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Transitional Pipe Flow
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Physical Ideas
•Fluid continually in transitional state, moving into and out of turbulence.
•Turbulence invades upstream laminar flow.
•Transition to turbulence fast, recovery of shear profile is slow.

( Laufer (1962)   →  et al.  →   Hof et al. (2010)   )
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Minimum Variables
•Turbulence intensity: q
•Axial velocity on centerline (relative to mean): u

Magnitude of 
transverse velocity 

on centerline

(axial velocity) 
- (mean velocity)

on centerline

Turbulence
Intensity

Proxy for shear, 
captures slow

recovery

puff from simulations



PDE Model

O(�1)

O(�2)

∂tu = �1(1− u)− �2qu− ∂xu

∂tq = q
�
u+ r − 1− (r + δ)(q − 1)2

�
+ ∂xxq

u dynamics q dynamics

r

“Reynolds
number”
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Figure 18. Cycle-averaged-axial velocity distribution at the centreline of a puff at
(a) Re = 2310, (b) Re = 2495, (c) Re =3235 and (d) Re = 4345 at L = 8 m.

an indication of the quasi-periodic regeneration of hairpin vortices. The result shows
good agreement with their observations; whereas they took only one puff structure,
the present results are ensemble averaged signals. The typical cross-sectional velocity
profiles measured at the exit of the pipe for the puff structures at Re = 2450 are
shown in figure 21. The figure shows that the structures do not have a block profile
inside whereas slugs and intermediate puffs do, as shown by Durst & Ünsal (2006).
The measurements were carried out for one radius and are shown together in a
symmetrical way in the figure for clearer presentation. The structures reveal laminar-
to-turbulent transition between t = 4 and 4.40 s. The figure clearly shows the existence
of a vortex-like structure near the wall region.

It is interesting that the experimental studies of Wygnanski & Champagne (1973)
resulted in two clearly separated regions for the appearance of slugs and puffs in
transitional pipe flow. They only observed puffs for very high levels of disturbances
and at low Reynolds numbers. This clear separation between slugs and puffs was not
found by Darbyshire & Mullin (1995), who detected both in some flow regimes. They
also found that their mixed occurrence was not just dependent on the magnitude
of the disturbance but also on the type of flow disturbances that they introduced.
In the present study, the flow disturbance was introduced at the pipe inlet by a
short duration of inserted ‘wall fences’. For this kind of disturbance, the results in
figure 3 were obtained, which indicated clear puff formation only for disturbances
located to the left of the marked vertical area, indicating that the introduction of
large disturbances was needed. As one moves away from the left-hand side of this
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Analysis of PDE Model

Transition from 
localized to 

expanding turbulence

Standard numerical and analytical techniques 
give complete picture 

rc �
�1

�1 + �2



Check List

laminar state stable at all r

localized puffs

expanding turbulence

localized edge states

finite-lifetime puffs

puff splitting



Discrete Model
un+1
i = un

i + �1(1− un
i )− �2u

n
i q

n
i − c(un

i − un
i−1)

qn+1
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( c.f. Chate, Manneville et al. ) 
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Quantitative
Results



Decaying to Splitting Puffs
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Decaying to Splitting Puffs
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Equilibrium Turbulence Fraction

rc

mean over 
X, T, E Approaches, 

but does 
not reach 1

Continuous transition
to sustained turbulence

at rc

(c.f. M Avila, et al.)

slope=0.44



Bifurcation Diagram

rc

transient puffs expanding turbulence 

puff splitting       slugs
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Check List

puffs lifetimes

exponential distributions

super-exponential in r

puff splitting 

exponential distributions

super-exponential in r 

expanding turbulence & slugs

continuous transition to 
sustained turbulence at rc 

as r increases    turbulence 
fraction → 1 laminar 
lengths → 0      

localized edge states

unstable orbits extending to 
small r (below puffs)

puff interaction, i.e control



Discussion
• Simple considerations capture qualitatively almost all large-

scale phenomena in transitional pipe flow. 

• Helpful in not only in understanding pipe flow but also 
explaining why many flows (PCF, PPF, etc) show similar 
phenomena. Distinguish aspects specific to hydrodynamics 
(vortices and streaks) from generic aspects. 

• Lack of super-exponential decay times is not necessarily a 
failure, it is interesting, but needs explanation.

• Comparison with experiment and DNS. Predictions. 
• More quantitative modeling, but more importantly, should 

address Galilean invariance and boundary conditions. 

FUTURE
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