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Numerical analysis of the TV regularization andH−1 fidelity model for
decomposing an image into cartoon plus texture
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The Osher–Solé–Vese (OSV) model, which is the gradient flow of an energy consisting of the total vari-
ation functional plus anH−1 fidelity term, is studied. In this paper, we build on the analysis of the OSV
model which we gave in Elliott & Smitheman (2007,Comm. Pure Appl. Anal., in press). We introduce
backward Euler finite-element approximations to a regularized version of the OSV initial boundary-value
problem (IBVP) and to a weak formulation of the original problem. Well-posedness and unconditional
Lyapunov stability of these fully discrete schemes are proved. Convergence results as the spatial mesh
parameter, the time step size and the regularization parameter tend to 0 are proved. Rates of convergence
as the time step size and the regularization parameter tend to 0 are found. The existence, uniqueness
and Lyapunov stability of a solution to a linearly implicit finite-element approximation to the regularized
version of the OSV IBVP are also proved.

Keywords: image decomposition; cartoon plus texture; TV andH−1 model; fourth-order parabolic
equation; numerical analysis.

1. Introduction

In this paper, we consider the numerical analysis of the Osher–Solé–Vese (OSV) model (Osheret al.,
2003).

Let f be a greyscale image (i.e.f : Ω ⊂ R2 → R for some bounded open domainΩ, where f
measures the greyscale intensity) which has been formed by adding Gaussian noisen of known standard
deviationσ to a ‘clean’ imageg:

f = g + n.

Clearly, without explicit knowledge ofn the recovery ofg from f is not possible. One approach to
recovering the information ing from f is to apply a ‘cartoon plus texture’ model which splitsf into
two partsu andv:

f = u + v,

whereu consists of the objects present ing (the ‘cartoon’ part ofg) andv consists of the small-scale
oscillations present inf (n plus the texture ing). The aim is to recover the ‘cartoon’ partu. The OSV
model (Osheret al., 2003) is to defineu as the solution of the minimization problem

inf
u∈BV(Ω)∩F

Jλ(u), Jλ(u) :=
∫

Ω
|∇u| +

λ

2
‖ f − u‖2

−1, (1.1)
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where BV(Ω) is the space of functions of bounded variation:

BV(Ω) :=
{

u ∈ L1(Ω):
∫

Ω
|∇u| < ∞

}
,

∫

Ω
|∇u| := sup

v∈X

∫

Ω
u∇ ∙ v dx

(
=
∫

Ω
|∇u|dx if u ∈ C1(Ω)

)
,

X := {v = (v1, . . . , vd) ∈ [C1
0(Ω)]d: ‖vi ‖∞ 6 1 ∀ i = 1, . . . , d},

and BV(Ω) is equipped with

‖u‖BV(Ω) := ‖u‖1 +
∫

Ω
|∇u|.

We set

F := {η ∈ (H1(Ω))′: 〈η, 1〉 = 0},

where〈∙, ∙〉 denotes the duality pairing between(H1(Ω))′ andH1(Ω) such that

〈η, ξ 〉 =
∫

Ω
ηξ dx ∀ η ∈ L

6
5 (Ω), ξ ∈ H1(Ω), d = 2, 3;

the right-hand side is being well-defined due to the continuous imbeddingH1(Ω) ↪→ L6(Ω) for
d = 2, 3.

In Jλ(u), the BV seminorm
∫
Ω |∇u| is a regularizing term introduced to remove the texture,λ > 0 is

a weighting parameter and theH−1 norm‖ f −u‖−1 is a fidelity term. The solution of the minimization
problem (1.1) is the steady state of theH−1 gradient flow forJλ(∙), which we express as two coupled
second-order equations (cf.Elliott et al., 1989; Elliott & Mikelic , 1991):

Gut = −w − λG(u − f ) in Ω, (1.2)

w = −∇ ∙
(

∇u

|∇u|

)
in Ω, (1.3)

∂u

∂ν
=

∂w

∂ν
= 0 on∂Ω, (1.4)

whereG is the inverse Laplacian operator under zero Neumann boundary conditions (defined formally
in Section2.2). We consider the following initial boundary-value problem (IBVP):
(P) givenT > 0, findu(x, t), w(x, t): ΩT := Ω × (0, T ] → R such that

ut (x, t) − 1w(x, t) = −λ(u(x, t) − f (x)) ∀ (x, t) ∈ ΩT , (1.5)

w(x, t) = −∇ ∙
(

∇u(x, t)

|∇u(x, t)|

)
∀ (x, t) ∈ ΩT , (1.6)

∂u

∂ν
(x, t) =

∂w

∂ν
(x, t) = 0 ∀ (x, t) ∈ ∂ΩT ,

u(x, 0) = u0(x) ∀ x ∈ Ω, (1.7)
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where∂ΩT := ∂Ω × (0, T ]. It was shown inElliott & Smitheman(2007) that equations (1.2–1.4) are
equivalent to equations (1.5–1.7).

Since ∇u
|∇u| is not defined when∇u = 0, a standard regularized versionJλ,ε(∙) of the energy func-

tional Jλ(∙) was introduced:

Jλ,ε(u) :=
∫

Ω
|∇u|ε dx +

λ

2
‖ f − u‖2

−1,

whereε > 0 is a small regularization parameter and

|p|ε :=
√

|p|2 + ε2 =
√

p2
1 + ∙ ∙ ∙ + p2

n + ε2, for p = (p1, . . . , pn) ∈ Rd.

The following analogue of(P) for Jλ,ε(∙) (ε > 0) was introduced inElliott & Smitheman(2007):
(Pεεε) givenT > 0, finduε(x, t), wε(x, t): ΩT → R such that

uε,t (x, t) − 1wε(x, t) = −λ(uε(x, t) − f (x)) ∀ (x, t) ∈ ΩT ,

wε(x, t) = −∇ ∙
(

∇uε(x, t)

|∇uε(x, t)|ε

)
∀ (x, t) ∈ ΩT ,

uε(x, 0) = u0,ε(x) ∀ x ∈ Ω,

∂uε

∂ν
(x, t) =

∂wε

∂ν
(x, t) = 0 ∀ (x, t) ∈ ∂ΩT .

Since the expression∇u
|∇u| is not defined when∇u = 000, the partial differential equations (PDEs) (1.5)

and (1.6) are only formal statements. InElliott & Smitheman(2007), we used convex analysis and
variational inequalities to give a rigorous definition of a solution to(P). We give the definition for(Pεεε)
and note that a solution of(P) may be defined similarly (seeElliott & Smitheman, 2007).

DEFINITION 1.1 LetΩ ⊂ Rd (2 6 d 6 3) be a bounded open domain with Lipschitz boundary∂Ω
and suppose thatu0,ε ∈ BV(Ω) ∩ F and f ∈ F . Thenuε is said to be a weak solution of the IBVP
(Pεεε) if uε ∈ C(0, T;F) ∩ L∞(0, T; BV(Ω)) ∩ H1(0, T;F), uε(0) = u0,ε a.e. anduε satisfies for any
s ∈ [0, T ],

∫ s

0
〈u′

ε(t),G[v(t) − uε(t)]〉dt +
∫ s

0
[ Jλ,ε(v(t)) −Jλ,ε(uε(t))] dt > 0

∀ v ∈ L1(0, T; BV(Ω)) ∩ L2(0, T;F). (1.8)

As in Elliott & Smitheman(2007), the inequality (1.8) is equivalent to
∫ s

0
〈v′(t),G[v(t) − uε(t)]〉dt +

∫ s

0
[ Jλ,ε(v(t)) − Jλ,ε(uε(t))] dt

>
1

2
[‖v(s) − uε(s)‖

2
−1 − ‖v(0) − u0,ε‖

2
−1]

∀ v ∈ L1(0, T; BV(Ω)) ∩ C(0, T;F): v′ ∈ L2(0, T;F). (1.9)

In Elliott & Smitheman(2007), we showed the existence of unique solutions to the minimization
problems, the well-posedness of the weak formulations of(P) and (Pεεε), the convergence of a weak
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solution to the minimizer of the corresponding energy and the well-posedness of the regularization
procedure in the evolutionary setting (see, respectively, Theorems 3.1, 4.1, 5.1 and 6.1 therein).

This paper is organized as follows. Preliminaries for spatial and temporal discretization are given
in Section2. In Section3, the fully discrete problems are introduced and shown to be well-posed and
to have unconditionally Lyapunov stable solutions. Convergence results and rates of convergence are
proved in Section4.

2. Preliminaries

In Section2.1, elementary algebraic inequalities for| ∙∙∙ |ε are given. The inverse Neumann Laplacian
operator is defined rigorously in Section2.2. Preliminaries for spatial and temporal discretizations are
given in Sections2.3and2.4, respectively.

2.1 Elementary algebraic inequalities

LEMMA 2.1 Forε > 0,

−|p − q| 6
(p − q) ∙ q

|q|ε
6 |p|ε − |q|ε 6

(p − q) ∙ p
|p|ε

6 |p − q| ∀ p, q ∈ Rd, (2.1)

(p − q) ∙ q
|p|ε

6 |p|ε − |q|ε 6
(p − q) ∙ p

|q|ε
∀ p, q ∈ Rd. (2.2)

Proof. The inequalities (2.1) were proved inElliott & Smitheman(2007).
The first inequality in (2.2) follows from the second one on interchanging the roles ofp andq, and

the second inequality can be proved as follows:

∀ p, q ∈ Rd, |p|ε − |q|ε 6
|p|2 − |p||q|

|q|ε
⇔ (|p|2 + |q|2 + ε2)2 > (|p||q| + |p|ε |q|ε)

2

⇔ |p|2|p|2ε + |q|2|q|2ε > 2|p||p|ε |q||q|ε

⇔ (|p||p|ε − |q||q|ε)
2 > 0. �

2.2 The inverse Neumann Laplacian operator

We use the space

V := {η ∈ H1(Ω): (η, 1) = 0}.

