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Recent issues dflathematics Teachinbave begun what looks like being a
very fruitful discussion on th@ature of mathematical understandifighere

must be nearly as many views of what constitutes ‘understanding’ as there are
mathematical educators, but | would like to inject into thecussion the
suggestion that overall we must consider tiiygnamics of mathematical
understanding. By this | mean the constantly changing mental patterns that
give rise to mathematical understanding and which characterise mathematical
thinking. The brain is a hive of activity; iakes ininformation, processes it,
distinguishes between thingsees similarities, makes deductiondprgets
things, remembers them later, dmas mental blocks and leaps of insight. So
many of these activitieare bewilderingly quick orsubconscious that we
cannot say what is happeningaor own minds. A verbal commentary at the
time is inadequate, and subsequent explanation is often only a rationalisation of
what we think (or even what we think we think) has happened.

As an example, consider tloase of dour-year oldchild who could count
up into the hundreds and knew a few number bondswafeasked;What's
seven and seven ?” amdplied after a brief pauseF6urteen’ When asked
“Why ?” he replied, Because it'dwo off sixteeri.“oh, | see—why is that?”
“Because eight and eight are sixteen and it's two’less.

We can postulate that the child remembered 8+8=16 (though not in that
notation) and had a partial relational understanding of numbesedahis to
deduce that 7+7=14.

A week later hewas asked;What's sevenand seven?” and he could not
remember; then after a long pause he s&dufteen’ “How do you know ?”

“It just is?” “OK, what's eight and eight ?”Eighteen. His elder brother(aged
seven) tried to correct him. He was given his own sum to think about, “eighty
plus eighty” (a real ‘toughie’), whilst his youngdérother reconsidered his
own problem. The elder brother replied, “A hundred and sixty,” yanthger
brother immediately respondedt’s sixteen” “How do you know?” ‘Well, he

said a hundred and sixty; then | just knowed.

How did he know? Did theésix’ in ‘a hundred andsixty’ jog his memory,
or did he visualise thenore complex problem as ten times his ownsame
sense? Hbéad had some experience witbns’ sums, but not as big asighty
plus eighty’. But at this stage the game finished because he did not want to play
any more.

Any description of mathematical understanding must aflawthis kind of
dynamic process—understanding and deducing one week, forgetting and
remembering the next.
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This example is one of success; far more difficult to describe is the process
of not understanding. We have all experienced the blank look of a mental
blockage, and here the person concerned is often completely unable to explain
the cause of thdlifficulty. This points to an inherentveakness in the
‘tetrahedron of understanding’ used by Byers &iscovics [l].Briefly they
suggest that it is helpful to considéreir four kinds of understanding as a
vertices of a tetrahedron, then any blend of the four may be represented as a
point inside theetrahedron. Busuch a representation only exhibits tadio
between the four kinds, as may be seerdrysidering the centroid, where all
kinds are present in equal proportiortdow does one distinguish in this
representation between dibur being fully present (if indeed thawere
possible) and alfour being totallyabsentAThe mathematical representation
of four quantities«, X,, X3, X4 lying between 0 and dequires a pointx, Xo,

X3, X4) IN 4-space, not a point in a tetrahedron in three.)

Using a classification of understanding iribar (or more) types, welust
be prepared tacknowledge the kind(s) of understanding being used as a
function of time. In the example given, is not the memory of 8 + 8 = 16 an
instrumental act, then the realisation that 7 + 7 is “two off sixteeelaional
one and, for all we know, the finaleduction(“He said a hundred ansixty
then | just knowed”) an intuitive one?

This minor quibble apart, the Byers amtkrscovicspaper gives much
valuable foodfor thought, building on Richar&kemp’sideas [2], though it
does start us on the long slippery slope of introducing more and nefoned
categories which may not have universacceptance or universal
interpretation. Foilinstancetheir categories includentuitive’ and ‘formal’; is
there an intermediatstagecorresponding td?iaget’'s ‘concrete’? Rather than
tread the path towards an increase in the number of categories, | would like to
suggest a dynamic interpretation which sees the various kinds of understanding
as different facets of a single development.

