CLASSICAL AND MODULAR APPROACHES TO
EXPONENTIAL DIOPHANTINE EQUATIONS
I. FIBONACCI AND LUCAS PERFECT POWERS

YANN BUGEAUD, MAURICE MIGNOTTE, SAMIR SIKSEK

ABSTRACT. This is the first in a series of papers whereby we combine the
classical approach to exponential Diophantine equations (linear forms in log-
arithms, Thue equations, etc.) with a modular approach based on some of
the ideas of the proof of Fermat’s Last Theorem. In this paper we give new
improved bounds for linear forms in three logarithms. We also apply a com-
bination of classical techniques with the modular approach to show that the
only perfect powers in the Fibonacci sequence are 0, 1, 8 and 144 and the only
perfect powers in the Lucas sequence are 1 and 4.

1. INTRODUCTION

Wiles’ proof of Fermat’s Last Theorem [53], [49] is certainly the most spectacular
recent achievement in the field of Diophantine equations. The proof uses what may
be called the ‘modular’ approach, initiated by Frey ([19], [20]), which has since been
applied to many other Diophantine equations; mostly—though not exclusively—of
the form

(1) az? + by? = c2?, az? + byP = c2?, az? +by? =cz®, ... (p prime).

The strategy of the modular approach is simple enough: associate to a putative
solution of such a Diophantine equation an elliptic curve, called a Frey curve, in
a way that the discriminant is a p-th power up to a factor which depends only
on the equation being studied, and not on the solution. Next apply Ribet’s level-
lowering theorem [43] to show that the Galois representation on the p-torsion of
the Frey curve arises from a newform of weight 2 and a fairly small level NV say. If
there are no such newforms then there are no non-trivial solutions to the original
Diophantine equation. (A solution is said to be trivial if the corresponding Frey
curve is singular.) Occasionally, even when one has newforms of the predicted level
there is still a possibility of showing that it is incompatible with the original Galois
representation (see for example [18], [5], [21]), though there does not seem to be a
general strategy that is guaranteed to succeed.

A fact that has been underexploited is that the modular approach yields a
tremendous amount of local information about the solutions of the Diophantine
equations. For equations of the form (1) it is perhaps difficult to exploit this infor-
mation successfully since we neither know of a bound for the exponent p, nor for
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the variables z, y, z. This suggests that the modular approach should be applied
to exponential Diophantine equations; for example, equations of the form

azx? 4+ by? = ¢, ar’ +b=cy?, ... (p prime).

For such equations, Baker’s theory of linear forms in logarithms (see the book of
Shorey and Tijdeman [46]) gives bounds for both the exponent p and the variables
x, y. This approach through linear forms in logarithms and Thue equations, which
we term the ‘classical’ approach, has undergone substantial refinements, though it
still often yields bounds that can only be described as ‘number theoretical’.

The present paper is the first in a series of papers whose aims are the following:

(I) To present theoretical improvements to various aspects of the classical ap-
proach.

(IT) To show how local information obtained through the modular approach
can be used to reduce the size of the bounds, both for exponents and for
variables, of solutions to exponential Diophantine equations.

(ITII) To show how local information obtained through the modular approach can
be pieced together to provide a proof that there are no missing solutions
less than the bounds obtained in (I), (II).

(IV) To solve various outstanding exponential Diophantine equations.

Our theoretical improvement in this paper is a new and powerful lower bound for
linear forms in three logarithms. Such a lower bound is often the key to bounding
the exponent in an exponential Diophantine equation. This is our choice for (T).
Our choice for (IV) is the infamous problem of determining all perfect powers in
the Fibonacci and Lucas sequences. Items (II), (III) will be present in this paper
only in the context of solving this problem. A sequel combining the classical and
modular approaches for Diophantine equations of the form z? + D = y? has just
been completed [13].

We delay presenting our lower bound for linear forms in three logarithms till
Section 12, as this is somewhat technical. Regarding the Fibonacci and Lucas
sequences we prove the following Theorems.

Theorem 1. Let F,, be the n-th term of the Fibonacci sequence defined by
Fo=0, i=1 and Fu49=F,41+ F, forn>0.

The only perfect powers in this sequence are Fy =0, Fy =1, Fy, =1, Fg =8 and

Iy = 144.

Theorem 2. Let L, be the n-th term of the Lucas sequence defined by
Lo=2,L1=1 and Lpyo=Lyt1+ Ly forn>0.

The only perfect powers in this sequence are L1 =1 and Lz = 4.

It is appropriate to point out that equations F,, = yP and L,, = yP have previ-
ously been solved for small values of the exponent p by various authors. We present

a brief survey of known results in Section 2.
The main steps in the proofs of Theorems 1 and 2 are as follows:

(i) We associate Frey curves to putative solutions of the equations F,, = y?
and L, = yP with even index n to Frey curves and apply level-lowering.
This, together with some elementary arguments is used to reduce to the
case where the index n satisfies n = +1 (mod 6).
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(i) We then show that we may suppose that the index n in the equations
F, = yP and L,, = yP is prime. In the Fibonacci case this is essentially a
result proved first by Pethé [40] and Robbins [44] (independently).

(iii) We apply level-lowering again under the assumption that the index n is
odd. We are able to show using this that n = 1 (mod p) for p < 2 x 10%
in the Fibonacci case. In the Lucas case we prove that n = +1 (mod p)
unconditionally.

(iv) We show how to reduce the equations F,, = y? and L, = yP to Thue
equations. We do not solve these Thue equations completely, but compute
explicit upper bounds for their solutions using classical methods (see for
example [10]). This provides us with upper bounds for n in terms of p. In
the Lucas case we need the fact that n = 1 (mod p) to obtain a simpler
equation of Thue type.

(v) We show how the results of the level-lowering of step (iii) can be used, with
the aid of a computer program, to produce extremely stringent congruence
conditions on n. For p < 733 in the Fibonacci case, and for p < 281 in the
Lucas case, the congruences obtained are so strong that, when combined
with the upper bounds for n in terms of p obtained in (iv), they give a
complete resolution for F,, = y? and L,, = yP.

(vi) It is known that the equation L,, = yP yields a linear form in two logarithms.
Applying the bounds of Laurent, Mignotte and Nesterenko [27] we show
that p < 281 in the Lucas case. This completes the determination of perfect
powers in the Lucas sequences.

(vil) The equation F,, = yP yields a linear form in three logarithms. However if
p < 2% 10°® then by step (iii) we know that n = £1 (mod p). We show how
in this case the linear form in three logarithms may be rewritten as a linear
form in two logarithms. Applying [27] we deduce that p < 733, which is
the case we have already solved in step (v).

(viii) To complete the resolution of F}, = y? it is enough to show that p < 2x 108.
We present a powerful improvement to known bounds for linear forms in
three logarithms. Applying our result shows indeed that p < 2x10® and this
completes the determination of perfect powers in the Fibonacci sequence.

Let us make some brief comments.

The condition n = £1 (mod p) obtained after step (iii) cannot be strengthened.
Indeed, we may define F;, and L,, for negative n by the recursion formulae F;, o =
Foy1+ F,and Lyyo = Lyy1 + Ly,. We then observe that F_y =1 and L_; = —1.
Consequently, F_1, Fy, L_; and L; are p-th powers for any odd prime p. Thus
equations F,, = y? and L,, = y” do have solutions with n = £1 (mod p).

The strategy of combining explicit upper bounds for the solutions of Thue equa-
tions with a sieve has already been applied successfully in [12]. The idea of combin-
ing explicit upper bounds with the modular approach was first tentatively floated
in [48].

A crucial observation for the proof of Theorem 1 is the fact that, with a modicum
of computation, we can indeed use linear forms in two logarithms, and then get a
much smaller upper bound for the exponent p.

The present paper is organised as follows. Section 2 is devoted to a survey of
previous results. Sections 3 and 4 are concerned with useful preliminaries. Steps (i)
and (ii) are treated in Sections 5 and 6, respectively. Sections 7 and 8 are devoted
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to step (iii). Sections 9 and 10 are concerned with Steps (iv) and (v). Section 11
deals with steps (vi) and (vii), and finishes the proof of Theorem 2. Finally, the
proof of Theorem 1 is completed in Section 13, which deals with step (viii), by
applying estimates for linear forms in three logarithms proved in Section 12.

The computations in the paper were performed using the computer packages
PARI/GP [2] and MAGMA [7]. The total running time for the various computational
parts of the proof of Theorem 1 is roughly 158 hours on a 1.7 GHz Intel Pentium 4.
By contrast, the total time for the corresponding computational parts of the proof
of Theorem 2 is roughly 6 hours.

2. A BRIEF SURVEY OF PREVIOUS RESULTS

In this section we would like place our Theorems 1 and 2 in the context of other
exponential Diophantine equations. We also give a very brief survey of results
known to us on the problem of perfect powers in the Fibonacci and Lucas sequences,
though we make no claim that our survey is exhaustive.

Thanks to Baker’s theory of linear forms in logarithms, we know (see for example
the book of Shorey and Tijdeman [46]) that many families of Diophantine equations
have finitely many integer solutions, and that one can even compute upper bounds
for their absolute values. These upper bounds are however huge and do not enable
us to provide complete lists of solutions by brutal enumeration. During the last
decade, thanks to important progress in computational number theory (such as the
LLL-algorithm) and also in the theory of linear forms in logarithms (the numerical
constants have been substantially reduced in comparison to Baker’s first papers), we
are now able to solve completely some exponential Diophantine equations. Perhaps
the most striking achievement obtained via techniques from Diophantine approx-
imation is a result of Bennett [4], asserting that, for any integers a, b and p > 3
with @ > b > 1, the Diophantine equation

laX? — bYP| =1

has at most one solution in positive integers X and Y.

Among other results in this area obtained thanks to (at least in part) the theory
of linear forms in logarithms, let us quote that Bugeaud and Mignotte [11] proved
that the equation (10™ — 1)/(10 — 1) = y? has no solution with y > 1, and that
Bilu, Hanrot and Voutier [6] solved the long-standing problem of the existence of
primitive divisors of Lucas—Lehmer sequences.

Despite substantial theoretical progress and the use of techniques coming from
arithmetic geometry and developed in connection with Fermat’s Last Theorem (see
for example the paper of Bennett and Skinner [5]), some celebrated Diophantine
equations are still unsolved. We would particularly like to draw the reader’s atten-
tion to the following three equations:

(2) ?+T=y"  p>3,
(3) I272:yp7 p237
and

(4) Fo=y’, n>0andp>2

where F), is the n-th term in the Fibonacci sequence. Let us explain the difficulties
encountered with equations (2), (3) and (4). Classically, we first use estimates for
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linear forms in logarithms in order to bound the exponent p, and then we perform a
sieve. Equations (2) and (4) yield linear forms in three logarithms, and thus upper
bounds for p of the order of 10'3; at present far too large to allow the complete
resolution of (2) and (4) using classical methods (however, a promising attempt at
equation (2) is made in [48]). The case of (3) is different, since estimates for linear
forms in two logarithms yield that n is at most 164969 [22], an upper bound which
can certainly be (at least) slightly improved. There is however a notorious difficulty
in (3) and (4), namely the existence of solutions 12 — 2 = (—1)P and Fy = 17 for
each value of the exponent p. These small solutions prevent us from using a sieve
as efficient as the one used for (2). A natural way to overcome this is to derive from
(3) and (4) Thue equations, though these are of degree far too large to allow for a
complete resolution using classical methods alone.

As we have explained in the introduction, the present work is devoted to equa-
tion (4), and to the analogous equation for the Lucas sequence.