By G: F → V is denoted (minus) the inverse Laplacian operator under Neumann boundary conditions

(∇Gη, ∇ξ) = 〈η, ξ 〉 ∀ ξ ∈ H1(Ω),

andF is equipped with the norm

‖η‖−1 := ‖∇Gη‖ ∀ η ∈ F .

We denote by‖ ∙ ‖ and(∙, ∙) the usual norm and inner product onL2(Ω). The Poincaŕe inequality

‖η‖ 6 CP(|(η, 1)| + ‖∇η‖) ∀ η ∈ H1(Ω) (2.3)
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will be used. It is easy to show that

‖η‖−1 6 CP‖η‖ ∀ η ∈ F ∩ L2(Ω). (2.4)

It is easy to see that the following lemma holds.

LEMMA 2.2

(i) For v ∈ F , the mapFv: F → R defined by

Fv(η) = 〈v,Gη〉 ∀ η ∈ F

satisfiesFv ∈ F ′.

(ii) For v ∈ L2(0, T;F), the mapF̂v: L2(0, T;F) → R defined by

F̂v(η) =
∫ T

0
〈v(t),Gη(t)〉dt ∀ η ∈ L2(0, T;F)

satisfiesF̂v ∈ (L2(0, T;F))′.

2.3 The finite-element approximation

Finite-element approximations are considered under the following assumptions on the mesh.

(A) Let Ω ⊂ Rd, d 6 3, be a convex polygonal domain ifd = 2 and a convex polyhedral domain if
d = 3. Let {T h}h>0 be a ‘quasi-uniform’ (or ‘regular’) family of partitioning ofΩ into disjoint
open simplicesτ , with hτ := diamτ andh := maxτ∈T h hτ , sothatΩ = ∪τ∈T hτ . In addition,
it is assumed that the partitioningT h is

• weakly acute ford = 2: the sum of opposite angles relative to any side does not exceedπ ;

• acute ford = 3: the angle between any two faces of the same tetrahedron does not exceedπ
2 .

Associated withT h is the standard finite-element space of continuous piecewise linear basis functions

Sh := {η ∈ C(Ω): η|τ is linear∀ τ ∈ T h} ⊂ H1(Ω).

Let {ϕ j }
Nh
j =1 be the canonical basis ofSh, satisfyingϕ j (xi ) = δi j , where{x j }

Nh
j =1 is the set of

nodes ofT h. Takeπh: C(Ω) → Sh to be the interpolation operator such thatπhη(x j ) = η(x j ) for
j = 1, . . . , Nh. Let (∙, ∙)h be the following discrete inner product onC(Ω):

(η, ξ)h :=
∫

Ω
πh(ηξ)dx =

Nh∑

j =1

M̂ j j η(x j )ξ(x j ) = ηηηT M̂ξξξ ∀ η, ξ ∈ C(Ω),

whereM̂ j j := (1, ϕ j ) ( j = 1, . . . , Nh) defines the diagonal ‘lumped mass’ matrix and

[ηηη] j := η(x j ), [ξξξ ] j := ξ(x j ) for j = 1, . . . , Nh.

The mass and stiffness matrices,M andK , respectively, are defined by

Mi j = (ϕi , ϕ j ), Ki j = (∇ϕi , ∇ϕ j ) ∀ i, j = 1, . . . , Nh.
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The discrete inner product(∙, ∙)h induces a norm onSh ⊂ C(Ω), which will be denoted by‖ ∙ ‖h:

‖ηh‖h :=
√

(ηh, ηh)h ∀ ηh ∈ Sh.

It is well known that‖ ∙ ‖h and‖ ∙ ‖ are equivalent onSh:

c‖ηh‖ 6 ‖ηh‖h 6 C‖ηh‖ ∀ ηh ∈ Sh. (2.5)

SinceT h is quasi-uniform, we have the following inverse estimate:

‖∇ηh‖ 6
C

h
‖ηh‖h ∀ ηh ∈ Sh.

We also have the following estimate for the error due to numerical integration:

|(ηh, ξh) − (ηh, ξh)h| 6 Ch2‖∇ηh‖‖∇ξh‖ 6 Ch‖ηh‖‖∇ξh‖ ∀ ηh, ξh ∈ Sh. (2.6)

We define the discrete analoguesGh: F → Vh andĜh: Fh → Vh of the Green’s operatorG by

(∇Ghη, ∇ξh) = 〈η, ξh〉 ∀ ξh ∈ Sh,

(∇Ĝhη, ∇ξh) = (η, ξh)h ∀ ξh ∈ Sh,

where

Vh := {ηh ∈ Sh: (ηh, 1) = (ηh, 1)h = 0} ⊂ V, Fh := {η ∈ C(Ω): (η, 1)h = 0} ⊃ Vh.

We denote by‖ ∙ ‖−h, ‖ ∙ ‖−h,h the norms induced byGh, Ĝh onF , Fh, respectively:

‖η‖−h := ‖∇Ghη‖ ∀ η ∈ F ,

‖η‖−h,h := ‖∇Ĝhη‖ ∀ η ∈ Fh.

Unless explicitly stated otherwise,Vh andFh are assumed to be equipped with‖ ∙ ‖H1(Ω) and
‖ ∙ ‖−h,h, respectively. By(F , ‖ ∙ ‖−h) will be meantF equipped with‖ ∙ ‖−h.
We have that

• Vh ↪→↪→ H1(Ω) (sinceVh ↪→ H1(Ω) andVh is finite dimensional);

• Vh is a closed subspace ofH1(Ω).

We will use the following results (seeBarrett & Blowey, 1995; Blowey & Elliott, 1992; Nochetto,
1991):

C1h2‖∇ηh‖ 6 C2h‖ηh‖ 6 ‖ηh‖−h 6 ‖ηh‖−1 6 C3‖ηh‖−h ∀ ηh ∈ Vh, (2.7)

h2‖∇ηh‖ 6 C1h‖ηh‖h 6 C2‖ηh‖−h,h 6 C3‖ηh‖−h 6 C4‖ηh‖−h,h ∀ ηh ∈ Vh, (2.8)

‖(Gh − Ĝh)ηh‖H1(Ω) 6 Ch2‖∇ηh‖ 6 Ch‖ηh‖ ∀ ηh ∈ Vh, (2.9)

‖(G − Gh)η‖ 6 Ch‖η‖−1 ∀ η ∈ F . (2.10)
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It follows from inequalities (2.4) and (2.10) that

‖(G − Gh)η‖ 6 Ch‖η‖ ∀ η ∈ F ∩ L2(Ω). (2.11)

The triangle inequality and inequalities (2.9) and (2.11) give that

‖(G − Ĝh)ηh‖ 6 Ch‖ηh‖ ∀ ηh ∈ Vh. (2.12)

The Poincaŕe inequality (2.3) and the inequalities (2.5) give that forη ∈ Fh,

‖η‖2
−h,h = (η, Ĝhη)h 6 ‖η‖h‖Ĝhη‖h 6 C‖η‖‖∇Ĝhη‖ = C‖η‖‖η‖−h,h ⇒ ‖η‖−h,h 6 C‖η‖. (2.13)

It can be shown that the following lemma holds.

LEMMA 2.3 (cf. Lemma2.2(ii))

(i) For vh ∈ L2(0, T; Vh), the mapFvh : L2(0, T; Vh) → R defined by

Fvh(ηh) =
∫ s

0
(ηh(t),Ghvh(t))dt ∀ ηh ∈ L2(0, T; Vh)

satisfiesFvh ∈ (L2(0, T; Vh))′.

(ii) For vh ∈ L2(0, T; Vh), the mapF̂vh : L2(0, T; Vh) → R defined by

F̂vh(ηh) =
∫ s

0
(vh(t), Ĝhηh(t))

hdt ∀ ηh ∈ L2(0, T; Vh)

satisfiesF̂vh ∈ (L2(0, T; Vh))′.

The following lemma is proved in the Appendix.

LEMMA 2.4

(i) If {ηh}h>0 is a sequence satisfying the following:

• ηh ∈ Vh ∀ h > 0,

• ‖ηh‖ remains bounded ash ↓ 0,

then

lim inf
h↓0

‖ηh‖2
−h,h = lim inf

h↓0
‖ηh‖2

−h = lim inf
h↓0

‖ηh‖2
−1.

(ii) If {ηh}h>0 is a sequence satisfying the following:

• ηh ∈ L2(0, T; Vh) ∀ h > 0,

• ‖ηh‖L2(ΩT )remains bounded ash ↓ 0,

then, for alls ∈ [0, T ],

lim inf
h↓0

‖ηh‖2
L2(0,s;Fh)

= lim inf
h↓0

‖ηh‖
2
L2(0,s;(F ,‖∙‖−h))

= lim inf
h↓0

‖ηh‖2
L2(0,s;F)

.
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(iii) If η ∈ L2(ΩT ) ∩ L2(0, T;F) and{ηh}h>0 is a sequence satisfying the following:

• ηh ∈ L2(0, T; Vh) ∀ h > 0,

• ‖ηh‖L2(ΩT ) remains bounded ash ↓ 0,

• ηh → η in L2(0, T;F),

then

lim
h↓0

‖∇[Ĝhηh − Gη]‖L2(ΩT ) = 0.

(iv) If {ηh}h>0 and{ξh}h>0 are sequences satisfying the following:

• ηh, ξh ∈ L2(0, T; Vh) ∀ h > 0,

• ‖ηh‖L2(ΩT ) and‖ξh‖L2(ΩT ) remain bounded ash ↓ 0,

then, for alls ∈ [0, T ],

lim inf
h↓0

‖∇[Ĝhηh − Ghξh]‖2
L2(0,s;L2(Ω))

= lim inf
h↓0

‖ηh − ξh‖2
L2(0,s;F)

.

We define the discreteL2-projection operatorPh: L2(Ω) → Sh by

(Phη, ξh) = (η, ξh) ∀ ξh ∈ Sh.

