
0 : Resq(z) = Y(Qq)

is an injection.

PRrROPOSITION 0.1. In the above, suppose Y = A is an abelian variety such that
A(Q) has rank 0. Suppose 0 is a formal immersion at x. Then

X(Q) N Res,(z) = {o}
for all primes q ¢ {2,p}.

PrOOF. Let 2/ € X(Q) NResy(x). Then 2/ = z (mod g). Thus 0(z') — §(x)
is an element of A(Q) that reduces to 0 modulo ¢q. But A(Q) is torsion. By the
injectivity of torsion §(z') — (x) = 0. Thus 6(z’) = 6(x). However, as 6 is a formal
immersion at z, and =’ belong to Res,(x) we have z = 2’. O

We now sketch a proof of Mazur’s Theorem for X (p). Suppose z € X1(p)(Q).
We want to show that z is in fact a cusp. Suppose it is not. Then it represents
a pair [(E,P)] where E is an elliptic curve defined over Q and P is a rational
point of order p. We take ¢ = 3. Now in the example we can show (because p is
large) that F has potentially multiplicative reduction at 3. Let y = m(z) where
7 : X1(p) — Xo(p) is the degeneracy map. In particular y reduces to one of the
cusps on Xy. The Atkin-Lehner involution swaps the cusps. Thus we can suppose
that y reduces to the infinity cusp on X, which we denote by co. To complete the
argument we need some large quotient of J that has rank 0. We let J.(p) be the
largest quotient of J that has analytic rank 0. This Merel’s winding quotient.
We know by Kolyvagin-Logachev that this has rank 0. We take 6 to be the map
Xo(p) — Jo(p) = Je(p). Now we need the highly non-trivial fact that this is a
formal immersion at co. Now

y € Ress(00) N Xo(3)(Q).
Hence by the above proposition y = co. Thus z is a cusp.

33
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An important remark: The proofs of Mazur’s theorem for X(p), Merel’s Uni-
form Boundedness theorem and the theorem of Bilu, Parent and Rebolledo for
X7 (p) all crucially depend on the existence of a rank 0 quotient of the modular
Jacobian. However, for X1 (p) it is known that every factor of the Jacobian has
odd analytic rank, and so assuming BSD has non-zero rank. This is the reason why
Serre’s uniformity conjecture is still an open problem.



CHAPTER 8

Equations for Modular Curves

We’ll mostly follow the method of Galbraith [I0] for writing down equations
for (a couple of) modular curves.
Let X/K be a curve of genus g > 2. Let Q(X) be the space of regular differ-

entials. This is a K-vector space of dimension g. Let wy,...,w, be a K-basis for
Q(X). The canonical map is the map
¢: X =PI P (wi(P): - wy(P)).

Recall that the ratio of any two differentials wy, wy is actually a function on X, so
the map makes sense.

ExAMPLE 43. Consider a genus 2 curve
X:y2:a6$6+~-~+ao, a; € K.

Here the polynomial on the right hand-side is separable. A basis for Q(X) is
w1 = dz/y and wy = xdx/y. Note that wy/wy = x. Thus

¢: X — P P (1:z(P)).
In particular, the image of ¢ is P', and so ¢ is not an isomorphism, but is 2 to 1.
Let’s instead look at a genus 3 curve
X:y2:a8x8+~-~+ao, a; € K.
A basis for Q(X) is wy = dz/y, we = xdx/y, w3 = x2dx/y. Thus
¢ X — P2, d(z,y) = (1:z:2?).
If we choose coordinates (uy : ug : u3) for P? then the image is the conic ujuz = u3.
More generally, a hyperelliptic curve of genus g can be written as
X y2:agg+2x2"+2—|—---+a0, a; € K.

Here the polynomial again needs to be separable to obtain genus g. A basis for
Q(X) is
dr zdx 29 e

5 ey .

Y Y Y
Check that the image of the canonical map is isomorphic to P!.