As for general results, Pethé [39] and, independently, Shorey and Stewart [45]
proved that there are only finitely many perfect powers in any non-trivial binary
recurrence sequence. Their proofs, based on Baker’s theory of linear forms in loga-
rithms, are effective but yield huge bounds. We now turn to specific results on the
Fibonacci and Lucas sequences.

e The only perfect squares in the Fibonacci sequence are Fy =0, F} = Fp =1
and Fio = 144; this is a straightforward consequence of two papers by
Ljunggren [29, 30, 32]. This has been rediscovered by Cohn [14] (see the
Introduction to [31]) and Wyler [54].

e London and Finkelstein [33] showed that the only perfect cubes in the
Fibonacci sequence are Fy = 0, F} = F» = 1 and Fy = 8. This was
reproved by Pethé [40], using a linear form in logarithms and congruence
conditions.

e For m =5, 7, 11, 13, 17, the only m-th powers are Fy = 0, F}; = F> = 1.
The case m = 5 is due to Peth6 [41], using the method described in [40]. It
has been reproved by J. McLaughlin [34] by using a linear form in logarithms
together with the LLL algorithm. The other cases are solved in [34] with
this method.

e If n > 2and F,, = y” then p < 5.1 x 10'7; this was proved by Pethé using a
linear form in three logarithms [42]. In the same paper he also showed that
if n > 2 and L,, = yP then p < 13222 using a linear form in two logarithms.

e Another result which is particularly relevant to us is the following: If p > 3
and F,, = yP for integer y then either n = 0, 1, 2, 6 or there is a prime
q | n such that F, =y}, for some integer y;. This result was established by
Pethd [40] and Robbins [44] independently.

e Cohn [15] proved that Ly = 1 and L3 = 4 are the only squares in the Lucas
sequence.

e London and Finkelstein [33] proved that L; = 1 is the only cube in the
Lucas sequence.

3. PRELIMINARIES

We collect in this section various results which will be useful throughout this
paper. Our problem of determining the perfect powers in the Fibonacci and Lucas
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sequences naturally reduces to the problem of solving the following pair of equations:

(5) E, =P, n > 0, and p prime,
and

(6) L, =", n > 0, and p prime.
Throughout this paper we will use the fact that

(7) F, = L\;gn, Lp=w"+1",
where

(8) w = 1_|_2\/§’ T = 1_2\/3.

This quickly leads us to associate the equations F,, = y? and L,, = y? with auxiliary
equations as the following two Lemmas show.

Lemma 3.1. Suppose that F,, = yP. If n is odd then

9) 5% = L2 +4,

and if n is even then

(10) 5y* = L2 — 4.
Lemma 3.2. Suppose that L, = yP. If n is odd then
(11) y*? =5F2 — 4,

and if n is even then

(12) Yy =5F7 +4.

For a prime [ # 5 define

[ 1-1, ifil=+1 (mod 5),
(13) M) = { 2(0+1), ifl=+2 (mod5).

We will need the following two Lemmas.

Lemma 3.3. Suppose that | #5 is a prime and n =m (mod M(l)). Then
F,=F, (modl) and L,=L, (modl).

Proof. Write O for the ring of integers of the field Q(v/5). Recall, by (7), that F,

and L, are expressed in terms of w, 7. Let 7 be a prime in O dividing [. To prove
the Lemma all we need to show is that

WM =MD =1 (mod 7).

If I = £1 (mod 5) then 5 is a quadratic residue modulo I. The Lemma follows
immediately in this case from the fact that (O/7O)* = F; and so has order [ — 1.
Now suppose that [ = +2 (mod 5). Note that

p_ 1455 V6 1-V6

w' = 5 5 =T (mod ),
since 5 is a quadratic non-residue modulo /. Thus
WwM® = 2D = (ur)2 =1 (mod 7),

and similarly for 7. O



CLASSICAL AND MODULAR APPROACHES 7

Lemma 3.4. The residues of L,, F,, modulo 4 depend only on the residue of n
modulo 6, and are given by the following table

| Ly (mod 4) | F, (mod 4)

n =0 (mod 6) 2 0
n=1 (mod 6) 1 1
n =2 (mod 6) 3 1
n =3 (mod 6) 0 2
n =4 (mod 6) 3 3
n=>5 (mod 6) 3 1

Proof. The Lemma is proved by a straightforward induction, using the recurrence
relations defining F,, and L,,. O

4. ELIMINATING SMALL EXPONENTS AND INDICES

We will later need to assume that the exponent p and the index n in the equa-
tions (5) and (6) are not too small. More precisely, in this Section, we prove the
following pair of Propositions.

Proposition 4.1. If there is a perfect power in the Fibonacci sequence not listed
in Theorem 1 then there is a solution to the equation

(14) F, =P, n > 25000 and p > 7 is prime.

Proposition 4.2. If there is a perfect power in the Lucas sequence not listed in
Theorem 2 then there is a solution to the equation

(15) L, =", n > 25000 and p > 7 is prime.

The propositions follow from the results on Fibonacci perfect powers quoted in
Section 2 together with Lemmas 4.3 and 4.4 below.

4.1. Ruling Out Small Values of the Index n.

Lemma 4.3. For no integer 13 < n < 25000 is F), a perfect power. For no integer
4 <n < 25000 is L, a perfect power.

Proof. Suppose F,, = yP where p is some prime and n is in the range 13 < n <
25000. It is easy to see from (7), (8) that 2 < p < nlog(w)/log(2). Now fix n, p
and we would like to show that F}, is not a p-th power.

Suppose [ is a prime satisfying | = +1 (mod 5) and I =1 (mod p). The condi-
tion I = £1 (mod 5) ensures that 5 is a quadratic residue modulo {. Then one can
easily compute F),, modulo [ using (7) (without having to write down F,). Now let
k= (—1)/p. If F¥ #1 (mod I) then we know that F}, is not a p-th power.

We wrote a short PARI/GP program to check for n in the above range, and for
each prime 2 < p < nlog(w)/log(2) that there exits a prime [ proving that Fj, is
not a p-th power, using the above idea. This took roughly 15 minutes on a 1.7 GHz
Pentium 4.

The corresponding result for the Lucas sequence is proved in exactly the same
way, with program taking roughly 16 minutes to run on the same machine. (]
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4.2. Solutions with Exponent p = 2, 3, 5. Later on when we come to apply
level-lowering we will need to assume that p > 7. It is straightforward to solve
equations (5) and (6) for p = 2, 3, 5 with the help of the computer algebra package
MAGMA. We give the details for the Lucas case; the Fibonacci case is similar. Alter-
natively we could quote the known results surveyed in Section 2, although p = 5
for the Lucas case does not seem to be covered by the literature.

Lemma 4.4. The only solutions to the equation (6) withp =2, 3, 5 are (n,y,p) =
(1,1,p) and (3,2,2).

Proof. Suppose first that n is even. By Lemma 3.2 it is enough to show that (12)
does not have a solution. Suppose that (n,y,p) is a solution to (12). Clearly F,
and y are odd, and y is not divisible by 5. Thus we have

(2 + F,/—5) = af
for some ideal a of Z[/=5]. Now the class number of Z[y/—5] is 2, and hence a? is
a principal ideal. It follows that

24 F,v/—5 = e(u + vv/—=5)?

for some integers u, v, where ¢ = £1 if p = 2 and € = 1 otherwise. If p = 2 then we
get £2 = u? — 5v? which is impossible modulo 5. If p = 3 then

2 = u(u® — 150v%),
and if p = 5 then
2 = u(u — 50u%v? + 1250).
It is straightforward to see that both of these are impossible. Next we turn to the
case where n is odd. Again by Lemma 3.2 it is enough to solve the equation (11).

Suppose first that p = 3, 5. If (n,y,p) is any solution to equation (11) then we
quickly see that y must be odd and

2+ V5F, = <1+2‘/5> (u+ vV5)P

For some r =0,..., p—1 and u, v are both integers or both halves of odd integers.
The computer algebra package MAGMA quickly solves all the resulting Thue equations
showing that y = £1. This implies that for p = 3, 5 the only solution to equation (6)
is the trivial one (1,1, p).

Finally to deal with p = 2 we note that if (n,y) satisfies (11) then (X,Y) =
(5y%,25F,y) is an integral point on the elliptic curve Y2 = X3 + 100X. Again
MAGMA quickly computes all integral points on this curve: these are (X,Y) = (0, 0),
(5,£25), (20, £100), which yields the solutions (n,y) = (1, 1), (3,2). This completes
the proof of the Lemma. ([

5. REDUCING TO THE CASE n = %1 (mod 6)

In this section we would like to reduce the study of equations (5) and (6) to the
special case where the index n satisfies n = £1 (mod 6). For Fibonacci we show
that if there is some solution (n,y,p) to (5) then there is another solution with the
same exponent p such that the index n satisfies the above condition. For the Lucas
sequence we prove the following stronger result.
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Lemma 5.1. If (n,y,p) is a solution to the equation (6) with p > 7 then n = +1
(mod 6).

For Fibonacci our result is weaker but still useful.

Lemma 5.2. If (n,y,p) is a solution to equation (5) with p > 7 then either n =0
orn = =1 (mod 6) or else n = 2k with

(a) k==+1 (mod 6)

(b) Fy =UP and Ly, = VP for some positive integers U and V.

The proofs of both of Lemmas 5.1 and 5.2 make use of Frey curves and level-
lowering. Here and elsewhere where we make use of these tools, we do not directly
apply the original results in this field (Ribet’s level-lowering Theorem [43], modu-
larity of elliptic curves by Wiles and others [53], [8], irreducibility of Galois repre-
sentations by Mazur and others [36], etc.). We will instead quote directly from the
excellent recent paper of Bennett and Skinner [5], which is concerned with equa-
tions of the form Ax™ + By™ = C22. In every instance we will put our equation in
this form before applying the results of [5].

Proof of Lemma 5.1. Suppose that (n,y, p) is a solution to equation (6) with p > 7.
We observe first that n # 0,3 (mod 6). For in this case Lemma 3.4 implies that
both F}, and L,, are even, and hence by Lemma 3.2 either 5 or —5 is a 2-adic square,
which is not the case.
We now restrict our attention to n = 2, 4 (mod 6) and p > 7 and show that this
leads to a contradiction. This is enough to prove the Lemma. Let

G —F, ifn=2 (mod 6)
" F, ifn=4 (mod6).

It follows from Lemma 3.2 that
y*? =5G,” + 4.

We associate to our solution (n,y,p) of (6) with n =2, 4 (mod 6) the Frey curve
(16) B, : Y?=X345G,X? - 5X.
Let E be the elliptic curve 100A1 in Cremona’s tables [17]; E has the following
model:

E: Y?=X°-X?-33X+62.
Write p,(E) for the Galois representation

pp(E) : Gal(Q/Q) — Aut(E|p])

on the p-torsion of E, and let p,(E,) be the corresponding Galois representation
for E,.

Applying the results of [5, Sections 2, 3], we see that p,(E,,) arises from a cuspidal
newform of weight 2, level 100, and trivial Nebentypus character. However using
the computer algebra package MAGMA we find that the dimension of newforms of
weight 2 and level 100 is one. Moreover the curve E above is (up to isogeny) the
unique elliptic curve of conductor 100. Thus p,(E,) and p,(E) are isomorphic. It
follows from this, by [5, Proposition 4.4], that 5 does not divide the denominator of
the j-invariant of E. This is not true as j(E) = 16384/5, giving us a contradiction.
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For the convenience of the reader we point out that in Bennett and Skinner’s
notation:

A=1, B=-4, C=5 a=19% b=1 c=G,.

Lemma 3.4 and our definition of G,, above imply that ¢ = 3 (mod 4) which is
needed to apply the results of Bennett and Skinner. This completes our proof of
Lemma 5.1. (I

Proof of Lemma 5.2. Suppose that (n,y, p) is a solution to equation (5) with n # 0
and p > 7. By Lemma 3.4 we see that n £ 3 (mod 6). Suppose then that n # +1
(mod 6). Clearly n = 2k for some integer k. It is well-known and easy to see
from (7) that F,, = Fo = FiLi. It is also easy to see that the greatest common
divisor of Fj and Lj is either 1 or 2. The crux of the proof is to show that if
F,, = y? then F}, is odd.