Clearly, Phη ∈ Vh for η ∈ L2(Ω) ∩ F . Also, form = 1, 2 (seeBarrettet al., 1999),

‖(I − Ph)η‖ + h‖∇(I − Ph)η‖ 6 Chm|η|Hm(Ω) ∀ η ∈ Hm(Ω), (2.14)

yielding

‖Phη‖ 6 (Ch + 1)‖η‖H1(Ω), ‖∇ Phη‖ 6 (C + 1)‖η‖H1(Ω) ∀ η ∈ H1(Ω),

∀ η ∈ H2(Ω), Phη → η in H1(Ω) ash ↓ 0. (2.15)

Further,(I − Ph)η ∈ L2(Ω)∩F for all η ∈ L2(Ω) and hence the inequalities (2.4) and (2.14) give that

‖(I − Ph)η‖−1 6 Ch‖∇η‖ ∀ η ∈ H1(Ω). (2.16)

Inequalities (2.4) and (2.16) yield

‖Phη‖−1 6 (Ch + CP)‖η‖H1(Ω) ∀ η ∈ V .

2.4 Discretization in time

The interval [0, T ] is divided into N > 0 intervals [tn−1, tn] (1 6 n 6 N) of equal length by taking

1t = T
N andtn = n1t (0 6 n 6 N). The notationUn ≈ u(tn) anddtUn := Un−Un−1

1t (n = 1, . . . , N)

is used. The piecewise linear and constant in time interpolants,U andÛ , respectively, of a discrete in
time function{Un}N

n=0 are defined by

∀ 16 n 6 N, U (t) :=
t − tn−1

1t
Un +

tn − t

1t
Un−1 ∀ t ∈ [tn−1, tn], Û (t) := Un ∀ t ∈ [tn−1, tn).
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It follows that

∀ 16 n 6 N, U ′(t) = dtU
n ∀ t ∈ (tn−1, tn).

It is easy to show that

(dtU
n,Un) =

1

2
dt [‖Un‖2] +

1t

2
‖dtU

n‖2. (2.17)

For 06 n 6 N,

‖U ′
ε‖

2
L2(0,tn;F)

=
∫ tn

0
‖U ′

ε(t)‖
2
−1 dt =

n∑

j =1

∫ t j

t j −1

‖dtU
j
ε ‖2

−1 dt = 1t
n∑

j =1

‖dtU
j
ε ‖2

−1. (2.18)

3. Well-posedness of fully discrete problems

In Section3.1, we introduce the analogues of the energiesJλ,ε(∙) andJλ(∙) that we will use when con-
sidering spatially discrete problems. Fully discrete analogues of(P) and(Pεεε) are introduced in Section
3.2. Weaker formulations of these fully discrete problems are given in Section3.3. Well-posedness and
Lyapunov stability of the fully discrete solutions are given in Section3.4.

3.1 Energies for spatial discretization

We consider the following analogues of the energiesJλ,ε(∙) andJλ(∙):

Ĵλ,ε,h(u) :=
∫

Ω
|∇u|ε +

λ

2
‖∇[Ĝhu − Gh f ]‖2, Ĵλ,h(u) := Ĵλ,0,h(u) ∀ u ∈ BV(Ω) ∩ Fh.

If explicit reference to the functionf needs to be made, then we use the notationJλ,ε(u, f ), etc.

3.2 Fully discrete problems

We consider the linearly and fully implicit approximations to the fourth-order PDE (1.2):
(Pε,h,1tε,h,1tε,h,1t

111 ) find {Un
ε,h}N

n=1 ⊂ Vh such thatU0
ε,h = u0,ε,h ∈ Vh and forn = 1, . . . , N,

(ĜhdtU
n
ε,h, ηh)h +

(
∇Un

ε,h

|∇Un−1
ε,h |ε

, ∇ηh

)

= −λ(ĜhUn
ε,h − Gh f, ηh)h ∀ ηh ∈ Sh; (3.1)

(Pε,h,1tε,h,1tε,h,1t
222 ) find {Un

ε,h}N
n=1 ⊂ Vh such thatU0

ε,h = u0,ε,h ∈ Vh and forn = 1, . . . , N,

(ĜhdtU
n
ε,h, ηh)h +

(
∇Un

ε,h

|∇Un
ε,h|ε

, ∇ηh

)

= −λ(ĜhUn
ε,h − Gh f, ηh)h ∀ ηh ∈ Sh. (3.2)

We also consider the following fully implicit approximation to the unregularized analogue of the
variational inequality (1.8):

(Ph,1th,1th,1t ) find {Un
h }N

n=1 ⊂ Vh such thatU0
h = u0,h ∈ Vh and forn = 1, . . . , N,

(dtU
n
h , Ĝh[vh − Un

h ])h + Ĵλ,h(vh) − Ĵλ,h(Un
h ) > 0 ∀ vh ∈ Vh. (3.3)
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3.3 Preliminary results

In this section, we give variational inequalities that follow from the equation (3.2) for (Pε,h,1tε,h,1tε,h,1t
222 ) and

the inequality (3.3) for (Ph,1th,1th,1t ). Lemma3.1gives that the natural analogue of the variational inequality
(3.3) for (Ph,1th,1th,1t ) can be deduced from the equation (3.2) for (Pε,h,1tε,h,1tε,h,1t

222 ). Lemma3.2gives analogues of the

variational inequality (1.9) for (Pεεε) which can be deduced from the equation (3.2) for (Pε,h,1tε,h,1tε,h,1t
222 ) and the

inequality (3.3) for (Ph,1th,1th,1t ). Lemma3.3gives equivalent formulations of the inequality (3.3) for (Ph,1th,1th,1t )
and the analogous inequality for(Pε,h,1tε,h,1tε,h,1t

222 ).

LEMMA 3.1 If {Un
ε,h}

N
n=1 ⊂ Vh is a solution of(Pε,h,1tε,h,1tε,h,1t

222 ), then

∀ n = 1, . . . , N, (dtU
n
ε,h, Ĝ

h[vh − Un
ε,h])h + Ĵλ,ε,h(vh) − Ĵλ,ε,h(U

n
ε,h) > 0 ∀ vh ∈ Vh. (3.4)

Proof. Suppose that{Un
ε,h}N

n=1 ⊂ Vh is a solution of(Pε,h,1tε,h,1tε,h,1t
222 ). Takevh ∈ Vh. Lettingηh = vh − Un

ε,h

in equation (3.2) and using the inequality(a − b)(c − a) 6 1
2[(c − b)2 − (a − b)2] and inequality (2.1)

give inequality (3.4). �

LEMMA 3.2 If {Un
h }N

n=0, {U
n
ε,h}N

n=0 ⊂ Vh are solutions of(Ph,1th,1th,1t ), (Pε,h,1tε,h,1tε,h,1t
222 ) andUh,Uε,h are their

piecewise linear in time interpolants, then, for alls ∈ [0, T ],
∫ s

0
(v′

h(t), Ĝh[vh(t) − Uh(t)])h dt +
∫ s

0
[ Ĵλ,h(vh(t)) − Ĵλ,h(Ûh(t))]dt

>
1

2
[‖vh(s) − Uh(s)‖2

−h,h − ‖vh(0) − u0,h‖2
−h,h] ∀ vh ∈ H1(0, T; Vh) ∩ C(0, T; Vh); (3.5)

∫ s

0
(v′

h(t), Ĝh[vh(t) − Uε,h(t)])hdt +
∫ s

0
[ Ĵλ,ε,h(vh(t)) − Ĵλ,ε,h(Ûε,h(t))]dt

>
1

2
[‖vh(s) − Uε,h(s)‖2

−h,h − ‖vh(0) − u0,ε,h‖2
−h,h] ∀ vh ∈ H1(0, T; Vh) ∩ C(0, T; Vh).

(3.6)

Proof. We prove the result for(Pε,h,1tε,h,1tε,h,1t
222 ); the result for(Ph,1th,1th,1t ) can be proved analogously. Indeed, the

inequality (3.4) implies that, for a.e.t ∈ [0, T ],

(U ′
ε,h(t), Ĝh[vh − Ûε,h(t)])h + Ĵλ,ε,h(vh) − Ĵλ,ε,h(Ûε,h(t)) > 0 ∀ vh ∈ Vh.

It follows that for alls ∈ [0, T ],
∫ s

0
(U ′

ε,h(t), Ĝh[vh(t) − Uε,h(t)])hdt +
∫ s

0
(U ′

ε,h(t), Ĝh[Uε,h(t) − Ûε,h(t)])h dt

+
∫ s

0
[ Ĵλ,ε,h(vh(t)) − Ĵλ,ε,h(Ûε,h(t))]dt > 0 ∀ vh ∈ C(0, T; Vh).

Further,

(v′
h(t) − U ′

ε,h(t), Ĝh[vh(t) − Uε,h(t)])h =
1

2

d

dt
[‖vh(t) − Uε,h(t)‖2

−h,h].
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Hence, for alls ∈ [0, T ],

∫ s

0
(v′

h(t), Ĝh[vh(t) − Uε,h(t)])hdt

+
∫ s

0
(U ′

ε,h(t), Ĝh[Uε,h(t) − Ûε,h(t)])h dt +
∫ s

0
[ Ĵλ,ε,h(vh(t)) − Ĵλ,ε,h(Ûε,h(t))] dt

>
1

2
[‖vh(s) − Uε,h(s)‖2

−h,h − ‖vh(0) − u0,ε,h‖2
−h,h] ∀ vh ∈ H1(0, T; Vh) ∩ C(0, T; Vh).