THEOREM 44. Let X be a curve of genus > 2. The canonical map is an
embedding if and only if X is non-hyperelliptic. In this case (X)) has degree 2g—2.

We'll focus on modular curves where the genus is > 2. Recall the isomorphism

SoT) = QXn)s  flg) f<q>%.

35
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Let f1,..., fq be a basis for So(I'gr). Then the canonical map is given by
¢ = (fi(g)da/q: faq)da/q : - fo(a)dg/q) = (fr(q) = -+ : fo(q))-

1. X((30) and X,(45)

Let’s look first at X((30). A basis for S3(I'0(30)) is
h=q—q"—¢"—2¢"+ 4"+ 0(¢"),
fo=q"-4¢" -4’ - ¢+ 0(¢"),
fa=a"+4¢" = ¢’ —¢" —2¢" — 2¢° + O(¢").
Thus X(30) has genus 3. A genus 3 curve is either hyperelliptic or plane quartic.
We want to know whether X (30) is hyperelliptic or a plane quartic. We compute
the image of the canonical embedding. If it is hyperelliptic, then the image must
be a conic. Note that the basis f1, fo, fo is not necessarily the same as the basis
dx/y, vdx/y, x2dx/y for the hyperelliptic model, if X((30) is indeed hyperelliptic;
the two bases will be related by an invertible matrix. Thus if X(30) is hyperelliptic
then the image we obtain from f1, fo, f3 will the result of some invertible linear
transformation applied to the conic ujuz — u3, and so will be a conic.
The degree 2 monomials in f;, fo, f3 are
fi=a*-2¢"—2¢" —3¢°+4¢"° + O(¢"")
f3=d"-2¢°-¢*+0(¢")
f3=4"+2¢" — ¢® —4¢° — 5¢"° — 6¢" + ¢'* + O(¢"?)
fifo=¢"—¢"—q¢® —q" = 3¢° +2¢"° + O(¢"")
fifs=q"+¢" —¢® —2¢" — 3¢° —2¢° — 2¢'° + O(¢"")
fofs ="+ ¢® —2¢" — 2¢° — 2¢° — 2¢"° + 2¢"" + O(¢"?).
The image is a conic if and only if there is a non-trivial linear combination of these

six expressions that is identically 0. Thus we are looking for ay, .. ., ag (not all zero)
such that

a1 fi + axf3 + asf3 + asfifo + asfifs + asfof3 = 0.
Looking at the coefficient of ¢ we immediately see that a; = 0. And at the
coefficient of ¢® that a4 = 0. Moreover,
a2+a5:O, a5—|—a6:0, —2a2+a3—a5—|—a6:0
from the coefficients of ¢*, ¢°, ¢°. There is only one solution (up to scaling) which
is
(7,2:1, a3:0, CL5:—1, CL6:]..

Thus f2 — f1fs + fofs = 0+ O(¢"). In fact we can check that f2 — fifs + fofs =
0+ O(q*%°). But do we know that f3 — f1f3 + fofs = 0 exactly? For this we need
the Sturm bound.

THEOREM 45 (Sturm). Let T' be a congruence subgroup of SLa(Z) of index m.
Let f € Si(I') and suppose ordy(f) > km/12. Then f =0.
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We let f = f2 — fifs + fofs. Since fi, f2, f3 are cusp forms for I'o(30) of
weight 2, f is a cusp form of weight £ = 4. Thus Recall the formula for the index
of Fo(N)

[SL2(Z) : To(N)] = N [ (1 + 1/p).
pIN
In our case N = 30 and

m = 30(1+1/2)(1+1/3)(1+1/5) = 72.

Note km/12 = 4 x 72/12 = 36. Since ordg(f) > 100 we know from Sturm that
f = 0. Hence X,(30) is hyperelliptic. We’ll return to writing down equations for
X(30) later.

We repeat the computation for X,(45). A basis for S3(T'9(45)) is
g =q-q"+0(q"),
92 =¢* = ¢° = 3¢° + 0(¢"?),
93 =4 = 4" =" + O(¢").