Thus suppose that Fj, (and hence y) is even. Lemma 3.2 tells us that 5y + 4 =
L2. Since y even, we see that 2| L,,. Let z = y/2 and

- L,/2, ifL,=2 (mod8),
| —Ln/2, fL,=6 (mod3).

Thus z =1 (mod 4) and
2272 . 527 41 = 22,
Following [5, Section 2] we associate to this equation the Frey curve

rz—1

Y24+ XY =X°+ ( ) X2 42278 . 5220 X
Applying level-lowering [5, Section 3] shows that the Galois representation arises
from a cusp form of weight 2 and level 10. Since there are no such cusp forms we
get a contradiction. (This is essentially the same argument used in the proof of
Fermat’s Last Theorem.) It is noted that the argument here fails for n = 0 since
in this case the Frey curve is singular.

We deduce that F,, is odd, and so that Fy, = UP and L = VP for some positive
integers U, V. By Lemma 5.1 we know that kK = £1 (mod 6). This completes the
proof of Lemma 5.2. O

6. REDUCTION TO THE PRIME INDEX CASE

In this section we reduce our problem to the assumption that the index n is
prime, as in the following pair of Propositions.

Proposition 6.1. If there is a perfect power in the Fibonacci sequence not listed
in Theorem 1 then there is a solution to the equation

(17) F, =P, n > 25000, p > 7 with n, p prime.

Proposition 6.2. If there is a perfect power in the Lucas sequence not listed in
Theorem 2 then there is a solution to the equation

(18) Ly, =", n > 25000, p > 7 with n, p prime.

After proving these two propositions the remainder of this paper will be devoted
to showing the there are no solutions to equations (17) and (18).
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Proof of Proposition 6.1. If F,, = yP with n is odd then this just the result of Peth6
and Robbins quoted in Section 2 together with our Proposition 4.1. Suppose n = 2k.
By Lemma 5.2 we know that k is odd and Fj, = UP for some integer U. Now simply
apply the result of Pethé and Robbins again together with Proposition 4.1. ([l

Proof of Proposition 6.2. Suppose that L, = y? where n # 1, 3 and p > 7. By
Lemma 5.1 we know that n = £1 (mod 6), and so n is odd. If n is prime then
the result follows from Proposition 4.2. Thus suppose that n is composite and let
q be its smallest prime factor. Write n = kq, where &k > 1. Then L,, = yP can be
rewritten as

(19) (w* _w—k)(wk(q—l) Fwkla=3) oo ka3 _,_w—k(q—l)) =W —w T = yP,

It is straightforward to see that the two factors on the left-hand side are in Z
and that their greatest common factor divides g. [Proof: If this ged is d then
w?* =1 (mod d) and w*@=Y 4 ... 4 k=1 = g =0 (mod d), which shows that
d divides ¢.] Suppose that ¢ divides the two factors. Then we see that

w?* =1 (mod )

for some prime 7 of O lying above ¢. But w? — 1 = w and so w? # 1 (mod 7). It
follows that the order of the image of w? in (O/7)* is not 1 and that it divides k
and hence n. But #(O/7)* is either ¢ — 1 or ¢g> — 1. It follows that some non-trivial
factor of n divides (¢ — 1)(¢ + 1). Moreover, n is odd, and all odd prime factors
of (¢ — 1)(g + 1) are smaller than ¢. This contradicts the assumption that ¢ is the
smallest prime factor of n.

We deduce that g does not divide the factors on the right-hand side of (19). Hence
Ly = wF —w™F = 4P for some integer y;. If k is prime then the proof is complete
by invoking Proposition 4.2. Otherwise apply the above argument recursively. [

7. LEVEL-LOWERING FOR FIBONAcCCI - THE ODD INDEX CASE

Previously we have used a Frey curve and level-lowering to obtain information
about solutions of F,, = y? for even n. In this section we associate a Frey curve to
any solution of equation (17).

Suppose that (n,y,p) is a solution to (17). Thus n and p are primes with p > 7
and n > 25000. Let

| Ly, ifn=1 (mod 6),
(20) Hn = { —L,, ifn=5 (mod6).
Lemma 7.1. With notation as above, H, =1 (mod 4) and
(21) 5y*P — 4 = H2.

The Lemma follows immediately from Lemma 3.1 and Lemma 3.4.
We associate to the solution (n,y,p) the Frey curve

(22) E, : Y?2=X34+H,X? - X.
We now come to level-lowering. Let E be the following elliptic curve over Q:
(23) E: Y’=X34+X?-X;

this is curve 20A2 in Cremona’s tables [17]. As before, write p,(E) for the Galois
representation on the p-torsion of E, and let p,(E,) be the corresponding Galois
representation on the p-torsion of E,. If [ is a prime, let a;(F) be the trace of
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Frobenius of the curve E at I, and let a;(E,) denote the corresponding trace of
Frobenius of F,,.

Proposition 7.2. Suppose that (n,y,p) is a solution to (17). With notation as
above, the Galois representations p,(Ey,), pp(E) are isomorphic. Moreover, for any
prime l # 2, 5,

(i) a(En) = w(E) (mod p) iflty,

(ii) I+ 1==+aq(F) (mod p) ifl]y.

Proof. First we apply the results of [5, Sections 2,3]. From these we know that
pp(Ey) arises from a cuspidal newform of weight 2, level 20, and trivial Nebentypus
character. (In applying the results of [5] we need Lemma 7.1). However S5(I'0(20))
has dimension 1. Moreover, the curve F is (up to isogeny) the unique curve of
conductor 20. It follows that p,(E) and p,(E,) are isomorphic.

The rest of the Proposition follows from [24, Proposition 3], and the fact that
if ]l #2,5and [ | y then [ is a prime of multiplicative reduction for F, and so
al(En) = +1. U

Proposition 7.2 is useful in several stages of our proof of Theorem 1. The fol-
lowing Proposition is needed later, and follows from Proposition 7.2 and some
computational work.

Proposition 7.3. If (n,y,p) is any solution to equation (17) with p < 2 x 10% then
n =+1 (mod p).

The idea behind the proof is inspired by a method of Kraus (see [23] or [48])
but there are added complications in our situation: for any prime p the equation
F,, = y? has the solution (n,y) = (1,1), and also the solution (n,y) = (—1,1)
(obtained by extrapolating the definition of the Fibonacci sequence backwards).

Before proving Proposition 7.3 we start with a little motivation. Suppose that
p > 7 is a prime, and we find some small positive integer k such that [ = 2kp + 1
is prime, and I = £1 (mod 5). It follows that 5 is a quadratic residue modulo I,
and we choose an element in F; which we conveniently denote by /5, satisfying
(v/5)2 =5 (mod ). We may then consider w, 7 (defined in (8)) as elements of F;.

Consider the equation F,, = y?. Now | — 1 = 2kp, with k is small. This means
that yP comes from a small subset of F;. We can now use the level-lowering to
predict the values of y?. Hopefully, we may find that the only value of y? modulo
I predicted by the level-lowering and also belonging to our small subset are +1.
Under a further minor hypothesis we can show that this implies that n = +1
(mod p). If a particular value of k does not work, we may continue trying until a
suitable k is found.

We make all this precise. Suppose as above that [, p are primes with [ = 2kp+1
and ! = +1 (mod 5). Define

—4
api = {cemrmm: (2) =oor).
For each ¢ € A(p, k), choose an integer d. such that
62 =5¢—4 (mod ).

Let
ES: YiP=X344.X%-X.
As above, E will denote the elliptic curve 20A2.
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Lemma 7.4. Suppose p > 7 is a prime. Suppose there exists an integer k satisfying
the following conditions:
(a) The integer | = 2kp + 1 is prime, and l = +1 (mod 5).
(b) The order of w modulo | is divisible by p; equivalently w?* Z 1 (mod [).
(¢) For all ¢ € A(p, k), we have

a(E)? # ai(E)*  (mod p).
Then any solution to the equation (17) must satisfy n = +1 (mod p).

Proof. Suppose p, k satisfy the conditions of the Lemma, and that (n,y,p) is a
solution to equation (17). Let H,, and E,, be as above. Thus H,, satisfies (21).

We will prove first that [ { y. Suppose that [ | y. Then (W™ +w™")/V5 = F,, =
y? =0 (mod 1) and so w*” =1 (mod [). From (b) we deduce that p | 4n. However,
the integer n is prime, and so p = n. This is impossible, since otherwise I}, = y?
and clearly 1 < F), < 2P. Hence [ {y.

Next we will show that 4 =1 (mod [). Thus suppose that y?? # 1 (mod ). By
Lemma 7.1 there is some ¢ € A(p, k) such that y?? = ¢ (mod [). Further 6 = +H,,
(mod 1). Tt follows that a;(E¢) = +a;(E,). Applying Proposition 7.2 again, we see
that a;(E,) = a;(E) (mod p). These congruences now contradict condition (c).

We have finally proven that y?” = 1 (mod [). By equation (21) we see that
H,, = +1 (mod l). Since n is odd (in fact an odd prime), and 7 = —w™1, we get
from the definition of H,, that w?” +w"™ —1 =0 (mod I). Solving this we find that
w" = +w*! (mod ). Thus

WX =1 (mod 1) or W™D =1 (mod I).

However, condition (b) of the Lemma assures us that the order of w modulo [ is
divisible by p. This immediately shows that n = £1 (mod p) as required. O

Proof of Proposition 7.3. We used a PARI/GP program to check that for each prime
in the range 7 < p < 2 x 108, there is some k satisfying conditions (a), (b) and (c)
of Lemma 7.4. This took approximately 41 hours on a 1.7 GHz Pentium 4. This
proves the Proposition. O

8. LEVEL-LOWERING FOR LucAs - THE OpD INDEX CASE

In this section we associate a Frey curve to solutions of (18) and apply level-
lowering. Our objective is to give the Lucas analogue of Propositions 7.2 and 7.3.

Suppose then that (n,y,p) is a solution to (18), and we associate to this solution
the Frey curve

(24) E, : Y?=X%_-5F,X?+5X.
Let E be the elliptic curve 20081 in Cremona’s tables [17]. This has the model
(25) E: Y?=X34+X?-3X-2.

Proposition 8.1. Suppose that (n,y,p) is a solution to (18). With notation as
above, the Galois representations py(Ey), pp(E) are isomorphic. Moreover, for any
primel # 2,5

(i) a(En) = ai(E) (mod p) iflty,

(ii)) I+ 1==+a(F) (mod p) ifl|y.

Proposition 8.2. If (n,y, p) is any solution to equation (18) thenn = £1 (mod p).
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The proof of Proposition 8.1 is by no means as simple as the proof of the corre-
sponding Proposition for Fibonacci. However, given Proposition 8.1, the proof of
Proposition 8.2 is a fairly trivial modification of the proof of Proposition 7.3 and
we omit it. The reader will notice that in Proposition 7.3 (the Fibonacci case) we
suppose that p < 2 x 108, but in the Lucas case above there is no such assumption.
This is because we know by a result of Peth6 quoted in Section 2 that p < 13222,
which also means that our program for the proof of Proposition 8.2 takes only a few
seconds. Later on we will prove a much better bound for p in the Lucas case, namely
p < 283, but we do not need such a good bound for the proof of Proposition 8.2.

8.1. Level-Lowering. Let E', ..., E° be the elliptic curves 200A1, 200B1, 200C1,
200D1, 200E1 in Cremona’s tables [17]. Note that E? is just our elliptic curve E
defined above. We follow the notation of previous sections with regard to Galois
representations and traces of Frobenius.

Lemma 8.3. Suppose (n,y,p) is a solution to equation (18). With notation as
above, the Galois representation p,(Ey) is isomorphic to one of the Galois repre-
sentations p,(EY), ..., pp(E®). Moreover, if py(E,) is isomorphic to p,(E") then,
for any prime [ # 2, 5,

(i) a(En) = a(E') (mod p) if l1y.

(ii)) I+ 1==xaq(E*) (mod p) ifl | y.