Takes ∈ [0, T ] andn ∈ [1, N] such thats ∈ [tn−1, tn]. Then

∫ s

0
(U ′

ε,h(t), Ĝh[Uε,h(t) − Ûε,h(t)])h dt

=
n−1∑

j =1

(dtU
j
ε,h, Ĝh(dtU

j
ε,h))h

∫ t j

t j −1

(t − t j )dt + (dtU
n
ε,h, Ĝh(dtU

n
ε,h))h

∫ s

tn−1

(t − tn) dt 6 0. �

LEMMA 3.3 For{Un
h }N

n=1, {U
n
ε,h}

N
n=1 ⊂ Vh, the inequalities (3.3), (3.4) are equivalent to, respectively,

1t
n∑

j =1

(dtv
j
h, Ĝh[v j

h − U j
h ])h + 1t

n∑

j =1

[ Ĵλ,h(v
j
h) − Ĵλ,h(U

j
h )]

>
1

2
[‖Un

h − vn
h‖2

−h,h − ‖u0,h − v0
h‖2

−h,h] +
1t

2
‖U ′

h − v′
h‖2

L2(0,tn;Fh)
∀{v j

h}N
j =0 ⊂ Vh, (3.7)

1t
n∑

j =1

(dtv
j
h, Ĝh[v j

h − U j
ε,h])h + 1t

n∑

j =1

[ Ĵλ,ε,h(v
j
h) − Ĵλ,ε,h(U j

ε,h)]

>
1

2
[‖Un

ε,h − vn
h‖2

−h,h − ‖u0,ε,h − v0
h‖2

−h,h] +
1t

2
‖U ′

ε,h − v′
h‖2

L2(0,tn;Fh)
∀{v j

h}N
j =0 ⊂ Vh, (3.8)

where Uh, Uε,h, vh are the piecewise linear in time interpolants of{U j
h }N

j =0, {U j
ε,h}N

j =0, {v j
h}N

j =0,
respectively.

Proof. We prove that (3.4) is equivalent to (3.8); that (3.3) is equivalent to (3.7) can be proved
analogously.



12 of 39 C. M. ELLIOTT AND S. A. SMITHEMAN

To show that inequality (3.4) implies inequality (3.8), consider{v j
h}N

j =0 ⊂ Vh. Equation (2.17) gives
that

(dtUn
ε,h, Ĝh[vn

h − Un
ε,h])h

= (dtv
n
h, Ĝh[vn

h − Un
ε,h])h − 1

2dt‖Un
ε,h − vn

h‖2
−h,h − 1t

2 ‖dt (Un
ε,h − vn

h)‖2
−h,h, 16 n 6 N.

Replacingvh by vn
h in (3.4) and using the last equation gives that

1

2
dt‖Un

ε,h − vn
h‖2

−h,h +
1t

2
‖dt (U

n
ε,h − vn

h)‖2
−h,h + Ĵλ,ε,h(U

n
ε,h)

6 (dtv
n
h, Ĝh[vn

h − Un
ε,h])h + Ĵλ,ε,h(vn

h), 16 n 6 N.

Summation gives that for 06 n 6 N,

1

21t
‖Un

ε,h − vn
h‖2

−h,h +
1t

2

n∑

j =1

‖dt (U
j
ε,h − v

j
h)‖2

−h,h +
n∑

j =1

Ĵλ,ε,h(U
j
ε,h)

6
1

21t
‖U0

ε,h − v0
h‖2

−h,h +
n∑

j =1

(dtv
j
h, Ĝh[v j

h − U j
ε,h])h +

n∑

j =1

Ĵλ,ε,h(v
j
h) ∀{v j

h}N
j =0 ⊂ Vh. (3.9)

Equation (2.18) shows that inequality (3.9) is equivalent to inequality (3.8).
To show that inequality (3.9) gives inequality (3.4), takevh ∈ Vh and 16 n 6 N. Letting

v
j
h = U j

ε,h ∈ Vh for 06 j 6 n − 1 and v
j
h = vh for n 6 j 6 N

in inequality (3.9) gives that

1

1t
‖Un

ε,h − vh‖2
−h,h + Ĵλ,ε,h(U

n
ε,h) 6

1

1t
(vh − Un−1

ε,h , Ĝh[vh − Un
ε,h])h + Ĵλ,ε,h(vh),

and rearranging this last inequality gives inequality (3.4). �

3.4 Well-posedness and Lyapunov stability of fully discrete solutions

In this section, we prove well-posedness and unconditional Lyapunov stability of solutions to(Pε,h,1tε,h,1tε,h,1t
222 )

and(Ph,1th,1th,1t ). Furthermore, we prove that there exists a unique solution to(Pε,h,1tε,h,1tε,h,1t
111 ) and that this solution

is unconditionally Lyapunov stable.

LEMMA 3.4

(i) Each of the problems(Pε,h,1tε,h,1tε,h,1t
111 ) and(Pε,h,1tε,h,1tε,h,1t

222 ) has a unique solution{Un
ε,h}N

n=1. Moreover, in each

case the piecewise linear in time interpolantUε,h of the solution{Un
ε,h}N

n=1 satisfies the stability
estimate

(
1 +

λ1t

2

)
‖U ′

ε,h‖2
L2(0,T;Fh)

+ Ĵλ,ε,h(Uε,h(t)) 6 Ĵλ,ε,h(u0,ε,h) ∀ t ∈ [0, T ]. (3.10)



NUMERICAL ANALYSIS OF TV AND H−1 MODEL 13 of 39

Let {Un
ε,h,i }

N
n=1 (i = 1, 2) be solutions of(Pε,h,1tε,h,1tε,h,1t

222 ) for datau0,ε,h,i ∈ Vh, fi ∈ F . Then

(
‖Un

ε,h,2 − Un
ε,h,1‖

2
−h,h + 1t‖U ′

ε,h,2 − U ′
ε,h,1‖

2
L2(0,tn;Fh)

) 1
2

6 ‖u0,ε,h,2 − u0,ε,h,1‖−h,h +
√

λT‖ f2 − f1‖−h ∀ n = 0, . . . , N. (3.11)

(ii) The problem(Ph,1th,1th,1t ) has a unique solution{Un
h }N

n=1. Moreover, the piecewise linear in time
interpolantUh of {Un

h }N
n=1 satisfies the stability estimate

‖U ′
h‖2

L2(0,T;Fh)
+ Ĵλ,h(Uh(t)) 6 Ĵλ,h(u0,h) ∀ t ∈ [0, T ]. (3.12)

Let {Un
h,i }

N
n=1 (i = 1, 2) be solutions of(Ph,1th,1th,1t ) for datau0,h,i ∈ Vh, fi ∈ F . Then

(
‖Un

h,2 − Un
h,1‖

2
−h,h + 1t‖U ′

h,2 − U ′
h,1‖

2
L2(0,tn;Fh)

) 1
2

6 ‖u0,h,2 − u0,h,1‖−h,h +
√

λT‖ f2 − f1‖−h ∀ n = 0, . . . , N. (3.13)

Proof. We prove that

(a) there exists a solution{Un
ε,h}

N
n=1 ⊂ Vh of (Pε,h,1tε,h,1tε,h,1t

222 );

(b) if {Un
ε,h,i }

N
n=1 ⊂ Vh (i = 1, 2) satisfy (3.4) for datau0,ε,h,i ∈ Vh, fi ∈ F , then they satisfy

inequality (3.11);

(c) the solution{Un
ε,h}N

n=1 ⊂ Vh of (Pε,h,1tε,h,1tε,h,1t
222 ) satisfies inequality (3.10);

(d) there exists a unique solution{Un
ε,h}N

n=1 ⊂ Vh of (Pε,h,1tε,h,1tε,h,1t
111 );

(e) the solution{Un
ε,h}N

n=1 ⊂ Vh of (Pε,h,1tε,h,1tε,h,1t
111 ) satisfies inequality (3.10);

(f) there exists a solution{Un
h }N

n=1 ⊂ Vh of (Ph,1th,1th,1t );

(g) if {Un
h,i }

N
n=1 (i = 1, 2) are solutions of(Ph,1th,1th,1t ) for datau0,h,i ∈ Vh, fi ∈ F , then they satisfy

inequality (3.13);

(h) the solution{Un
h }N

n=1 ⊂ Vh of (Ph,1th,1th,1t ) satisfies inequality (3.12)

as follows.

(a) We consider the following minimization problem:

givenuε,h ∈ Vh, find ξh = ξh(uε,h) ∈ Vh such that

J̃λ,ε,h(ξh; uε,h) = inf
ξh∈Vh

J̃λ,ε,h(ξh; uε,h),

where

J̃λ,ε,h(ξh; uε,h) := Ĵλ,ε,h(ξh) +
1

21t
‖ξh − uε,h‖2

−h,h.
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LEMMA 3.5 The above minimization problem has a unique solution.

Proof. Let {ξm
h }m∈N ⊂ Vh be a minimizing sequence for̃Jλ,ε,h(∙; uε,h). There exists a constantM > 0

such that

J̃λ,ε,h(ξ
m
h ; uε,h) 6 M ∀ m ∈ N.

The inequalities (2.7) yield

‖ξm
h ‖2

−h,h 6 2‖∇[Ĝhξm
h − Gh f ]‖2 + 2‖ f ‖2

−1 6
4M

λ
+ 2‖ f ‖2

−1 ∀ m ∈ N.

Hence, the inequalities (2.8) show that there existsC > 0 such that

‖ξm
h ‖2

H1(Ω)
6

C

h4

[
4M

λ
+ 2‖ f ‖2

−1

]
∀ m ∈ N.

It follows that{ξm
h }m∈N is bounded inH1(Ω). Hence, there existsξh ∈ Vh such that

ξm
h → ξh in Vh asm → ∞.

Inequality (2.13) yields

‖ξm
h − uε,h‖−h,h → ‖ξh − uε,h‖−h,h and ‖∇[Ĝhξm

h − Gh f ]‖ → ‖∇[Ĝhξh − Gh f ]‖

asm → ∞.

Inequality (2.1) gives

|(|∇ξm
h |ε, 1) − (|∇ξh|ε, 1)| 6 (|∇(ξm

h − ξh)|, 1) 6 |Ω|
1
2 ‖ξm

h − ξh‖H1(Ω) → 0 asm → ∞.