Thus X((45) has genus 3 and is either hyperelliptic or the canonical image has
degree 4 and is therefore a plane quartic. Again we look for a1, ..., ag such that

a197 + a2g3 + asg;‘f + a49192 + a59193 + asg2g93 = 0.

By solving the resulting system of linear equations from the coefficients of ¢2, .. ., ¢'°
we find that all the a; = 0. Thus the image is not a conic, and so X(45) is a plane
quartic. Next we look at all monomials of degree 4 in ¢1, g2, gs. There are 10
of these, and we are looking a for a linear combination which is 0. By solving
the system resulting from the coefficients of lots of ¢/ up to ¢?° we find a unique
solution (up to scaling). This unique solution gives us our degree 4 model:

Xo(45) : xjre — x22? + 2ori05 — T30 — 5T c P2
Did we need to check up to the Sturm bound? Not this time! We have already
proved that X4(45) is not hyperelliptic. So we know that the canonical image is a

quartic. We solved for this quartic and found only one solution, so that must be
the correct quartic.

We return to Xo(30). We've worked out that this is hyperelliptic and so has a
model
y* = h(z), h=agx® + -+ ao.
This model is not unique. If (u,v) is any point on this model, we then we can
change the model to move this point to infinity:
’ 1 ’ Y

Jj:x_u, y:(

The new model has the form

2 8
y/ =U21'/ R

If v = 0 (i.e. the original point was a Weierstrass point) then we would end up with
y - degree 7 but otherwise it is g/ 2= degree 8. Now the infinity cusp ¢y is a
point on X (30). Let’s move ¢y to infinity on the hyperelliptic model. Question:
Do we obtain a degree 7 model or a degree 8 model?
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EXERCISE 46. (i) Let
X ¢ y® = aggq0x™ -t ag

be a curve of genus g where asg42 # 0. Let co; be one of the two points
at infinity. Show that

g—1
ordee d—x =g—1, ordy % =g—2,...,0rd v d = 0.
“\y "\ i y

(ii) Let
Xty =ag 10+ 4
be a curve of genus g (here necessarily aggy1 # 0 otherwise the genus

would be smaller than g). Let oo be the unique point at infinity. Show
that

g—1
ordse (dyx) =2(g—1), orde <w:x> =2(g—2),...,0rdeo (I ydx) =0.

We can now answer the question. We have the g-expansions of fi, fa, f3. What
you need to know is that ¢ is a uniformizer at co, (i.e. the order of vanishing of ¢
at ¢ is 1). From the g-expansions

ord,._ <f1(q)(i]q> =0, orde, <f2(q)dqq> =1,  ord., (fg(q)‘i]q> —9.

Any regular differential has to be a linear combination of fidq/q, fadq/q, f3dq/q.
Thus there is no non-zero regular differential that has valuation 4 at c.,. However,
in the degree 7 model dz/y is a regular differential that has valuation 4. The answer
to our question is that we obtain a degree 8 model. (In slightly technical language
Ceo 18 nOt a Weierstrass point.) Replacing y by —y we can suppose that ¢o, = 0o

But
dx dx dx
ordeo, | — ) =2, orde, 22— | =1, ordee :102> =
i < y ) N ( y > " ( y

From the valuations

dx dq
— =0Qa3 - f3(q)77
Yy q

sds _ o flada,  fala)da.
Yy q q

x2dx _ f1(q)dq + s f2(q)dq + fS(‘Z)dq’
y q q q

where ag, B2 and ;7 # 0. The change of hyperelliptic model
T ra, Y sy

keeps the points at infinity where they are but have the following effect on the
differentials:

d d d d

T /) S (29

Y Y Y Y
Thus we can make az = 1 and 3 = 1. Moreover the change of model

T x+t, Y=y
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has the effect

dx dx xdx xdx dx
— = —, — s+t
Y Yy Y Y Y
So we can suppose B3 = 0. i.e.
dx dq rdz dq
— = fsla)—, = fa(a)—
Yy q Yy q