Proof. By the results of [5, Sections 2, 3|, p,(E,,) arises from a cuspidal newform of
weight 2, level 200, and trivial Nebentypus character. For this we need Lemma 3.2.
However using MAGMA we find that the dimension of newforms of weight 2 and level
200 is 5. However, there are (up to isogeny) exactly 5 elliptic curves of conductor
200, and these are the curves E', ..., E° above.

The rest of the lemma follows from [24, Proposition 3], and the fact that if
Il # 2,5 and [ | y then [ is a prime of multiplicative reduction for E, and so
a(By) = 1. O

8.2. Eliminating Newforms. Lemma 8.3 relates the Galois representation of E,,
to too many Galois representations. We now eliminate all but one of them.

Suppose | # 2, 5 is a prime. Define d;(E,, E*) = a;(E,) — a;(E?). Let M(l) be
given by (13). Recall that (Lemma 3.3) the residue class of F;, modulo [, and hence
the Frey curve E,, modulo [, depends only on the residue class of n modulo M (I).
We see that the following definitions make sense: let

T(E)={meZ/M(): d(En, E') =0},
g(E") =lem{d)(Emn, E") :m € Z/M (1), m ¢ T(E)},

and

! T\ lem(gi(EY), 141 —ay(EY),l + 14 a;(EY)), ifl=+1 (mod 5).

Lemma 8.4. Suppose that | # 2, 5 is a prime. If p,(E,) is isomorphic to p,(E®)
then either the reduction of m modulo M(l) belongs to T/(E*) or else p divides
hi(E?).

Proof. Recall that by Lemma 3.2, y*» = 5F2 — 4. Thus if | = +2 (mod 5) then [
does not divide y. The Lemma now follows from Lemma 8.3. g
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Given two positive integers M;, M, and two sets Ty C Z/M; and T C
7./ M5 we loosely define their ‘intersection’ Th N T5 to be the set of all elements of
Z/lem(M;y, Ms) whose reduction modulo M; and Ms is respectively in 77 and Tb.

We are now ready to prove Proposition 8.1.

Proof of Proposition 8.1. Suppose that (n,y,p) is a solution to (18). Thus p > 7
and n = £1 (mod 6). We recall that the elliptic curves E and E? are one and the
same. Thus the Proposition follows from Lemma 8.3 if we can demonstrate that
pp(Ey) cannot be isomorphic to the corresponding representation for E*, E3, E*
and E°. Fix i one of 1, 3, 4, 5. By the above Lemma, to show that the Galois
representations of F,, and E? are not isomorphic it it is enough to produce a set of
primes S = {ly,...,l.} all neither 2 nor 5 satisfying

(1) For every I € S the integer h;(E?) is not divisible by any prime number
greater than 5,
(2) (NiesT(E))NTy =0,

where 7y = {1,5} C Z/6Z. With the help of a short PARI/GP program we find
that we can take S = {3} to eliminate E*, E3, E® and S = {3,7,11,13,17,19, 23}
to eliminate E4.

We note in passing that the j-invariant of the curve E3 is 55296/5, and so the
argument used in the proof of Lemma 5.1 also shows that the Galois representation
pp(E?) is not isomorphic to p(E,). This argument does not apply to the Galois
representations of E', E* E° as these have integral j-invariants. ([l

9. BOUNDS FOR n IN TERMS OF p

Our objective in this section is to obtain bounds for n in terms of p for solutions
to (17) and (18). It follows from Baker’s theory of linear forms in logarithms (see
for example the book of Shorey and Tijdeman [46]) that the sizes of n and y are
bounded in terms of p. Unfortunately, these bounds are huge, and there is no hope
to complete the resolution of our equations by proceeding in that way. We however
recall, by Lemma 3.1 (and 3.2), that it is sufficient to obtain upper bounds for the
size of integer solutions to the equation 22 4+ 4 = 53?? (and one like it in the Lucas
case). As is explained below, this equation easily reduces to a Thue equation, and
we may apply the results of Bugeaud and Gyéry [10] to get an upper bound for
and y. However, it is of much interest to rework the proof of Bugeaud and Gyory
in our particular context. On the one hand, our particular equation has some nice
properties not taken into account in the general result of [10], and, on the other
hand, there has been an important improvement, due to Matveev, in the theory of
linear forms in logarithms since [10] has appeared. Altogether we actually compute
a much better upper bound than the one obtained by applying the main result of
[10] directly.

Before giving a precise statement of the main results of this section, we need an
upper bound for the regulators of number fields. Several explicit upper bounds for
regulators of a number field are available in the literature; see for example [28] and
[47]. We have however found it best to use a result of Landau.

Lemma 9.1. Let K be a number field with degree d = ry + 2ro where 1 and ro are
numbers of real and complex embeddings. Denote the discriminant by Dx and the
requlator by Rk, and the number of roots of unity in K by w. Suppose, moreover,
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that L is a real number such that Dg < L. Let
a=2"T27"%2\/L.
Define the function fx(L,s) by
fx(L,s) =2""wa’ (F(S/Q))rl (F(s))msdJr1 (s — 1)17”1,
and let Cx(L) = min { fx(L,2 —¢/1000) :t=0,1,...,999}. Then Rx < Cx(L).

Proof. Landau [25] proved the inequality Rx < fx(Dx,s) for all s > 1. It is thus
clear that Rgx < Ck(L).

Perhaps a comment is in order. For a complicated number field of high degree
it is difficult to calculate the discriminant Dg exactly, though it is easy to give an
upper bound L for its size. It is also difficult to minimise the function fx(L,s)
analytically, but we have found that the above gives an accurate enough result,
which is easy to calculate on a computer. (I

We are now ready to state our upper bound for n in terms of p for the Fibonacci
and Lucas cases.

Proposition 9.2. Suppose p > 7 is prime. Let a be any root of the polynomial

(26) P(X):= zp: (—4)lp=h)/2] (i) X,

k=0
and let K = Q(«). Let Ck(+) be as in Lemma 9.1 and
© =3.9-3073 p!3/2 (p— )P (p— 1)) Bp+2) (1 + log(p(p — 1)) Cxe (107~ pP).
If (n,y,p) satisfies the equation and conditions (17) then n < 2.5pO log ©.

Proposition 9.3. Suppose p > 7 is prime. Denote by ¥/w the real p-th root of w
(where w is given by (8)) and set K = Q(v/5, ¢/w), and let Cx(-) be as in Lemma 9.1.
Let

© = 67-30""(p — 1)P*2p° (p +2)° (p1)? (1 + log(2p(p — 1))) Cre(57p™).
If (n,y,p) satisfies the equation and conditions (18) then n < 2.5p© log O.

9.1. Preliminaries. We first need a lower bound for linear forms in logarithms

due to Matveev. Let L be a number field of degree D, let aq, ..., a, be non-zero
elements of L and b1, ..., b, be rational integers. Set
B = max{|b1|,..., |bn|},
and
A=al .. .ol —1.
Let h denote the absolute logarithmic height and let Ay, ..., A4, be real numbers
with

A; >N (ay) := max{Dh(a;),|log o;|,0.16}, 1<j<n.
We call I/ the modified height (with respect to the field IL). With this notation,
the main result of Matveev [35] implies the following estimate.

Theorem 9.4. Assume that A is non-zero. We then have
log|A| > —3-30"" (n 4 1)5° D? (1 +log D) (1 + lognB) A; ... A,.
Furthermore, if L is real, we have
log |A] > —1.4-30" "3 n*5 D?* (1 +1log D) (14 1log B) A; ... A,.
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Proof. Denote by log the principal determination of the logarithm. If |A] < 1/3,
then there exists an integer by, with |bg| < n B, such that

Q= [bolog(—1) + brlogay + ... + by log oy |

satisfies |A| > /2. Noticing that h’'(—1) = 7, and that by = 0 if L is real, we
deduce our lower bounds from Corollary 2.3 of Matveev [35]. O

We also need some precise results from algebraic number theory. In the rest of
this Section, let K denote a number field of degree d = r; + 2ry and unit rank
r =71y +1ry—1 with r > 0. Let Rx and Dk be its regulator and discriminant,
respectively. Let w denote the number of roots of unity in K. Observe that w = 2
if r1 > 0.

Lemma 9.5. For every algebraic integer n which generates K we have

log|Dk| — d logd
h(n) >
dhin) 2 =547

Proof. As in Mignotte [37], it follows from the Hadamard inequality that
| De| < Discr(1,7,...,n%7")? < d*M(n)**Y,

where M(n) is the Mahler measure of 7. Since d logM(n) = h(n), the lemma is
proved. ([

In the course of our proof, we use fundamental systems of units in K with specific
properties.

Lemma 9.6. There exists in K a fundamental system {e1,...,e,} of units such
that

[ b <27 ()2 d " Ry,

i=1
and the absolute values of the entries of the inverse matriz of (log|eilv; )i j=1,...r
do not exceed (r!)%227" (log(3d))3.

Proof. This is Lemma 1 of [9] combined with a result of Voutier [50] (see [10]) giving
a lower bound for the height of any non-zero algebraic number which is not a root
of unity. O

Furthermore, we need sharp bounds for discriminants of number fields in a rel-
ative extension.

Lemma 9.7. Let K; and Ky be number fields with K1 C Ky, and denote the
discriminant of the extension Ko /Ky by Dg, /x,. Then

|Dx,| = | D, |5 |Nge, 0(D, i)

Proof. This is Proposition 4.9 of [38]. O
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9.2. Proof of Proposition 9.2. We now turn our attention to the proof of Propo-
sition 9.2 and so to equation (17). Lemma 3.1 reduces the problem to solving the
superelliptic equation z2 + 4 = 5y?P. Factorising the left-hand side over Z[i], we
deduce the existence of integers a and b with a? 4+ b? = 32 and

(27) +4i= (24 i)(a+b)? — (2 —1i)(a — ib)P.
Dividing by 2i, we get
[p/2] » :
:|:2 :2 2k _1 (p—2k:—1 /2 —2k
> () oy
k=0
[p/2]

p 2k+1 (_1)(p—2k—1)/2 pp—2k—1
+ ;; (2k + 1) @ (=) ‘

We infer that a is even. Consequently, (b,a/2) is an integer solution of the Thue
equation
P

28 —)lo=R)/2A (P ek ypk g
(28) > (-4) ’

k=0
To bound the size of the solutions of (28) we follow the general scheme of [10],
which was also used in [12]. Let P(X) and « and K be as in Proposition 9.2; we
note that P(X) is the polynomial naturally associated to the Thue equation (28).
We first need information on the number field K and its Galois closure. We would
like to thank Mr. Julien Haristoy for his help in proving the following Lemma.

Lemma 9.8. The field K = Q(«) is totally real and its Galois closure L has degree
p(p — 1) over Q. Furthermore, the discriminant of K divides 10P~1pP.

Proof. Observe that any root of the polynomial

QX) = % (2HDX +0)P - 2= D)X — i) = (-1)PD(X/2)P P(2/X).
satisfies | X + 4| = |X — i|, and so must be real. Hence, K is a totally real field.
Furthermore, IL(7)/Q(7) is a Kummer extension got by adjoining the p-th roots of
unity and the p-th roots of (2+14)/(2—1). Hence, this extension has degree p(p—1),
and this is the same for L/Q.