Hence,

J̃λ,ε,h(ξh; uε,h) = lim
m→∞

J̃λ,ε,h(ξ
m
h ; uε,h),

andthusξh is a solution of the minimization problem.

As in the proof of Theorem 3.1 inElliott & Smitheman(2007), J̃λ,ε,h(∙; uε,h) is strictly convex,
showing that the solution of the minimization problem is unique. �

By the calculus of variations, theminimizerξh ∈ Vh of J̃λ,ε,h(∙; uε,h) satisfies
[

δ

δα
J̃λ,ε,h(ξh + αηh; uε,h)

]

α=0
= 0 ∀ ηh ∈ Vh,

yielding
(

∇ξh

|∇ξh|ε
, ∇ηh

)

+ λ(Ĝhξh − Gh f, ηh)h +
1

1t
(Ĝh[ξh − uε,h], ηh)h = 0 ∀ ηh ∈ Sh.

TakingUn
ε,h = ξh(Un−1

ε,h ) for eachn = 1, . . . , N in turn gives the existence of a solution{Un
ε,h}N

n=1 ⊂

Vh of (Pε,h,1tε,h,1tε,h,1t
222 ).
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(b) Let {Un
ε,h,i }

N
n=1 ⊂ Vh (i = 1, 2) satisfy (3.4) for datau0,ε,h,i ∈ Vh, fi ∈ F , and define the

discrete in space and time function{Un
ε,h}N

n=1 ⊂ Vh by

Un
ε,h :=

Un
ε,h,1 + Un

ε,h,2

2
∈ Vh ∀ n = 0, . . . , N

(
⇒ U0

ε,h =
u0,ε,h,1 + u0,ε,h,2

2
∈ Vh

)
.

Takingvh = Un
ε,h in the inequalities (3.4) for i = 1, 2 and adding the two resulting inequalities gives

−
1

2
(dt [U

n
ε,h,2 − Un

ε,h,1], Ĝh[Un
ε,h,2 − Un

ε,h,1])h

+ [2 Ĵ0,ε,h(Un
ε,h) − Ĵ0,ε,h(U

n
ε,h,1) − Ĵ0,ε,h(U

n
ε,h,2)]

+
λ

2
[‖∇[ĜhUn

ε,h − Gh f1]‖2 + ‖∇[ĜhUn
ε,h − Gh f2]‖2

− ‖∇[ĜhUn
ε,h,1 − Gh f1]‖2 − ‖∇[ĜhUn

ε,h,2 − Gh f2]‖2] > 0 ∀ n = 1, . . . , N.

Using the inequality

(
a + b

2
− c

)2

+
(

a + b

2
− d

)2

− (a − c)2 − (b − d)2 6
1

2
(d − c)2 ∀ a, b, c, d ∈ R,

equation (2.17) and the convexity of̂J0,ε,h (Acar & Vogel, 1994, Theorem 2.4) yields

dt [‖Un
ε,h,2 − Un

ε,h,1‖
2
−h,h] + 1t‖dt [U

n
ε,h,2 − Un

ε,h,1]‖2
−h,h 6 λ‖ f2 − f1‖

2
−h ∀ n = 1, . . . , N,

and summation gives that

‖Un
ε,h,2 − Un

ε,h,1‖
2
−h,h + (1t)2

n∑

j =1

‖dt [U
j
ε,h,2 − U j

ε,h,1]‖2
−h,h

6 ‖u0,ε,h,2 − u0,ε,h,1‖
2
−h,h + nλ1t‖ f2 − f1‖

2
−h ∀ n = 0, . . . , N.

Equation (2.18) gives

‖Un
ε,h,2 − Un

ε,h,1‖
2
−h,h + 1t‖U ′

ε,h,2 − U ′
ε,h,1‖

2
L2(0,tn;Fh)

6 ‖u0,ε,h,2 − u0,ε,h,1‖
2
−h,h + λT‖ f2 − f1‖

2
−h ∀ n = 0, . . . , N.

Taking the square roots and using the fact that
√

a2 + b2 6 |a| + |b| gives inequality (3.11).

(c) Take{Un
ε,h}N

n=1 ⊂ Vh to be the solution of(Pε,h,1tε,h,1tε,h,1t
222 ).

Lettingηh = dtUn
ε,h in equation (3.2) gives that

1t‖dtUn
ε,h‖

2
−h,h +

(
∇Un

ε,h
|∇Un

ε,h|ε
, ∇[Un

ε,h − Un−1
ε,h ]

)
= −λ(ĜhUn

ε,h − Gh f,Un
ε,h − Un−1

ε,h )h

∀ n = 1, . . . , N.
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Inequality (2.1) and equation (2.17) give

1t

(
1 +

λ1t

2

)
‖dtU

n
ε,h‖2

−h,h +
∫

Ω
|∇Un

ε,h|ε +
λ1t

2
dt‖∇[ĜhUn

ε,h −Gh f ]‖2 6
∫

Ω
|∇Un−1

ε,h |ε

∀ n = 1, . . . , N.

Summing and using equation (2.18) show that inequality (3.10) holds fort = tn (06 n 6 N):
(

1 +
λ1t

2

)
‖U ′

ε,h‖2
L2(0,tn;Fh)

+ Ĵλ,ε,h(Un
ε,h) 6 Ĵλ,ε,h(u0,ε,h) ∀ n = 0, . . . , N.

To show that inequality (3.10) holds for allt ∈ [0, T ], suppose thatt ∈ [tn−1, tn] for some 16 n 6 N.
There existsα ∈ [0, 1] such thatt = αtn−1 + (1 − α)tn. The convexity ofĴλ,ε,h(∙) (see the proof of
Theorem 3.1 inElliott & Smitheman, 2007) gives

Ĵλ,ε,h(Uε,h(t)) = Ĵλ,ε,h((1 − α)Un
ε,h + αUn−1

ε,h ) 6 (1 − α) Ĵλ,ε,h(Un
ε,h) + α Ĵλ,ε,h(Un−1

ε,h ).

Multiplying the inequalities (3.10) for t = tn−1, tn byα, 1−α, respectively, and adding the two resulting
inequalities gives
(

1 +
λ1t

2

)[
(1 − α)‖U ′

ε,h‖2
L2(0,tn;Fh)

+ α‖U ′
ε,h‖2

L2(0,tn−1;Fh)

]
+ Ĵλ,ε,h(Uε,h(t)) 6 Ĵλ,ε,h(u0,ε,h).

Using

(1 − α)‖U ′
ε,h‖2

L2(tn−1,tn;Fh)
= ‖U ′

ε,h‖2
L2(tn−1,t;Fh)

gives inequality (3.10).

(d) We define vectorsUn
ε,h (n = 0, . . . , N), Wn

ε,h (n = 1, . . . , N) andfh of lengthNh by

[Un
ε,h]i = Un

ε,h(xi ), [Wn
ε,h]i = Wn

ε,h(xi ), [ fh]i = 〈 f, ϕi 〉 ∀ i = 1, . . . , Nh,

where{xi }
Nh
i =1 are the nodes of the triangulation. For a finite-element functionηh ∈ Sh, we define the

symmetric positive semidefinite matrixAε,h(ηh) ∈ RNh×Nh by

[ Aε,h(ηh)]i, j =
(

∇ϕi

|∇ηh|ε
, ∇ϕ j

)
∀ i, j 6 Nh.

It is easy to show that the fourth-order equation (3.1) is equivalent to

(dtU
n
ε,h, ηh)h + (∇Wn

ε,h, ∇ηh) = −λ(Un
ε,h, ηh)

h + λ〈 f, ηh〉 ∀ ηh ∈ Sh, (3.14)

(Wn
ε,h, ηh)h =

(
∇Un

ε,h

|∇Un−1
ε,h |ε

, ∇ηh

)

∀ ηh ∈ Sh (3.15)

(cf. the proof of the equivalence of (1.2), (1.3) to (1.5), (1.6) given in Elliott & Smitheman, 2007).
Furthermore, the pair of second-order equations (3.14) and (3.15) is equivalent to

(
(1 + λ1t)M̂ 1t K

(1 + λ1t)Aε,h(Un−1
ε,h ) −(1 + λ1t)M̂

)(
Un

ε,h

Wn
ε,h

)

=

(
M̂Un−1

ε,h + λ1t fh

000

)

. (3.16)
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Since a finite-dimensional linear system is being considered, existence follows from uniqueness. Unique-
ness is proved by an induction argument. Indeed, assume thatUn−1

ε,h is unique (note thatU0
ε,h is unique)

and suppose that(Un
ε,h, Wn

ε,h)T and(Ũ
n
ε,h, W̃

n
ε,h)

T are two solutions of (3.16). Let θθθn
U,ε,h = Un

ε,h − Ũ
n
ε,h

andθθθn
W,ε,h = Wn

ε,h − W̃
n
ε,h. It follows that

0 = ([θθθn
W,ε,h]T[θθθn

U,ε,h]T)

(
(1 + λ1t)M̂ 1t K

(1 + λ1t)Aε,h(Un−1
ε,h ) −(1 + λ1t)M̂

)(
θθθn

U,ε,h

θθθn
W,ε,h

)

= (1 + λ1t)[θθθn
U,ε,h]T Aε,h(Un−1

ε,h )θθθn
U,ε,h + 1t [θθθn

W,ε,h]TK θθθn
W,ε,h.

By the positive semidefiniteness ofAε,h(Un−1
ε,h ) and K , it follows thatθθθn

U,ε,h andθθθn
W,ε,h are constant

vectors. Hence,

0 = ([θθθn
U,ε,h]T[θθθn

W,ε,h]T)

(
(1 + λ1t)M̂ 1t K

−(1 + λ1t)Aε,h(Un−1
ε,h ) (1 + λ1t)M̂

)(
θθθn

U,ε,h

θθθn
W,ε,h

)

= (1 + λ1t){[θθθn
U,ε,h]TM̂θθθn

U,ε,h + [θθθn
W,ε,h]TM̂θθθn

W,ε,h}.