Hence

r = f2(q)/ f3(q)

1 5
5f1+qfq2+2q372q4+2q"73q6+5q7—5q8+5q9+~-.

dx q 1 1 1 1 9 3 4 5
y=—- = —— 4 = — = — = +5—15¢+29¢% — 60¢° + 118¢"* — 210¢°+
dq  f3(q) @ @ ¢ q

3464° — 5737 + 929¢° — 1454¢° + - - - .
Recall that we want a model of the form
y? = agz® + arz” + -+ ag

where ag is non-zero. By comparing the coefficients of ¢=% on both sides we see
that ag = 1. Now

pogs_ B3

a ¢

so a7 = 6. Also
9 48
6
so ag = 9. Continuing in this fashion we arrive at

y? — 2% — 627 — 925 — 62° + 42* + 62% — 927 + 62 — 1 = O(¢'").
Therefore, a model for X (30) is
X0(30) : y? = 28 +627 +92° 4+ 62° — 42t — 623 + 922 — 62 + 1.

y? —a® — 62" =






CHAPTER 9

Some Open Problems

There are deep and difficult open problems such as determination of the ra-
tional points on X, (p). However, here we mention open problems that might be
easier. Historically Xo(p) and X (p) have received much more attention than other

modular curves.

1. Mazur’s Vertical Uniformity Problem

Given an elliptic curve F/Q, we can for each prime p construct a family of
representations
pepr - Go — GL(E[]p"]) = GLo(Z/p"Z).
The Tate module T),(E) is defined as the inverse limit
T,(E) = lim B[p] = 7.
Putting all the pg ,» together we obtain a representation
pEp - Gg — GL(T,(E)) = GL2(Z,,).

The following question is due to Mazur, and known as the Vertical Uniformity
Problem.
Problem: Determine all possible pg ,(Gg) as E ranges over all elliptic curve E/Q
without CM, and p over all primes.

This was in fact solved by Rouse and Zureick-Brown [20] for p = 2, who found
a total of 1208 possibilities for pg 2(Gg). This involved the study of rational points
on 727 modular curves. However the question is still open for all other values of
p. If one accepts Serre’s Uniformity Conjecture then one needs to solve Mazur’s
Vertical Uniformity Problem for 3 < p < 37.

2. Torsion on Modular Jacobians

Write Co(H) be the subgroup of Jy(Q) generated by classes of differences
of cusps. Let Co(H)(Q) := Co(H) N Jy(Q). The group Co(H) is known as the
cuspidal subgroup, and Cy(H)(Q) as the rational cuspidal subgroup. For

the following theorem see [15], [8], [9].

THEOREM 47 (Manin-Drinfel’d). Co(H) C Ju(Q)tors, and Co(H)(Q) C Ju(Q)tors-

Mazur’s Theorem says that the rational cuspidal subgroup is equal to the
torsion subgroup for Jy(p) (p prime). We do not know if this is necessarily true for
other families of modular curves.

CONJECTURE (Generalized Ogg Conjecture). Write Co(N)(Q) for the rational
cuspidal subgroup of Jo(N). Then Jo(N)(Q)tors = Co(N)(Q).
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42 9. SOME OPEN PROBLEMS

This is called the “generalized Ogg conjecture” because Theorem (42| for Jo(p)
was a conjecture of Ogg before it was proved by Mazur. As far as I can see there
is not a lot of evidence for the generalized Ogg conjecture, and it might be worth
searching for counterexamples!

More generally, it would be interesting to have some results on the torsion
subgroups for J1(p), Ji(p), IS (P), Jau(p), Js.(p), Ja,(p), -- -
3. Chen’s Isogeny
Chen has shown that
Ta(p) ~ (Jo(p®) fwp2)™ ™, T (p) ~ Jo(p) x (Jo(p?)/wy2)"".

It would be interesting to know the degrees of these isogenies. Are there analogous
isogenies for Jyu, (p), Js,(p), Jas(p)?
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