The dynamic development of understanding

By a schema | shall mean @herent mental activity in the mind of an
individual. This exists in time and changes wiilme. As a child gains
experience of life in general, and mathematicparticular, the constraints on

his mental activity change. They can develop and become more vetbatyle;

can decay; they can change by conscious and unconsefmrsiulations of
ideas as the child attempts to make a cohepattern out of the universe he
lives in. Understanding which comes about through this search for coherence |
would term ‘relational understanding’. The examgkeven and seven is
fourteen . . because it'swo off sixteen” exhibits this kind of understanding,
though it requires the remembering ‘8#8=16" to produce the finakesult.
‘Instrumental understanding’ on the other hand can simply be an exercise of
memory, no more. It may be characterised by a compartmentalisation of ideas,
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not wishing to make an overall pattern and preferring the comfort of a limited
closed system. This closure manifests itself as “rules without reason” in
Skemp’sdescription. | personally feel that the distinction between these two
types of understanding is often one of attitude, the piecedarination being

the factor whichdistinguishes the on&om the other. Note that relational
understanding, according to this viewpoint, can occur in vadimentary
situations, as with the child’s addition exampijere he not only hadery

few number bonds available to him (the child concerned could notvewen

the numerals concerned) yet he understood certain relationbkipsen
numbers.

What of ‘intuitive understanding’? | consider that this occurs with a
developing schema that is insufficiefor the purpose at hand, yet there are
facets of the problem to be understood whiglem to link with thecurrent
schema available. In facdpparent linkages with theurrent schema may
exercise such a pull that the jump in mental state to the final state may come as
a blinding revelation, strongly imprinting it on the memory. Tihgortant
distinction in intuitive understanding is that the person concerned has not
reflected on his schema and has not rationalised the way he thinks about it.

John Backhousg] does not find the concept of intuitive understanding
necessary, though he is more sympathetic to the notion of ‘intuitive thinking.’
However, earlier in his article he mentions the experience of ideas fitting into
place—“Ah, now | get it", “It's clicked”, and smn. Such afeeling can
eminently occur when a problem is solved ‘withqurior analysis’ which
characterises Byers’ arlderscovics’definition of intuitive understanding. In
fact the‘aha’ experience of such a solution can have such a stropgnt on
the individual that itseems evemore true than a deduction made waibol
unblemished logic.

In considering the formal categoryBackhouse suggestghat certain
examples of ‘formal understanding’ given by Byers a@scovicsare no
more than ‘understanding of form’. Looking at the matter in terms of the
schematic development of the individual it may be helpful to distinguish two
clearly distinct interpretations. on the one hand, formal understanding may be
the type of understanding in which the individual has reflected osdhisma
and rationalised his thinking as to how it fits together coherently. This is an
individual thing and is akin to the use of the term by Piaget. on the bémer
there is the ability to put mathematics ifaamal context, using theorrect
notation and so on. This is a corporate thing where the individudehag to
share theschemes omature mathematicians in the topic under consideration
and is close to thenterpretation of Byers and Herscovics. They give an
example which they claim shows an absenctoohal understanding iwhich

the student writes
f(x)=x2=f"'(x)=2x.



This is clearly a lack of formal understanding in the corpossiese because
the studenusesthe wrong notation, but if theecond‘="' is interpreted as
‘implies’, then the student could possibly have an individdatmal
understanding without manifesting it in the correct symbolism.

At this stage | do not wish teefine the above explanations afyrther
since my primary target is to see the categories as various facets of an ongoing
procesgatherthan a hard and fast partition into qualitatively different types.
For the same reason | do not wishdiscussnew categories of understanding.
If we are not careful, theliscussion will degenerate into a batbetween
disciples of different schools of thoughtpropounding slogans with eyes
blinkered and ears firmly closed.