SinceM̂ is positive definite, it follows thatθθθn
U,ε,h = θθθn

W,ε,h = 000. Hence, there exists a unique solution

of (Pε,h,1tε,h,1tε,h,1t
111 ).

(e) This can be proved similarly to (c), with inequality (2.2) being used instead of (2.1).

(f) For ε > 0, take{Un
ε,h}N

n=1 ⊂ Vh to be the solution of(Pε,h,1tε,h,1tε,h,1t
222 ) for data

u0,ε,h = u0,h.

The inequalities (2.7), (2.13), |ppp|ε 6 |ppp| + ε and 1
2(a + b)2 6 a2 + b2 yield

Ĵλ,ε,h(u0,ε,h) = Ĵλ,ε,h(u0,h) = (|∇u0,h|ε, 1) +
λ

2
‖∇[Ĝhu0,h − Gh f ]‖2

6 (|∇u0,h|, 1) + ε|Ω| + λ‖u0,h‖2
−h,h + λ‖ f ‖2

−h

6 |Ω|
1
2 ‖u0,h‖H1(Ω) + ε|Ω| + λC‖u0,h‖2

H1(Ω)
+ λ‖ f ‖2

−1. (3.17)

The inequalities (2.7), (3.10) and−1
4a2 − b2 6 −ab give that fort ∈ [0, T ],

λ

4
‖Uε,h(t)‖2

−h,h =
(

λ

2
‖Uε,h(t)‖2

−h,h +
λ

2
‖ f ‖2

−h

)
−
(

λ

4
‖Uε,h(t)‖

2
−h,h + λ‖ f ‖2

−h

)
+

λ

2
‖ f ‖2

−h

6
λ

2
‖∇[ĜhUε,h(t) − Gh f ]‖2 +

λ

2
‖ f ‖2

−h 6 Ĵλ,ε,h(Uε,h(t)) +
λ

2
‖ f ‖2

−h

6 Ĵλ,ε,h(u0,ε,h) +
λ

2
‖ f ‖2

−1. (3.18)

The inequalities (2.8) give that there existsC ≡ C(u0,h, f, λ, ε,Ω), which remains bounded asε ↓ 0,
such that

‖Uε,h‖C(0,T;H1(Ω)) 6
C

h2
.
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Hence, there exist a subsequence of{Uε,h}ε>0, still denoted by{Uε,h}ε>0, and a piecewise linear in time
functionUh ∈ L∞(0, T; Vh) such that

Uε,h(s) → Uh(s) in Vh asε ↓ 0.

We define{Un
h }N

n=1 ⊂ Vh by

Un
h := Uh(tn) ∀ n = 0, . . . , N.

In particular,

∀ n = 0, . . . , N, Un
ε,h → Un

h in Vh asε ↓ 0. (3.19)

Take vh ∈ Vh. Lemma3.6 identifies theε ↓ 0 limit of each term in inequality (3.4) as being the
corresponding term in the inequality (3.3) for (Ph,1th,1th,1t ).

LEMMA 3.6 Forvh ∈ Vh andn = 1, . . . , N,

(i) lim
ε↓0

(dtU
n
ε,h, Ĝhvh)h = (dtU

n
h , Ĝhvh)h, (ii ) lim

ε↓0
(dtU

n
ε,h, ĜhUn

ε,h)h = (dtU
n
h , ĜhUn

h )h,

(iii ) lim
ε↓0

Ĵλ,ε,h(vh) = Ĵλ,h(vh), (iv) lim
ε↓0

Ĵλ,ε,h(Un
ε,h) = Ĵλ,h(U

n
h ).

Proof.

(i) The inequality (2.13) and the limits (3.19) give that

∀ j = 0, . . . , N, |(U j
ε,h − U j

h , Ĝhvh)h| 6 ‖U j
ε,h − U j

h ‖−h,h‖vh‖−h,h 6C‖U j
ε,h − U j

h ‖‖vh‖

→ 0 asε ↓ 0.

(ii) The inequality (2.13) and the limits (3.19) give that for j, n = 0, . . . , N,

|(U j
ε,h, ĜhUn

ε,h)h − (U j
h , ĜhUn

h )h| 6 |(U j
ε,h − U j

h , ĜhUn
ε,h)h| + |(U j

h , Ĝh[Un
ε,h − Un

h ])h|

6 C[‖U j
ε,h − U j

h ‖‖Un
ε,h‖ + ‖U j

h ‖‖Un
ε,h − Un

h ‖]

→ 0 asε ↓ 0.

(iii) Follows from | |p|ε − |p| | 6 ε:
∣
∣
∣
∣

∫ s

0
(|∇vh(t)|ε − |∇vh(t)|, 1)dt

∣
∣
∣
∣ 6 εT |Ω| → 0 asε ↓ 0.

(iv) The inequality| |p|ε − |p| | 6 ε and limits (3.19) give that

∀ n = 1, . . . , N, |(|∇Un
ε,h|ε − |∇Un

h |, 1)|

6 (||∇Un
ε,h|ε − |∇Un

ε,h||, 1) + (||∇Un
ε,h| − |∇Un

h ||, 1)

6 ε|Ω| + |Ω|
1
2 ‖Un

ε,h − Un
h ‖H1(Ω) → 0 asε ↓ 0.
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From the proof of (ii),

∀ n = 1, . . . , N, |(Un
ε,h, ĜhUn

ε,h)h − (Un
h , ĜhUn

h )h| → 0 asε ↓ 0.

Also, the inequalities (2.7), (2.13) and limits (3.19) give that

∀ n = 1, . . . , N, |(∇Ĝh[Un
ε,h − Un

h ], ∇Gh f )| 6 ‖Un
ε,h − Un

h ‖−h,h‖ f ‖−h

6 C‖Un
ε,h − Un

h ‖‖ f ‖−1 → 0 asε ↓ 0.

�

(g) This can be proved analogously to (b).

(h) Let {Un
h }N

n=1 ⊂ Vh be the solution of(Ph,1th,1th,1t ). Takingvh = Un−1
h in inequality (3.3) gives

1t‖dtU
n
h ‖2

−h,h + Ĵλ,h(Un
h ) 6 Ĵλ,h(Un−1

h ) ∀ n = 1, . . . , N.

Summing and using equation (2.18) yields

‖U ′
h‖2

L2(0,tn;Fh)
+ Ĵλ,h(U

n
h ) 6 Ĵλ,h(u0,h) ∀ n = 0, . . . , N.

Proceeding as in (c) gives inequality (3.12). �

4. Convergence results

In this section, we address convergence asε, h,1t ↓ 0. In Section4.1, we introduce spatially discrete
(but continuous in time) analogues(Pε,hε,hε,h) and(Phhh) of (Pε,h,1tε,h,1tε,h,1t

222 ) and(Ph,1th,1th,1t ), respectively. We consider
convergence asε, h,1t ↓ 0 in Section4.2. Theorem4.3 gives the convergence of the sequences of
solutions of(Pε,hε,hε,h) and(Pε,h,1tε,h,1tε,h,1t

222 ) to the solutions of(Phhh) and(Ph,1th,1th,1t ), respectively, asε ↓ 0. Theorem

4.4gives the convergence of the sequences of solutions of(Pε,h,1tε,h,1tε,h,1t
222 ) and(Ph,1th,1th,1t ) to the solutions of(Pε,hε,hε,h)

and(Phhh), respectively, as1t ↓ 0. Theorem4.6 gives the convergence of the sequences of solutions of
(Pε,hε,hε,h) and (Phhh) to the weak solutions of(Pεεε) and (P), respectively, ash ↓ 0. Suboptimal rates for
convergence asε,1t ↓ 0 are given in Section4.3.

4.1 Spatially discrete problems

We consider the following discrete in space approximation to the fourth-order PDE (1.2):

(Pε,hε,hε,h) for a.e.t ∈ (0, T), find uε,h(t) ∈ Vh such thatuε,h(0) = u0,ε,h ∈ Vh and

(Ĝhu′
ε,h(t), ηh)

h +
(

∇uε,h(t)

|∇uε,h(t)|ε
, ∇ηh

)
= −λ(Ĝhuε,h(t) − Gh f, ηh)

h ∀ ηh ∈ Sh. (4.1)

We also consider the following discrete in space approximation to the unregularized analogue of the
variational inequality (1.8):
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(Phhh) find uh ∈ H1(0, T; Vh) ∩ C(0, T; Vh) such thatuh(0) = u0,h ∈ Vh and for alls ∈ [0, T ],
∫ s

0
(u′

h(t), Ĝ
h[vh(t) − uh(t)])

h dt +
∫ s

0
[ Ĵλ,h(vh(t)) − Ĵλ,h(uh(t))]dt > 0

∀ vh ∈ L2(0, T; Vh). (4.2)

The proofs of Lemmas4.1and4.2are omitted.

LEMMA 4.1 If uε,h: t ∈ (0, T) → uε,h(t) ∈ Vh is a solution of(Pε,hε,hε,h), then there exists a constant
C ≡ C(u0,ε,h, f, λ, ε,Ω) such that

‖uε,h‖C(0,T;Vh), ‖U ′
ε,h‖L2(0,T;Vh) 6

C

h2
,

and henceuε,h ∈ H1(0, T; Vh) ∩ C(0, T; Vh). Further,uε,h satisfies
∫ s

0
(v′

h(t), Ĝ
h[vh(t) − uε,h(t)])

hdt +
∫ s

0
[ Ĵλ,ε,h(vh(t)) − Ĵλ,ε,h(uε,h(t))]dt

>
1

2
[‖vh(s) − uε,h(s)‖

2
−h,h − ‖vh(0) − u0,ε,h‖

2
−h,h]

∀ vh ∈ H1(0, T; Vh) ∩ C(0, T; Vh). (4.3)

LEMMA 4.2

(i) The problem(Pε,hε,hε,h) has a unique solutionuε,h. Moreover,uε,h satisfies the stability estimate
∫ s

0
‖u′

ε,h(t)‖2
−h,h dt + Ĵλ,ε,h(uε,h(s)) = Ĵλ,ε,h(u0,ε,h) ∀ s ∈ [0, T ]. (4.4)

Let uε,h,i (i = 1, 2) be solutions of(Pε,hε,hε,h) for datau0,ε,h,i ∈ Vh, fi ∈ F . Then, for alls ∈ [0, T ],

‖uε,h,2(s) − uε,h,1(s)‖−h,h 6 ‖u0,ε,h,2 − u0,ε,h,1‖−h,h +
√

λT‖ f2 − f1‖−h.