Observe now that K(7) is generated over Q(7) by any root of either of the following
two monic polynomials with coefficients in Z[i], namely Y? — (2 +14)(2 — i)?~! and
YP —(2—4)(2+1i)P~L. Since the discriminant D; (viewed as an algebraic integer in
Z[i] and not as an ideal) of the extension K(4)/Q(%) divides the discriminant of each
of these polynomials, D; divides p?5P~1(2—4)P~D)®=2) and pr5p—1(244)P~D(P=2),
However, 2+14 and 2 —3 are relatively prime, thus D; divides 5P~ !'pP. Furthermore,
estimating the discriminant of K(7)/Q in two different ways thanks to Lemma 9.7
gives

(29) |Di(iy| = 4° D} = | Dg|? - [N jo (D /x)-
Consequently, | Dk| divides 5P~ 1(2p)P. We now refine this estimate by showing that

4 divides |NK/Q(DK(Z)/K) ‘ .
Suppose that the decomposition of the ideal 2 - Ok in K/Q is given by

Q'OK:'P?...'P?.
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At least one of the e; is odd, since otherwise 2 would divide Zle e; fi = p. Thus,
there is (at least) one prime P in Ok lying above 2 whose ramification index e is
odd: this prime must ramify in K(4)/K, since 2i = (1+14)? in K(). Thus P divides
Dk iy/x and so [Nk q(Dk()/x)| is divisible by 2. However, by (29), we know that
INk/0(Dk()/k)| is a square and so must be divisible by 4.

([l

Remark: Based on computations for small p, it seems very likely that 10P~1p? is
the exact value of |Dk| for most p.

Since we introduce many changes in the proof of [10], we give a complete proof,
rather than only quoting [10].

Let a1, ..., a, be the roots of P(X) and let (X,Y") be a solution of (28). Without
any loss of generality, we assume that o = a1 and | X —a1Y| = mini<j<, [X —a,; Y.
We will make repeated use of the fact that |ai|, ...|cy| are neither greater than
4P nor smaller than 477 (since 4P — 1 is an upper bound for the absolute values of
the coefficients of P(X)). Assuming that Y is large enough, namely that

(30) log [Y'| > (30p)?,

we get |Y| > 2 mina<;<p {|ar — ;| 7'} and

(31) X~y <2270 ] loa — ag| [y |77+ < 227 [y |7+,
2<j<p

since | X — ;Y| > |ag — o] - [Y]/2 if | X — a1 Y| < |1 — o] - [Y]/2, for any j = 2,
., P
From the ‘Siegel identity’

(X — 041Y)(042 — 043) + (X — OéQY)(Oé3 — 041) + (X — 0&3Y)(041 — 042) =0

we have

Qo — (3 X—OqY X—OégY g — (X1

A= — 1.

azs—a; X—aY X—-—wmY az3—o
Observe that the unit rank of K is p — 1, since K is totally real. Let 11, ...,
€1,p—1 be a fundamental system of units in K := Q(aq) given by Lemma 9.6, hence,
satisfying

2
(32) H h(e1,) < WRK,

1<i<p—1

where Rk denotes the regulator of the field K. For j = 2,3, denote by €21, ...,
€op—1 and €31,...,€3 -1 the conjugates of €11, ..., €1p—1 In Q(a2) and Q(a3),
respectively. They all belong to the Galois closure L of K.

The polynomial P(X) is monic and the left-hand side of (28) is a unit. Thus
X — a1Y is a unit. This simple observation appears to be crucial, since, roughly
speaking, it allows us to gain a factor of size around p? Rx (compare with the proofs
in [10] and in [12]).

Since the only roots of unity in K are £1, there exist integers b1, ..., b,—1 such
that X — 1Y = el ... 5?1’”1;117 thus we have

€3,1 b €3,p—1 ——
A:i(’) < vp—> Y
€21 €2,p—1 a3 — Qq
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As in [10, 6.12], we infer from Lemma 9.6 that
B = max{|b], ..., |bp-1]} < 2*7Pp(p!)* (log(3p))* h(X — 1Y)

33
(33) < 20D Log |y,

by (31).
Further, we notice that
9 — O] 042/27041/2 6p+4
h{ ——— | =h({ ————~) <4h 2) 4+ log4 < log 2
(22200) —n( 22202 < anan/2) + 1ot < g,
since we have (here and below, M (-) denotes the Mahler measure and H(-) stands
for the naive height)
log M log(vp+1H log(2vp +1(,,) 1
p p p p
Hence, with the modified height h’ related to the field L, we have

h’<a2 al) <2(3p+2)(p— 1) log 2.
a3 — (1

We may assume from Lemma 9.8 that the absolute value of the discriminant of K
is 10P~1pP, since the upper bound for n we aim to prove is an increasing function of
|Dg|. Fori=1,..., p—1, we have h(e; ;) = h(e2:) = h(es,;) and, by Lemma 9.5,
the height of the real algebraic integer ¢; ; satisfies h(ey ;) > (log10)/2. Thus, we
get

X () < 2(p — Dhery).

€3,i
Consequently, using Theorem 9.4 in the real case with n = p and D = p(p — 1), we
get

log [A] > —1.4- 307 3p™/2 (p(p — 1))”+2 (3p+2)(1+log(p(p — 1))
(34) x (14 log B) (2log2) 2r~1 H h(e1 ).

1<i<p—1
Then, (32) gives us that
log [A] > —3.9- 30713 p13/2 (p — 1)P*2 (3p + 2) ((p — 1)!)*
x (1+1log(p(p —1))) (14 log B) Rk.
Furthermore, it follows from (31) that
(36) log|A| < 5p* — (p— 1) log |Y].

(35)

By (33), we have the upper bound

(37) (1+1log B) < 3p? + loglog Y.

Finally, we observe that if F,, is a p-th power for some odd n, then there are
integers X and Y such that (X,Y) is a solution of the Thue equation (28) and
FYP = 4X2 + Y2, Since | X| < 1447V | and F,, > 0.4-1.6" (for n > 7), we derive
from (30) that n < 2.2plog Y|, It then follows from (35), (36), and (37), together
with Lemmas 9.1 and (9.8) that

n < 2.5p0BlogO,
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with
0 =3.9-30"3 p!3/2 (p— 171 (3p+2) ((p—1)!)° (1 +log(p(p — 1)) Cie(10°~"pP).
This proves Proposition 9.2.
9.3. Proof of Proposition 9.3. Suppose that (n,y,p) is a solution to the equa-
tion (18). In particular, we know

yw=L,=w"+71",
where we recall that w = (1 + +/5)/2 and 7 is conjugate of w. We also know by

Proposition 8.2 that n is congruent to £1 modulo p. This means that there exists
an integer v such that

yP — wt! (WP = —7".
Thus, we are left with an equation of Thue type, namely
(38) XP — W YP = unit in Q(v/5).

We only deal with the + case, since the — case is entirely similar.
As in the statement of Proposition 9.3, denote by ¢w the real p-th root of w
and set K = Q(v/5, ¢/w). Let ¢ be a primitive p-th root of unity.

Lemma 9.9. The field K has degree 2p and we have r1 = 2, 19 = p — 1 and
r = p. The absolute value of the discriminant of K is at most equal to 5Pp*P. Its
non-trivial subfields are Q(v/5) and Q(Y/w — (¢/w)~"), whose discriminant is, in
absolute value, at most equal to 5P~1/2pP  Furthermore, the Galois closure L of

K is the field K(¢), of degree 2p(p — 1).

Proof. We observe that the minimal defining polynomial of ¢/w over Z is R(X) :=
X? — XP — 1, thus we have

| Die| < [Ngsg(R'(¢/@))] = [Ni/q(pV5(g/w)P )| = 57 p*.
The fact that K has only two non-trivial subfields, one of degree two, and another of
degree p, is clear. Furthermore, since K is obtained from the field Q( ¢/w — (¥/w)~!)
by adjoining v/5, we get from Lemma 9.7 that the absolute value of the discriminant
of the field Q({/w — (¢/w)~ 1) is not greater than 5(P~1/2pP. Since the roots of the

polynomial R(X) are the algebraic numbers ¢/w, ({/w, ..., (Pt yw, /7, (YT,
o, (P /T, we see that the Galois closure of K is the field K(¢). O

Let €1,1, ..., €1, be a fundamental system of units in K given by Lemma 9.6.
There exist integers by, ..., b, such that
X — oY = b el

Keep in mind that we are only interested in solutions (X, Y") of (38) with X integer
and Y algebraic integer in the field Q(v/5). Thus, X/Y is real, | X — ¢/wY| is small,
and | X — ¢/ ¢/wY| is quite large for j =1, ..., p—1 (consider the imaginary part).
More precisely, for Y > 2, we get
(39) |X — ¢wY| <pPY P
Furthermore, setting B = max{|b1],...,|bp|}, Lemma 9.6 yields that

B < 2" p(p!)*(log 6p)® h(X — YwY)

(40) < 20 oY,
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by our assumptions on X and Y.
Recall that ¢ is a primitive p-th root of unity. We introduce the quantity

(- X—-ywYy X-Cywy C—l_l
-1 X—-(ywy X-(gwy (-1 ’
hence, the linear form in logarithms
E3p Pt -1
=, 71 .

()

€21
Let I/ denote the modified height related to the field L. We have

! C -1

h (<2 — 1> < 2p(p —1)log4,

and h'(e;;) = h(e1,;). To check this, we observe that any algebraic unit in K
generates one of the subfields of K, and we apply Lemma 9.9 (we may assume that
the absolute value of the discriminant of K is 5Pp?P, since the upper bound for n we
aim to prove is an increasing function of |Dk|). Using Theorem 9.4 in the complex
case with n =p+1and D =2p(p — 1), we get

log [A] > —3 - 3075 (p+ 2)>3 (2p(p — 1)) (1 + log(2p(p — 1))
(42) x (1+1log(p+1)B) (log4)2* ] hlera).

1<i<p

(41) A=

By (42) and Lemma 9.6, we get

log |A| > ~3-30""(p + 2)>* (2p(p — 1))"" (1 + log(2p(p — 1))
(1 +log((p+1 B)) (log4) 2 P p~P (p!)? Ry.

Furthermore, it follows from (39) and (41) that

(44) log |A| < 5p® — (p — 1) log Y.

Observe now that if L,, =y for some n, then equation (38) has a solution (X,Y)
with Y = w*D/P and we get that —1 < L,, — wt'y? < 0, thus n < 2.2plogY. It
then follows from (40), (42)—(44), together with Lemma 9.1 that

n < 2.5pBOlog0O,

(43)

with
© = 67-30""(p — 1)P*2p’ (p +2)™ (p1)? (1 + log(2p(p — 1))) Cxe(57p?).
This completes the proof of Proposition 9.3.

10. THE SIEVE

In this section we use Propositions 7.2 and 9.2 (for the Fibonacci case) and
Propositions 8.1 and 9.3 (for the Lucas case) together with a substantial computa-
tion to prove the following.

Proposition 10.1. If (n,y,p) satisfies the equation and conditions (17) then
p > 733, n > 1.033 x 108733, logy > 103099,

Proposition 10.2. If (n,y,p) satisfies the equation and conditions (18) then
p > 283, n > 4.938 x 103383, logy > 103099,
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We will focus on the Fibonacci case; the Lucas case is entirely similar. Through-
out this section we will follow the notation of Section 7. In particular, H,, E, and
E are given respectively by (20), (22), and (23).

Lemma 10.3. Suppose I = £1 (mod 5) is prime and let
K(l) =lem(l - 1,6).
The trace of Frobenius a;(E,) depends only on the residue class of n modulo K(I).

Proof. By Lemma 3.3, the residue class of L,, modulo [ depends only on the residue
class of m modulo I — 1. From the definition of the integer H,, in (20) we see that
H,, modulo ! depends only on the residue class of n modulo K(I). The Lemma
follows at once from the fact that the Frey curve F,, depends only on H,. ([l

Suppose | = +1 (mod 5); we see by Lemma 10.3 that for n € Z/K () it makes
sense to talk of a;(F,). Suppose ¢ > 5 is a fixed prime. Define N (I,q) to be the
subset of all n € (Z/K(1))* such that

e cither H2 + 4 # 0 (mod [), and the integer a;(E,) — a;(E) is divisible by
some prime p > q,

e or H2+4 =0 (mod [) and one of the two integers [ + 1+ a;(E) is divisible
by some prime p > q.

Lemma 10.4. Suppose that g > 5 is prime. Suppose | satisfies
(45)  1==41 (mod 5) is prime and every prime factor of I — 1 is < 25000.