Non-understanding

Having suggestedthat understanding beseen aspart of the dynamic
development of the individual, what about non-understanding? According to
the Great Debate this is the subject that we should be addressinglekirig
more than just absence of understanding.

As an example, take thease of areight-year old girl learninglecimals
who read 6.34 as “six point thirty four” and considered it bigger than 6.5 (“six
point five”). The child was also taught to multiply by ten by ‘moving all digits
one place to the left’. Not only did she not knber left from her right (how
many eight-year- olds do?), bahe considered the decimal point as a solid
object through which nothing could pass, so the procasgested for
multiplying by ten was physically impossible. The repercussions of these (and
possibly other) confusions made the whsldject of decimals a verfraught
one, not solved by mere explanations of the points which initczlysed the
confusion. The mental reverberations k&fich animprint that they could not
easily be erased or reformulated.

Skemp talks of understanding as being assimilation intca@ropriate
schema. The adjusting of a schema itself to take in material hecalls
‘restructuring’ the schema (amore graphic term tharPiaget’'s ‘accom-
modation’). So non-understanding in thésems can mean two qualitatively
different things: assimilation into an inappropriate schema, or total rejection
because no schema is available—suitable or unsuifBideprevious example
gives cases of inappropriate schemexale ofrejection may be citetom a
university course teaching mathematics to scientists. They were told that a
non-empty subsef of a vectorspace is called a subspaceayiven vectorau,v
in V and scalar®,b, then au+bv also lies inV. This is an indirect form of
definition; it does not say whatis, but describes it by groperty. Nothaving
met this type of definition before, marstudents were perplexedespite
being told that the definition would get tweasymarks in the examination,
many complained that, though they tried to learn it by retamehow it
‘wouldn’t go in’ and after a time they forgot.
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Once again we can seen-understanding as part of the dynamewelopment

of the individual. In an article written with Rolph Schwarzenberigérwe

gave a number of examples of inappropriate mental linkages which leadld

to problems. For example, sayirgy gets as close as we pleases'toarries the
hidden implication thats, cannot equals, since ‘close’ does not mean
‘coincident with’ in everyday language. Starting with a simipl@ppropriate
linkage as this, the later ramifications can get out of all proportions compared
with the initial misconception. The learner is @mbivays able to articulate the
reasons for his confusion, leading to the classic ‘mental block’.

The release of a mental block with a sudden leap of insight is one of the
most pleasant of mathematical experiences, as previously unconickdsd
resonate together. After struggling with a problem, it may have been left; then
after a period of relaxation the answer suddeobmes seeminglyfrom
nowhere. Thosesubconscious processes have beemwatk again and the
removal of inhibiting tensiohas led to a miraculous solution. (As a student,
my leaps of understanding always came whilst browsingeaord shops in
mid-afternoon, but lalways had ahard time explaining that to non-
mathematicians!)

Such a distinct leap igot a feature of all understanding. The leap may be
so small as to be unnoticeable, or the change in thought may simply seem to be
smooth. Nevertheless, classification of understanding must take thigeedry
process into account.

Conclusion

In this article the attempt has been made sie different types of
understanding and, equally important, non- understanding, as diffiaceit

of the dynamic development of the mental processes of the learner. Division of
understanding into different categories may well be helpful on certain
occasions, but it can blind us adther possiblefactors. (Aclassic example of
unhelpful classification is the psychological distinction betwéasmagnitive’
(knowing) factors and ‘affective’ (emotional) factors. Any mathematics teacher
looking at the furrowed brow of a mental block or the look of delight leap

of understanding will know that many emotions are linked to cogniéigtors,
ratherthan in a separate category.) Any useful classificatiomathematical
understanding will only prove itself if it can unambiguously describe
categories of mathematical understanding and non-understanding in a way that
exhibits the realities of the situation: remembering, forgetting, méitdeks,

leaps of insight, and variousther phenomena to be found mathematical
thinking.
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