(ii) The problem(Phhh) has a unique solutionuh. Moreover,uh satisfies the stability estimate
∫ s

0
‖u′

h(t)‖2
−h,hdt + Ĵλ,h(uh(s)) 6 Ĵλ,h(u0,h) ∀ s ∈ [0, T ].

Let uh,i (i = 1, 2) be solutions of(Phhh) for datau0,h,i ∈ Vh, fi ∈ F . Then, for alls ∈ [0, T ],

‖uh,2(s) − uh,1(s)‖−h,h 6 ‖u0,h,2 − u0,h,1‖−h,h +
√

λT‖ f2 − f1‖−h,h.

We note that it follows from the proof of Lemma4.2 that uε,h ∈ H1(0, T; Vh) ∩ C(0, T; Vh) is the
solution of(Pε,hε,hε,h) if, and only if, it satisfies (4.3).

Suppose thatuε,h ∈ H1(0, T; Vh) ∩ C(0, T; Vh) is the solution of(Pε,hε,hε,h). Takingηh = u′
ε,h(t) in

equation (4.1) and integrating overt ∈ (0, s) give
∫ s

0
‖u′

ε,h(t)‖2
−h,h dt + Ĵλ,ε,h(uε,h(s)) = Ĵλ,ε,h(u0,ε,h) ∀ s ∈ [0, T ]. (4.5)
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4.2 Convergence asε, h,1t ↓ 0

THEOREM 4.3 (Convergence asε ↓ 0)

(i) Let uh ∈ H1(0, T; Vh) ∩ C(0, T; Vh) be the solution of(Phhh), and for ε > 0 let uε,h ∈
H1(0, T; Vh) ∩ C(0, T; Vh) be the solution of(Pε,hε,hε,h) for datau0,ε,h = u0,h. Then

uε,h → uh in L2(ΩT ), uε,h ⇀ uh in L2(0, s; Vh),

u′
ε,h ⇀ u′

h in L2(0, s; Vh), uε,h(s) → uh(s) in Vh asε ↓ 0.

(ii) Let {Un
h }N

n=1 ⊂ Vh be the solution of(Ph,1th,1th,1t ), and forε > 0 let {Un
ε,h}N

n=1 ⊂ Vh be the solution

of (Pε,h,1tε,h,1tε,h,1t
222 ) for datau0,ε,h = u0,h. Then

∀ n = 0, . . . , N, Un
ε,h → Un

h in Vh asε ↓ 0.

Proof. We omit the proof of (i), and (ii) follows from the proof of (f) in Section3.4. �

THEOREM 4.4 (Convergence as1t ↓ 0)

(i) Let uε,h be the solution of(Pε,hε,hε,h), andUε,h and Ûε,h be the piecewise linear and piecewise
constant in time interpolants of the solution{Un

ε,h}N
n=0 of (Pε,h,1tε,h,1tε,h,1t

222 ). As 1t ↓ 0,

Uε,h, Ûε,h ⇀ uε,h in L2(0, T; Vh), U ′
ε,h ⇀ u′

ε,h in L2(0, T; Vh),

for a.e.s ∈ [0, T ], Uε,h(s), Ûε,h(s) → uε,h(s) in Vh.

(ii) Let uh be the solution of(Phhh) andUh andÛh be the piecewise linear and piecewise constant in
time interpolants of the solution{Un

h }N
n=0 of (Ph,1th,1th,1t ). As 1t ↓ 0,

Uh, Ûh ⇀ uh in L2(0, T; Vh), U ′
h ⇀ u′

h in L2(0, T; Vh),

for a.e.s ∈ [0, T ], Uh(s), Ûh(s) → uh(s) in Vh.

Proof. We prove (i) ((ii) can be proved analogously). From (3.18), for 1t > 0,

λ

4
‖Uε,h(t)‖2

−h,h 6 Ĵλ,ε,h(u0,ε,h) +
λ

2
‖ f ‖2

−h ∀ t ∈ [0, T ].

Using the inequalities (2.7) and (2.8) yields

‖Uε,h‖C(0,T;Vh) 6
C

h2

√
4

λ
Ĵλ,ε,h(u0,ε,h) + 2‖ f ‖2

−h ∀ 1t > 0.

Further, inequalities (2.7), (2.8) and (3.10) give that

‖U ′
ε,h‖L2(0,T;Vh) 6

C

h2

√
Ĵλ,ε,h(u0,ε,h) ∀ 1t > 0.
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For 16 n 6 N andt ∈ [tn−1, tn),

‖Ûε,h(t) − Uε,h(t)‖Vh =

∥
∥
∥
∥

t − tn
1t

(Un
ε,h − Un−1

ε,h )

∥
∥
∥
∥

Vh
6 ‖Un

ε,h − Un−1
ε,h ‖Vh 6 2‖Uε,h‖C(0,T;Vh).

Thus,

‖Ûε,h‖L∞(0,T;Vh) 6 ‖Ûε,h − Uε,h‖L∞(0,T;Vh) + ‖Uε,h‖L∞(0,T;Vh)

6
3C

h2

√
4

λ
Ĵλ,ε,h(u0,ε,h) + 2‖ f ‖2

−h ∀ 1t > 0.

Hence, there exist subsequences of{Uε,h}1t>0 and{Ûε,h}1t>0, still denoted by{Uε,h}1t>0 and
{Ûε,h}1t>0, andfunctionsuε,h, ûε,h ∈ L∞(0, T; Vh) suchthatu′

ε,h ∈ L2(0, T; Vh) and as1t ↓ 0,

∀ s ∈ [0, T ], {Uε,h, Ûε,h} ⇀ {uε,h, ûε,h} in L2(0, s; Vh), U ′
ε,h ⇀ u′

ε,h in L2(0, s; Vh); (4.6)

for a.e.s ∈ [0, T ], {Uε,h(s), Ûε,h(s)} → {uε,h(s), ûε,h(s)} in Vh. (4.7)

Further,

‖Uε,h − Ûε,h‖2
L2(0,T;Vh)

=
N∑

n=1

∫ tn

tn−1

∥
∥
∥
∥

t − tn
1t

(Un
ε,h − Un−1

ε,h )

∥
∥
∥
∥

2

Vh
dt =

1t

3

N∑

n=1

‖Un
ε,h − Un−1

ε,h ‖2
Vh

=
(1t)2

3

N∑

n=1

∫ tn

tn−1

‖U ′
ε,h‖2

Vh dt =
(1t)2

3
‖U ′

ε,h‖
2
L2(0,T;Vh)

→ 0 as1t ↓ 0,

i.e.

Uε,h − Ûε,h → 0 in L2(0, T; Vh) as1t ↓ 0.

Further, limits (4.6) yield

Uε,h − Ûε,h ⇀ uε,h − ûε,h in L2(0, T; Vh) as1t ↓ 0.

The uniqueness of weak limits givesthatuε,h = ûε,h. Limits (4.6) and (4.7) give that as1t ↓ 0,

∀ s ∈ [0, T ], Uε,h, Ûε,h ⇀ uε,h in L2(0, s; Vh), U ′
ε,h ⇀ u′

ε,h in L2(0, s; Vh); (4.8)

for a.e.s ∈ [0, T ], Uε,h(s), Ûε,h(s) → uε,h(s) in Vh. (4.9)

Lemma4.5 identifies the1t ↓ 0 limit of each term in inequality (3.6) as being the corresponding term
in the inequality (4.3) with uε,h replacedby uε,h.
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LEMMA 4.5 Forvh ∈ H1(0, T; Vh) ∩ C(0, T; Vh) ands ∈ [0, T ],

(a) lim
1t↓0

∫ s

0
(v′

h(t), ĜhUε,h(t))hdt =
∫ s

0
(v′

h(t), Ĝhuε,h(t))h dt,

(b) lim
1t↓0

∫ s

0
Ĵλ,ε,h(Ûε,h(t))dt =

∫ s

0
Ĵλ,ε,h(uε,h(t))dt,

(c) lim
1t↓0

‖vh(s) − Uε,h(s)‖
2
−h,h = ‖vh(s) − uε,h(s)‖2

−h,h.

Proof.

(a) This follows from limits (4.8) and Lemma2.3(ii).

(b) Inequality (2.13) and limit (4.9) give that for a.e.t ∈ [0, T ],

‖Uε,h(t) − uε,h(t)‖−h,h → 0 as1t ↓ 0. (4.10)

Hence, the lower triangle inequality gives that, for a.e.t ∈ [0, T ],

|‖∇[ĜhUε,h(t)−G
h f ]‖−‖∇[Ĝhuε,h(t)−Gh f ]‖| 6 ‖Uε,h(t)−uε,h(t)‖−h,h → 0 as1t ↓ 0.

Lemma2.1and limit (4.9) give that for a.e.t ∈ [0, T ],

| Ĵ0,ε,h(Uε,h(t)) − Ĵ0,ε,h(uε,h(t))| = |(|∇Uε,h(t)|ε − |∇uε,h(t)|ε, 1)|

6 (|∇[Uε,h(t) − uε,h(t)]|, 1)

6 |Ω|
1
2 ‖Uε,h(t) − uε,h(t)‖H1(Ω) → 0 as1t ↓ 0.

Hence, for a.e.t ∈ [0, T ],

Ĵλ,ε,h(Ûε,h(t)) → Ĵλ,ε,h(uε,h(t)) as1t ↓ 0.

Using the dominated convergence theorem gives the stated result.