If (n, p,y) satisfies the equation (17) and p > q then the reduction of n modulo K (1)
belongs to N (1, q).

Proof. First observe, since n satisfies (17), that n is prime and n > 25000. However,
every prime divisor of [ — 1 is < 25000 and the same must be true of K(I) =
lem(l — 1,6). Thus the reduction of n modulo K (1) certainly belongs to (Z/K(1))*.

Next we recall (Lemma 7.1) that H2 +4 = 5y? and so [ | y if and only if
H2+4 =0 (mod [). The Lemma now immediately follows from Proposition 7.2. [

Given two positive integers M7, My, and two sets Ty C Z/M; and Ty C Z /My
we recall that we have already defined their ‘intersection’ 77 N 75 to be the set of
all elements of Z/lem(My, M3) whose reduction modulo M; and M is respectively
in T1 and TQ.

The following Proposition will be our main tool in proving Proposition 10.1.
Proposition 10.5. Suppose S = {(l1,q1),...,ls,qt)} is a finite set of pairs of
primes (1, q) where each | satisfies the condition (45) and each q is > 5. Let K(S) =
lem(6,1; — 1,...,1; — 1), and

N(S) = NugesN(l,q) C (Z/K(9))".
Write
N(S)={1,a,b,...} where 1<a<b<---<K(9).
If (n,y,p) is a solution to (17) with p > qi,..., ¢ then n > a.

Proof. Suppose that (n,y,p) is a solution to the equation (17). It follows immedi-
ately from Lemma 10.4 and the definition of ‘intersection’ that the reduction of n
modulo K (.S) belongs to N(.9).

The reader can check for himself that 1 is always in N'(S). Moreover n # 1 since
we have n > 25000. Hence n > a. [l
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The following Lemma will provide a useful check for our later calculations.

Lemma 10.6. With the notation of the above proposition, suppose that 4 | K(S).
Then the residue classes of 1, —1, K(5)/2+1, K(S)/2—1 modulo K(S) all belong
to the set N(S).

Proof. We note that Hy = H_; =1, and so E; = E. It follows from the definition
of N(I,p) that the residue classes of 1 and —1 modulo K (I) belong to N (l,q) for
all pairs (I,¢) € S, and so residue classes of 1, —1 modulo K (S) belong to N(S).

Let us prove the same for n = K(S5)/2 + 1; we will leave the other case to the
reader. Suppose that (I,q) € S. We would like to prove that the residue class
of n modulo K (I) belongs to N(l,q). Write vg : Z — Z>¢ U {oo} for the 2-adic
valuation.

Clearly (I — 1) divides K(S). If va(I — 1) < vo(K(S)) then n = 1 (mod K (1))
and we already know that 1T € N(l,q).

Thus suppose that va(l — 1) = v9 (K (S)). Since 4 divides K(S) we see that | =1
(mod 4). Further we can write

K(S) (=1

=——+1=k—+1
n 2+ 2+

for some odd integer k. Note that
W= (wl%l)k ‘w=4w (modl),

and so
Hy=+L,=4+W"—w ™) =+(w-w')==+1 (modI).

A glance at the definition of A'(I, ¢) shows that we must prove that a;(E,) —a;(E) is
divisible by some prime greater than ¢. Actually we will prove that a;(E,) = a;(E).
By comparing the equations for E and E,, we see that, modulo [, the two curves
E and E,, are isomorphic when H(n) =1 (mod ). If H(n) = —1 (mod [) then,
modulo [, the curve F,, is the —1-twist of F. But (;1) =1, and so again E and
E,, are isomorphic modulo [. This proves that a;(F,) = a;(E) and completes the
proof. O

10.1. Proof of Proposition 10.1. Suppose that (n,y,p) is a solution to (17).
Notice that Proposition 10.5 provides us with a way of obtaining lower bounds for
the index n, and Proposition 9.2 provides us with a way of obtaining an upper
bound for n (dependent on p). This gives us hope, given a particular prime p, that
we may be able to obtain a contradiction using these two Propositions and so prove
that there are no solutions for this particular p.

We wrote a PARI/GP program to carry out the above idea and derive the contra-
diction for the primes in the range 7 < p < 733.

We would like to give the reader the flavour of this computation by providing
more for the proof that p > 7.

A priori, all we know about the exponent p is that p > 5, so we take ¢ = 5. We
let S ={(11,5)}. Then

N(8) = N(11,5) = {1,11,19,29} C Z/30,

where we used our program to calculate A(11,5) from the definition of N (I, q).
Next we look for primes [ satisfying I = +1 (mod 5) and

(1—1)|M, where M = 6983776800 = 2° x 3® x 52 x 7 x 11 x -+ x 19
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and for each such prime [ we find we append (,5) to the set S, thus redefining '
to be N(S)NN(I,5). We continue until V' C Z/M and N (S) has four elements (we
do not expect less than four elements by Lemma 10.6). The reader will no doubt
expect that since most of our [ — 1 are highly composite and have lots of common
factors, the set A'(S) will be a small set of congruences modulo a large modulus.
After a few seconds we found that

N(S) = {1,3491888399, 3491888401, 6983776799} C Z/M.

We then replaced the value of M by M x 23 and continued until A'(S) had exactly
four elements and A" C Z/M with this new value of M, etc. The entire computation
took 42 seconds and proved that the the reduction of n belongs to a set

N ={1,a,be} CZ/M

where

a = 100704598854427777024179418273944411482999002799,
b = 100704598854427777024179418273944411482999002801,
c = 201409197708855554048358836547888822965998005599.

and the value of M is now
M=2"x33x52x7x11x---x 109.

Note that a =~ 1.007 x 10%7.

By Proposition 10.5, we know that n > a. However, if p = 7 then Proposi-
tion 9.2 implies that n < 2.639 x 10%6. This proves that p > 7. As a check on our
computations, we note that « = M/2 —1, b= M/2+ 1 and ¢ = M — 1, which is
entirely consistent with Lemma 10.6.

The next step is to prove that p > 11. We continue as above but now take ¢ = 7.
We note that N'(1,7) C N(1,5) for any prime [, and that probably N (I, 7) is strictly
smaller NV(,5). Thus our sieve becomes more efficient.

The proof program took roughly 97 hours to run on a 1.7 GHz Intel Pentium 4.
By the end of the proof the set S had 6262 pairs, and we have also shown that
p > 733 and n > 1.033 x 108733, To complete the proof we must show that logy >
10809, However y? = F,, = (w™ — 7")/+/5. Taking logarithms and using Pethd’s
result that p < 5.1 x 1017 (mentioned Section 2) we deduce that logy > 1080 with
a huge margin.

10.2. Proof of Proposition 10.2. The proof of Proposition 10.2 is practically
identical to the above proof of Proposition 10.1 and we omit almost all the details.
We can take K (I) = [—1 in this case, and we let E,, and E be given by equations (24)
and (25) respectively. If [ = +1 (mod 5) and ¢ > 5 are primes we define N'(l, q) to
be the subset of all n € (Z/K(l))* such that

e cither 5F2 — 4 # 0 (mod [), and the integer a;(E,) — a;(E) is divisible by
some prime p > q.
e or 5F? —4 =0 (mod ) and one of the two integers [+ 1+ a;(E) is divisible
by some prime p > gq.
The other details are practically identical to the Fibonacci case. Since the lower
bound for p that we are trying to establish is much smaller in the Lucas case our
program runs much faster, and completes the proof on the same machine in about
six hours.
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11. A REFINED BOUND ON p USING LINEAR FORM IN TWO LOGARITHMS

In the previous section we showed that if (n,y,p) is a solution to equation (18)
then p > 283. In this section we will use the results of the paper of Laurent,
Mignotte and Nesterenko [27] on linear forms in two logarithms to prove that p <
283, thus completing the proof of Theorem 2.

The Fibonacci case still needs more work, since it yields a linear form in three
logarithms. However, for now we are able to show the following.

Proposition 11.1. If (n,y,p) is a solution to equation (17) then p > 2 x 108.

Proof. Suppose that (n,y,p) is a solution to (17). The most obvious approach to
obtain an upper bound for p is to consider

ot —w
Fnziz P
V5 Y

and the linear form in logarithms
A = nlogw —log V5 — plogy.
Then a standard argument shows that
log|A| < —2plogy + 1.
We note that A is a linear form in three logarithms. In the remainder of this paper
we will present a substantial improvement to the theory of linear form in three
logarithms, and apply our result to show that p < 2 x 10%.
For now, to prove the proposition, we argue by contradiction, assuming that
p < 2 x 10%. We then know from Proposition 7.3 that n = 41 (mod p) for primes
p in this range. Write n = sp + €, where ¢ = £1. Note now that we can rewrite the
expression A as
A = plog (w*/y) — log (V5w ™),
which is now a linear form in two logarithms! We can apply Théoreme 1 of [27]
with
A= bl loga1 — b2 10g a9,

where
by =p, o =w’/y; bo=1, as=+Vbw *
and
log as = log V5 — elogw, loga; ~ % log aa,
and
h(az) = 1Og210, h(a1) < logy + log5.

Thus (with the notation of this result), we can take

ar = (p—1)loga; +4(logy +logh), as = (p—1)logas+ 2 log10.

The case € = —1

In this case, we choose (again with the notation of [27]) L = 8, p = 27.6,
m = 0.209671121 and get
p < 733.
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The case e = 1
In this case, we choose L =7, p = 31.6, m = 0.218149476 and get
p < 241.

In either case we have p < 733 which contradicts Proposition 10.1. This completes
the proof of the Proposition. O

As promised we also complete the resolution of the Lucas case by presenting the
proof of Theorem 2.

Proof of Theorem 2. Suppose that (n,y,p) is a solution to equation (18). It is
apparent, by Proposition 10.2, that all we have to do is to show that p < 283, and
to do this we apply [27].
Put
A=plogy —nlogw
where w = (1 ++/5)/2. By Proposition 10.2 we know that
logy > 10°,
and indeed much more. Then (because L, = w™ + (—1/w)™)
log|A| < —2plogy + 1.

Write n = sp 4+ r with 0 < r < p (notice that we do not use here the congruence
n = +1 (mod p) proved above). This allows us to rewrite A as

A =plog(y/w’®) — rlogw.
We apply [27, Proposition 1] with the notation D = 2 and
a1 =y/w®, as =w, by =p, by =71, a; = 2.00001 log(yw®), az = (p+ 1) logw.

- 1 p r(14p) L p
b= + ~ .
p+1 \logw ay p+1 logw

Here

We get either
p < pL(p+1)logw
or
log|A| > —KLlog p —log(KL)
provided that

2K log 0 4 2log(2rK /e/?) — 3log(KL) — ——o— — == - 22 _ 22 >

and
1((L —1)log p + 2log(2/60) — 2(1.5 — log p + log b)) >
It is enough to take

1.0l x a1 L 1.01
3 x 2u2arasl  6p2(p+1)logw’
For p = 22.9, taking p = 2/(3w), working as above we first get p < 326 and then,
after several iterations of the above argument,

p < 283.

Remark: Using the congruence n = +1 (mod p) we could improve this estimate
a little and get something like p < 241. [

log =
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12. AN ESTIMATE ON LINEAR FORMS IN THREE LOGARITHMS
12.1. Preliminaries.

Lemma 12.1. Let K, L, R, S, T be positive integers, put N = K?L and assume
N < RST, put also

n—1
ganJ7 1<n <N,

and (r1,...,75) € {0,1,..., R — 1}V, Suppose that for each r € {0,1,..., R — 1}
there are at most ST indices such that r; = r. Then

N
Zznrn -M < GR
n=1
where
N
L-1 NLR (1 N
M= ( 2 )nz_:l” and  Gr=— <4_ 12RST>'
Proof. Apply [27, Lemme 4]. O

As in [3] or [52, page 192], for (k,m) € N? we put |[(k,m)|| = k +m. And we
put
O (Ko, I) = min{|[(kr, ma)|| + -+ [[(kr, m1)]|},
where the minimum is taken over if the I-tuples (ky,m1), ..., (k;,mr) € N?> which
are pairwise distinct and satisfy mq, ..., m; < K. Then, we have:

Lemma 12.2. Let Ky, L and I be positive integers with Ko > 3, L > 2 and
I > Ko(Ko+1)/2. Then

12 (Ko —1)(Ko+1) Ko(Ko+2)(Ko+1)?
@(KO,I)2<2(KO+1)> (1 0 i 0 - o 0 )

Proof. Except for some details, this is [3, Lemma 1.4]. We follow more or less the
proof of this result. The argument is elementary: the smallest value for the sum
[(k1, my)||+- - -+]|(kr, mr)] is reached when we choose successively, for each integer
n =0, 1, ... all the points in the domain

and stop when the total number of points is I. Moreover,

’I’L—|—17 1fn§K0,

Card(D,,) = { Ko+1, ifn> K.

With the notation of [3], the number I of points can be written as
Ky .
I= A77 (Ko+1)+r, with 0<r <Ky,

provided that I > Ky(Ky + 1)/2, which is a hypothesis of the Lemma. Then, the

computation of [3] shows that

O(Ko, 1) > B(Ko, ) == 01 (A<A ~1)- K(Kgl)) FrA,
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In terms of I,

K() I—r
A_T Ko+1
We have,
00 Ky+1 A A 24 —1 r 1 r
F L B M M R N R A |

which shows that the minimum of © is reached either for r = 0 or r = K. It is
easy to verify that O takes the same value for r = 0 and r = K + 1 (which is
indeed out of the range of r), this implies that the minimum is reached for r» = 0.
It follows that

20(Ko. 1) (KO L1 > (Ko+ I 1) | Ko(Ko— 1)

Ky+1 2 Ky+1 2 Ky+1 3
K? I? Kol K I K} K
:70+ 4 0 ,70,7770+70
4 (Ko+1)2 Ko+1 2 Ky+1 3 3
I2 (Ko—1)I K2 K;

(Ko+1)2 Ko+1 12 6

_ I\ (Ko — 1)(Ko+1)  Ko(Ko+2)(Ko+1)*
_(K0+1) (H : Ji : R 12120 )

which proves the lemma. ([

The version of Liouville inequality that we use is the same as in [27, pages 298
99]:

Lemma 12.3. Let ay, ae, as be non-zero algebraic numbers and f € Z[ X1, Xa, X3]
such that f(aq, a9, as) # 0, then

|fan, az, a3)] > f[77FH (@]) ™ (a3)® (af) "
X exp{—D(dlh(al) + doh(ag) + dgh(ag))}
where D = [Q(aq, az, a3) : Q] / [R(ay, oo, as3) : R],
di =degyx, f, i=1,2,3, |f] = max{|f (21,22, 23)]; |z| <1, i=1,2,3},

and h(«a) is the absolute logarithmic height of the algebraic number «, and o* =
max{1,|a|}.

Lemma 12.4. let K > 1 be an integer, then

4
K-1 K(K—-1)
2log(2rK/e*/?) 24672+ 1logK
log<Hk!> > 2log K — 34 2108CTK/eVT) 24 6m " +log K
k=1

K-1 3K(K —1)
Proof. This is a consequence of a variant of the proof of [27, Lemme 8]. O

Now we present the type of linear forms in three logs that we shall study. For
a while, we consider three non-zero algebraic numbers a1, as and ag and positive
rational integers by, by, bg with ged (b1, be,b3) = 1, and the linear form
A= b2 loga2 — bl lOgOll - b3 IOgOég 7é 0,

without any loss in generality.
We restrict our study to the following cases,
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e the real case: oy, ag and ag are real numbers > 1, and the logarithms of
the ;s are real (and > 0),

e the complex case: a1, as and a3 are complex numbers of modulus one, and
the logarithms of the «;’s are arbitrary determinations of the logarithm.

This does not cause inconvenience in practice since in the general case we obviously
always have

[A] = max{[R(A)], [S(A)]}.
Without loss of generality, we may assume that
ba|log aa| = by|log | + bs|log as| + |A|.

We shall choose rational positive integers K, L, R, S, T, with K, L > 2, we put
N = K?L and we assume RST > N. Let a1, ag, as be positive real numbers.

The authors of [3] use Laurent’s method, and they consider a suitable interpola-
tion determinant A. Let ¢ be an index such that (k;, m;, ¢;) runs trough all triples
of integers with 0 < k; < K—-1,0<m; < K—1land 0 < ¥¢; < L—1. So each
number 0, ..., K — 1 occurs KL times as a k;, and similarly as a m;, and each
number 0, ..., L — 1 occurs K2 times as an ¢;. With the above definitions, let

b b1\ [tib b b o
Adet{<7"ﬂ 2;53 1><J 2;‘% 3)04 il Ja?t;}

where r;, s;, t; are non-negative integers less than R, S, T', respectively, such that
(rj,s5,t;) runs over N distinct triples. Put £y = b1/ba, O3 = bs/bs. Let

L—-1 R-1 S—1 T-1 S—1
)\i_‘gi_Ta o = 2 +/61 2 ’ CO_ 2 +ﬁ3 2 ;

and

K-1 \ ~K&E-D
b= (ba10) (b20) (H k!> :
k=1

Notice that, by Lemma 12.4,

(R —1)by + (S — 1)by (T — 1)by + (S — 1)bs

logb < log 5 + log 5
2log(2nK/e®/?) 24+ 6n7 2 +1logK
—2log K +3 —
og s+ K—1 3K(K — 1)

Then ZZN;OI Ai =0 and ([3, formula (2.1)])

Liry Lis; Lit; _ )\i(Tj+S_7‘ﬁ1) )\i(t]‘JrSjﬁg) /
ap Ty Tag =0 ) (1+ 05507,

where

Al { LRELRIA/(2b1)  [,gLSIAl/(2b2) LTeLTAI/(st)}
= - max

2b1 ’ 2b2 ’ 2b3

and where all |0;;] are < 1.
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12.2. An upper bound for |A|. Tt is proved in [3] (last formula of page 111) that
A = arad2alls Z (AHYN=IZIAL
ICN

where
N

N N
L—-1 L—-1 L—-1
M, = 9 Tj, M, = 9 ;—1 Sj5 M;s = 2 E tj7

j=1 j=1

and where N' = {0,1,..., N — 1} and Az is the determinant of a certain matrix
M7 defined below. Let
ki+m; N N
kiprmi Az | Aq
¢j(z7C) = ]{21|m2 z C Qg

[where o} = exp(\;zlogay) and similarly for aj‘]

o ¢j($2j,$<j) if ieZ,

(I)I(x)lj B {Hij¢j(xzj,x§j) if 4 QI

Then, Mz = (®z(1);;) and letting ¥z(z) = det(Pz(x)), gives
|Az| = |det(Pz(1))] = [Vz(1)].

and

Now, let
Jz = order(7,0),

the maximum modulus principle implies

Wr(1)] < ™% - ma ¥ (a).
z|=p

Since |z;] < no and [(;| < Co,

D BT )
v <N! i mi
lrgrcl‘gl 7(z)| < A [T (pn0)="*(pCo)

X  max exp {p((z )\izg(i)) log ag + (Z )\iCU(Z-)) log ag) } .

066(]\/)

Put

N _ NLR NLS NLT

1
g_i_m7 1_Tg7 02_79, G?)_ig)

then (see the proof of [3] p. 114 and use Lemma 12.1)
N-1 N-1

Z Aizg(iy < G1+ P1Ga, Z Aio(iy < Gz + B3Go.

=0 =0
It follows that (recall that bo|log as| = b1|log ai| + bs|log as| £ |A])

exp {P((Z AiZg(iy)| log an | + (Z AiCo(iy) | log 043|) }
p(

<exp{p((Gr + BiGa) logan| + (Gs + B5Ga)|log as] ) }

A
<exp {p (G1 log a1 +G2(|10gaz| + ‘172') + Gglloga:sl) } :
As in [3], we see that if

(46) AN < p KL
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then

IA| pK2L<eK2L K2L?

—4
pG2 =— by — 4pKL 4eKL = KL <10

for KL > 15. Putting these estimates together, we get that condition (46) implies
the upper bound

|A| < 1.0001 ay MrFPG o, MatpGa o (MatpGa Nt 5 9N 2o (Ridma)

S ks S ma IIN=|T|
(bamo) y (b2€0) < max |A]

sz' Hmz' ceS(N) pJI

where
Jr = order(¥z,0).
Under condition (46), we have
AN ~KL(N=|T|)~Jz

P’z
If Z| <0.5N then

NKL 4 1
N —[Z]) > 0.5 KLN > 14—
KL(N ~|Z]) 2 05 KLN > — < +L+2K1)

as soon as K >3 and L > 5, conditions that we assume from now on.
If |Z| > 0.5 N, then using [3, Lemma 1.3], we obtain

JIZ@(K(),LZD, for KQZQ(K—I)
Now, |Z| > 0.5 K?L implies |Z| > 2.5 K? and using Lemma 12.2 we get (with the
notation I = |Z])
KL(N—-I)+J; > KL(N—-1)
I? 1+ (Ko —1)(Ko +1)  Ko(Ko+2)(Ko+ 1)
2(Ko+1) 1 1212 '
It is easy to verify that the right-hand side is a decreasing function of I in the range
[N/2, N], since L > 5, and we get (recall that N = K2L and Ky = 2K — 2)
N® 1+K§—1 Ko(Ko + 2)(Ko + 1)
(K +1) N 12N2

KL(N = |T))+ Jz 2 5

K(Ko—1) KKo(Ko+1)(Ko+2)

(Ko +1 N a 6N2 )
22K —3)  2(K —1)(2K — 1)

( 2K 17T KL 3K2L2 )
N 4 6 2 2

K( 2K—13L?KL+KL23K2L2)

S O S
~ 4K L 2K—1 312 KL)’

because L > 5, and this implies, in all cases,

N2 4 1 6 4
KL I I = — .
(N =)+ Jz 2 4K( Ttk 1T KL 3L2>
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Thus, gathering all the previous estimates and using the relations

N-1 N—-1
B (K-1)K . N
zgkifzgmif#KLfg(Kfl),

and the definition of b, we obtain the following result.

Proposition 12.5. With, the previous notation, if K >3, L >5 and A’ < p~ KL,
with p > e, then
3 3 N
log |A| < ;Ml log |ov| +p;Gi\logai| +log(N!) + Nlog2 + 5 (K —1)logbd
B (NKL NKL NK

N
SN 0001.
r TieR -1 T 3L 2>°gp+0000

12.3. A lower bound for |A|. Using our Liouville estimate (Lemma 12.3) and
arguing as in [3], or [27, Lemme 6], we get the following.

Proposition 12.6. If A #£0 then
D—-1
log |A] > — TNlogN
3 3 D_1
+ ;(Mi + G;)log || — 2D ; Gih(ai) = =5 —(K ~1) Nlogb.

Proof. We have A = P(ay,as,a3) where P € Z[ X1, Xo, X3] is given by

P(XlaX27X3) =
N
Tcrib—'_saib ta‘ib—'_sa'ib( 7
Z Sg(a).H( ()le ()1>( ()2m4 ()‘3>X1LTGX£LSUX§HO"
cEGN i=1 v v
and where

N N N
Nre = Zgira(i), Nsg = Zgiso'(i)a Nte = Zgzta(z)
i=1 i=1 i=1

By Lemma 12.1,
|degx7~,P*Mz‘| <G;, 1=1,2,3.

Let
Vi = |M; + G, U, =[M—-G;], i=1,2,3,
then
A=0a1""ay"a3" Play!, 05", 03h),
where

degx, P<V;—U;, i=123.
By our Liouville estimate

3
log|P(ar !, a5t a5 ") = =(D — 1)log |[P| = DY (V; — Ui) h(ew).

i=1
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Now we have to find an upper bound for |P| (or for |P| which is equal to |P|). By
the multilinearity of the determinant, for all n, ( € C,

(b2 + 801 — )™ (b2 + 8505 — O™ 2475 2yt zgfitj> .

P(z1, 22, 23) = det (

Choose
(R—1)by+ (S —1)by (T —1)by + (S —1)bs
n= 2 ) CZ 2

and notice that, for 1 <j < N,

(R—1)by + (S — 1)b1>’“

|T’jb2 + Sjbl — 77|k1 < ( B

T-1 -1 m
|tjba + s;bs — C|F < (( )bz —2'— (5 )b3>

and that

N-1 N-1
(K -1)K N
gki:;mi:ffazg([(—l),

then Hadamard’s inequality implies

(K—1)N
|P| < NN/2 ((R— Dbs + (S — 1)b1) 2

(K—1)N

((T— Dby + (S — 1)b3) z

2 2

K-1 \ “E®ETD
b = (bam0) (b2(o) (H k!) :
k=1

Recall that

where

Il
+
S

Mo

Thus we get,
|P| < NN/2 b(K*l)N/Q.

Collecting all the above estimates, we find

log|A|>—(D—-1) (log (NN/Q) + w logb)

3 3
— DY (Vi —Uh(e) + Y Vilog|ai].
i=1

i=1
The inequalities Dh(a;) > log|a;| > 0 imply

and the result follows. O
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12.4. Synthesis. Under the hypotheses of Proposition 12.5 and Proposition 12.6,
we get

3 3
D-1 D-1
fTNlogN+;(Mi+Gi)log|ai|72D;Gih(ai)—T(Kfl)Nlogb
3 3 N
< M; log |ay| + Gillog ;| +1log(N!) + Nlog2 + — (K — 1) logb
; g o] p; |log ai| + log(N') g2+ 5 )log
(NKL NKL NK

N
_aR ), 0.0001
TRRVTCY S VY 2) ogpt

Or, after some simplification,

3
D—-1
- NlogN < ZG" (p|log a;| — log |vi| + 2Dh(a;)) + log(N!)
i=1
NKL NKL KN

K-1 N
Nlog2+ ——DNlogb— - - — 1 .0001.
+ Nlog2+ 5 og < 1 +4(2K—1) 3 2) og p+0.000

This result implies (divide by N/2 and use N! < N(N/e)", true for N > 7).

Proposition 12.7. With, the previous notation, if K > 3, L > 5, p > e, and if
A # 0 then

Al > p—KL
provided that
KL L 2K
(2 + 1 1-— 3L> logp > (D +1)log N + gL(a1 R + a2S + a3T)

+ D(K —1) logb — 2log(e/2),
where the a;’s satisfy
a; > p|log a;| —log |a;| + 2Dh(ay), i=1,2 8

Remark. We notice that the statement of Proposition 12.7 is perfectly symmetric
with respect to the b;’s or the «;’s, except for the choice of b. From now on we do
not assume that by and bs are positive, but we still suppose that ba > 0 and that

b2|10ga2| = |b1 10g051‘ + |b3 loga3| + ‘A|

12.5. Row rank. To conclude we need to find conditions under which one of our
determinants A is non-zero, a so called zero lemma. We quote [3, Theorem 3] with
some minor technical changes.

Proposition 12.8. Let K, L, R, R1, Ro, S, S1, So, T, Ty, Ts be rational integers
all >3, with K >2L, R> R+ Ry, S>81+85, T>T)+T5 and Ty > R;.
Let by, by, b3 and oy, as, as as above and moreover assume that o, as, ag are
multiplicatively independent. If

(i) 4(R1+1)(S1+1) > T + 1,
) AR+ DTy +1) > S +1,

(iii) (Ro 4+ 1)(So +1)(Ty + 1) > 12(K — 1)*(L — 1),
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and
(iv) (Ri+1)(S1 +1)(Ty +1) > 82K + L — 2)?

then either there exists a choice of A which is mon-zero or at least one of the
following conditions hold
(C1)

dr, s €Z, rby=35b; with 0<r<R; and 0<s<S; for some i=1, 2,

(C2)
dt, se€Z, tby =sbs with 0<t<T; and 0<s<S; for some i =1, 2,

(C3): there exists r', s', t', t"" € 7 such that
sty +r't"by +1r's’b3 =0

(R +1)(S1+1) 1/2
T +1 ’

1/2
0<|s’|<min{51+1,<R1+ )5 + )) }

which satisfy

0 < |r'| < min {Rl +1,

71 +1

and

0<|t| <min{T1+1

1/2

S1+H)(Thi +1) 1z
Ry +1 ’

S1+1
which implies a non-trivial relation of the form

(Ba+1)(S +1)

dyby + daby 4 dsbs = 0 with |dy| < Sy, |d2| < Ry, |d3| <
T +1

12.6. A lower bound for the linear form. Now we have all the tools to conclude
and we get at once the following result.

Theorem 12.9. We consider three non-zero algebraic numbers oy, as and as
which are multiplicatively independent and positive rational integers by, ba, bs with
ged(by, b, b3) = 1, and the linear form

A= b2 10g042 —b loga1 —bglogag 75 0.

Suppose that either a1, as and as are real numbers > 1, and the logarithms of
the a;’s are real (and > 0), or aq, as and as are complex numbers of modulus
one, and the logarithms of the «;’s are arbitrary determinations of the logarithm.
Without loss of generality, we assume that

ba| log aia| = by|log as| + bs|log as| £ |AJ.

Let K, L, R, Ry, Ry, S, S1, So, T, Ty, Ty be rational integers all > 3, with
KZQL,L25,R>R1+R2,S>51+SQ,T>T1+T2 and Th > R;. Letpze
be a real number. Assume first that
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KL L 2K
(0) (2+4_1_3L) logp> (D+1)log N + gL(a1R+ as2S + asT)
+D(K — 1) logb — 2log(e/2),

where N = K2L, D = [Q(ay,az2,a3) : Q] / [R(a1, a2, a3) : R],

4
K-1 TRK(K-1)
1 N
g= 1 12RST’ b = (bano)(b2C0) (}}:[1 kl) ’

where

_R—1+b71XS—1 C_T_l bjxs_l

S A AR T 0T T Ty, C T2

and

a; > pllog a;| — log|a;| + 2Dh(wy), i=1,2 8.
If
(i) 4R +1)(S1+1) >T1 + 1,
(ii) 4(R1 + 1)(T1 + 1) >S5 +1,
(iii) (Ry +1)(Sz + 1)(Ty +1) > 12(K — 1)*(L — 1),
and
(iv) (Ry +1)(S1 +1)(Ty + 1) > 82K + L — 2)?
then either

A/ > p—KL

where

XA { LReLRIA/(2b1)  [,6oLSIAI/(2b) LTGLTAV(%S)}
= - max

2b; ’ 2by ’ 203
or at least one of the conditions (C1), (C2), (C3) of Proposition 12.8 hold.

13. PROOF OF THEOREM 1

We are now ready to complete the proof of Theorem 1. We argue by contradic-
tion. Suppose that there is a perfect power in the Fibonacci sequence other than
those listed in Theorem 1. By Propositions 6.1 and 11.1 there is a solution (n,y,p)
to (17) with p > 2 x 108,

Recall that F,, = (w” —w™™)/v/5. Thus the linear form

A =nlogw —log V5 — plogy
satisfies
log|A] < —2plogy + 1.
By Proposition 10.1
logy > 10%°

(and indeed much more). It seems very difficult to get good lower bounds for |A]
when it is written in the previous form. We write

n==kp—q, where 0 < q <p,
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[notice that ¢ is not necessarily a prime number, but we have some lack of letters!].
Then
A = plog(w®/y) — qlogw — log V5

and it is easy to see that it is now of the right form. We know that p > 2 x 10® and
we will obtain a contradiction by showing that p < 2 x 10® using our Theorem 12.9.

The first step is to get an upper bound on p free of any condition. For this purpose
our Theorem 12.9 is inconvenient to use: we have to deal with the conditions (C1),
(C2) and (C3). This is the reason why we first apply Matveev’s estimate (Corollary
2.3): assume A # 0, if real numbers A; satisfy

A; > max{Dh(a;),|loga;|,0.16}, 1<j<3,

and if
B = max{[b1, [b2/, [bs|}

then

log |A| > %30633'5D2A1A2A3 log(eD) log(eB),
where D = 2 and B = p in our case. This leads to

p<2.4x10%.
We can now apply Theorem 12.9 with
o =w, ay=w"ly, a3=+5 D=2
and
bi=gq, ba=p, bz=1

We can take
a1 = (p+3)log V5, as=(p+2p)logw+4logy >4-10%°, a3 = (p+1)logw,
where p > e. To apply the Theorem, we shall choose some rational integer

L > 100
and put
K = |mLajasas], with 10 <m < 50,
and take
Ry = |e1L?Pagas], Sy = |e1L*Paras], Ty = |ciL*Paias],
with ¢; = (32.001m?)Y/3, and finally
Ry = |coLasas|, So = |ceLajas|, To=|caLajas], with co = (12 m2)1/3.
We use the notation
R=Ri+Ry+1, S=51+85+1, T=Ti+T+1.

With such a choice it is easy to check that the four conditions (i), (ii), (iii), (iv)
hold. And we get either

log|A| > =K Llog p — log(KL)

or at least one of the conditions (C1), (C2) and (C3) hold. First notice that, in our
case (where by = p is prime)

((C1) or (C2)) = p < max{Si,Ss}.
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Thus, if p > max{5S;,S2} then (C1) and (C2) do not hold and then (C3) holds. If
(C3) holds then recall that

s't'by 4+ r't"by +7's'b3 = 0,
where the factors of the b;’s are bounded above as in Proposition 12.8. In the
previous relation we may assume that

ged(s',t") = ged(r’,t') = 1.

Moreover, since |s'| < p, we see that s’ and pt” are coprime, so that the above
relation implies that s’ divides 7/, say ' = r”’s’. Then this relation is simplified
into
t'by +1r"t"by +1"5'bg = 0.
Then, since r’ and ¢’ are coprime, ged(r”,¢') = 1 and r” divides b;. In the present
case, we get
' +t'p+s' =0, with ¢q=1"¢,

1/2 1/2
] <1+ <(51+1><T1+1)) <14 1.0001 - <(51+1>a1>

where

Ry +1 as

and

1/2 1/2
0<H<(<R1+1)(Sl+1)) <1.0001.<(Sl+1)a3> .
T1—|-1 ay

Then we rewrite s’A as a linear form in two logarithms:
sA = plog(aglagt”) —q log(w’"/ag_t/),
where i
1++/5 w
\[, g = —, a3 = \/5
2 Y
This ends our preliminary discussion.
Now, after some computer search we see that we can apply Theorem 12.9 with
the choices

L = 250, p=11, m = 21.8432676837,

and then, in the first case, we get
p < 426 x 10°.
With these choices, we have
max{S;, S2} = max{64049,290961} < 10°

so that neither condition (C1) nor condition (C2) hold. And, using the upper
bounds obtained above thanks to Proposition 12.8, we get

| <354, || <182.

Moreover, the relation t'¢’ + t"p + s’ = 0, combined with 0 < ¢ < p, implies the
inequality [t”| < |t’|, hence we also have

[t"] < 182.

Then we apply the main result (Théoréme 1) of [27], with the choices (using the
notation of this result)

L=13, R =1, 5 =13, m=0.138356081647, p =22, ...



40 YANN BUGEAUD, MAURICE MIGNOTTE, SAMIR SIKSEK

and we get
n < 295 x 108.

Thus we have proved that p < 426 x 10°. From this upper bound, if we use this
process once more (taking now L = 180 and r = 11 in the first case, and keeping
the same values L = 13 and p = 22 in the application of [27]), we get:

p < 197 x 109,

which certainly shows that p < 2 x 10® and we have obtained our contradiction.
This completes the proof of Theorem 1.
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