(c) The limit (4.10) and the lower triangle inequality yield that, for a.e.s ∈ [0, T ],

|‖vh(s) − Uε,h(s)‖−h,h − ‖vh(s) − uε,h(s)‖−h,h| 6 ‖uε,h(s) − Uε,h(s)‖−h,h → 0 as1t ↓ 0.

�
An analogous argument to that in Section 4.6 inElliott & Smitheman(2007) givesthatuε,h(0) = u0,ε,h.
Hence,uε,h is a solution of(Pε,hε,hε,h) for datauε,h(0) = u0,ε,h = uε,h(0). The uniqueness of the solution
of (Pε,hε,hε,h) givesthatuε,h = uε,h and that the whole sequences{Uε,h}1t>0 and{Ûε,h}1t>0 satisfy (4.8)
and (4.9). �

THEOREM 4.6 (Convergence ash ↓ 0 for d = 2) (i) Assume thatf , u0,ε , fh, u0,ε,h satisfy the
following:

(a) f ∈ F , u0,ε ∈ BV(Ω) ∩ F; (c) {J0,ε,h(u0,ε,h, fh)}h>0, {‖ fh‖}h>0 are bounded;

(b) fh, u0,ε,h ∈ Vh for h > 0; (d) {u0,ε,h, fh} → {u0,ε, f } in F ash ↓ 0.
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Let uε be the weak solution of(Pεεε) for data f, u0,ε anduε,h be the solution of(Pε,hε,hε,h) for data fh, u0,ε,h.
As h ↓ 0,

uε,h ⇀ uε in L2(ΩT ), uε,h
?

⇀ uε in L∞(0, T; L2(Ω)), u′
ε,h ⇀ u′

ε in L2(0, T;F);

for a.e.s ∈ [0, T ], uε,h(s) → uε(s) ∈ BV(Ω) in L p(Ω) for all p ∈ [1, 2)

and uε,h(s) ⇀ uε(s) in L2(Ω).

(ii) Assume thatf , u0, fh, u0,h satisfy the following:

(a) f ∈ F , u0 ∈ BV(Ω) ∩ F; (c) {J0,h(u0,h, fh)}h>0, {‖ fh‖}h>0 are bounded;

(b) fh, u0,h ∈ Vh for h > 0; (d) {u0,h, fh} → {u0, f } in F ash ↓ 0.

Let u be the weak solution of(P) for data f , u0 and uh be the solution of(Phhh) for data fh, u0,h.
As h ↓ 0,

uh ⇀ u in L2(ΩT ), uh
?

⇀ u in L∞(0, T; L2(Ω)), u′
h ⇀ u′ in L2(0, T;F);

for a.e.s ∈ [0, T ], uh(s) → u(s) ∈ BV(Ω) in L p(Ω) for all p ∈ [1, 2)

and uh(s) ⇀ u(s) in L2(Ω).

Proof. We prove (i) ((ii) can be proved analogously). As in the proof of Theorem4.4(i), for h > 0

λ

4
‖uε,h(t)‖2

−h,h 6 Ĵλ,ε,h(u0,ε,h, fh) +
λ

2
‖ fh‖2

−h ∀ t ∈ [0, T ]

⇒ ‖uε,h‖C(0,T;F) 6 C

√
4

λ
Ĵλ,ε,h(u0,ε,h, fh) + 2‖ fh‖2

−h.

Further, inequalities (2.7), (2.8) and (4.5) give that

‖u′
ε,h‖L2(0,T;F) 6 C

√
Ĵλ,ε,h(u0,ε,h, fh) ∀ h > 0.

By a similar argument to that in Section 4.5 ofElliott & Smitheman(2007), there existsC ≡ C(Ω)
such that

‖uε,h‖C(0,T;BV(Ω)) 6 (C + 1) Ĵλ,ε,h(u0,ε,h, fh).

It follows that there exist a subsequence of{uε,h}h>0, still denoted by{uε,h}h>0, and afunctionuε ∈
L∞(0, T; BV(Ω)) ∩ L∞(0, T;F) suchthatu′

ε ∈ L2(0, T;F) and ash ↓ 0,

∀ s ∈ [0, T ], {uε,h, u′
ε,h} ⇀ {uε, u′

ε} in L2(0, s;F), uε,h ⇀ uε in L2(ΩT ); (4.11)

for a.e.s ∈ [0, T ], uε,h(s) → uε(s) ∈ BV(Ω) in L p(Ω) for all p ∈ [1, 2), (4.12)

uε,h(s) ⇀ uε(s) in L2(Ω) and uε,h(s) ⇀ uε(s) in F . (4.13)
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From Section 4.6 ofElliott & Smitheman(2007), it is sufficient to consider
v ∈ C1(0, T; C2(Ω)) ∩ C1(0, T;V). Forh > 0, definevh: t ∈ [0, T ] → vh(t) ∈ Vh by

vh(t) := Phv(t) ∀ t ∈ [0, T ].

Inequalities (2.15) yield

‖vh‖C(0,T;H1(Ω)) = sup
t∈[0,T ]

‖Phv(t)‖H1(Ω) 6 C sup
t∈[0,T ]

‖v(t)‖H1(Ω) = C‖v‖C(0,T;H1(Ω)),

‖v′
h‖2

L2(0,T;H1(Ω))
=
∫ T

0
‖Phv′(t)‖2

H1(Ω)
dt 6 C

∫ T

0
‖v′(t)‖2

H1(Ω)
dt = C‖v′‖2

L2(0,T;H1(Ω))
.

Hence,vh ∈ H1(0, T; Vh) ∩ C(0, T; Vh) for h > 0. Inequality (2.14) gives

‖v − vh‖C(0,T;H1(Ω)) = sup
t∈[0,T ]

‖v(t) − vh(t)‖H1(Ω) = sup
t∈[0,T ]

‖(I − Ph)v(t)‖H1(Ω)

6 Ch sup
t∈[0,T ]

‖v(t)‖H2(Ω) = Ch‖v‖C(0,T;H2(Ω)).

Similarly,

‖v′ − v′
h‖C(0,T;H1(Ω)) 6 Ch‖v′‖C(0,T;H2(Ω)).

Inequality (2.4) gives

‖v − vh‖C1(0,T;F), ‖v − vh‖C1(0,T;H1(Ω)), ‖v
′ − v′

h‖C1(0,T;F), ‖v
′ − v′

h‖C1(0,T;H1(Ω)) → 0

ash ↓ 0. (4.14)

Lemma2.4(i), (iii), assumptions (c), (d) and limits (4.14) yield

∀ t ∈ [0, T ], lim
h↓0

‖vh(t) − fh‖−h = lim
h↓0

‖vh(t) − fh‖−1 = ‖v(t) − f ‖2
−1, (4.15)

lim
h↓0

‖∇[Ĝhvh − Gv]‖L2(ΩT ) = 0, lim
h↓0

‖∇[Ĝhv′
h − Gv′]‖L2(ΩT ) = 0. (4.16)

Lemma4.7 identifies theh ↓ 0 limit of each term in inequality (4.3) as being (up to inequality) the
corresponding term in inequality (1.9) with uε replacedby uε .

LEMMA 4.7 Forv ∈ C1(0, T; C2(Ω)) ∩ C1(0, T;V), vh(t) := Phv(t) ands ∈ [0, T ],

(a) lim
h↓0

∫ s

0
(v′

h(t), Ĝhvh(t))hdt =
∫ s

0
(v′(t),Gv(t))dt,

(b) lim
h↓0

∫ s

0
(v′

h(t), Ĝhuε,h(t))hdt =
∫ s

0
(v′(t),Guε(t))dt,

(c) lim
h↓0

∫ s

0
Ĵλ,ε,h(vh(t), fh)dt =

∫ s

0
Jλ,ε(v(t), f )dt,
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(d) lim inf
h↓0

∫ s

0
Ĵλ,ε,h(uε,h(t), fh)dt >

∫ s

0
Jλ,ε(uε(t), f )dt,

(e) lim inf
h↓0

‖vh(s) − uε,h(s)‖
2
−h,h > ‖v(s) − uε(s)‖

2
−1,

(f) lim
h↓0

‖vh(0) − u0,ε,h‖
2
−h,h = ‖v(0) − u0,ε‖

2
−1.

Proof.

(a) Inequalities (2.7) and limits (4.14), (4.16) yield

∣
∣
∣
∣

∫ s

0
[(v′

h(t), Ĝhvh(t))h − (v′(t),Gv(t))]dt

∣
∣
∣
∣

6

∣
∣
∣
∣

∫ s

0
(∇[Ĝhv′

h(t) − Gv′(t)], ∇Ĝhvh(t))dt

∣
∣
∣
∣+

∣
∣
∣
∣

∫ s

0
(∇Gv′(t), ∇[Ĝhvh(t) − Gv(t)])dt

∣
∣
∣
∣

6 ‖∇[Ĝhv′
h − Gv′]‖L2(ΩT )‖vh‖L2(0,T;Fh) + ‖∇[Ĝhvh − Gv]‖L2(ΩT )‖v

′‖L2(0,T;F)

→ 0 ash ↓ 0.

(b) DefineT1, T2 andT3 by

∣
∣
∣
∣

∫ s

0
[(v′

h(t), Ĝhuε,h(t))h − (v′(t),Guε(t))]dt

∣
∣
∣
∣

6

∣
∣
∣
∣

∫ s

0
(∇[Ĝhv′

h(t) − Gv′(t)], ∇Ĝhuε,h(t))dt

∣
∣
∣
∣+

∣
∣
∣
∣

∫ s

0
(v′(t), [Ĝh − G]uε,h(t))dt

∣
∣
∣
∣

+

∣
∣
∣
∣

∫ s

0
(v′(t),G[uε,h(t) − uε(t)])dt

∣
∣
∣
∣

=: T1 + T2 + T3.

Inequalities (2.7), (2.8) and limits (4.11), (4.16) give

T1 6 ‖∇[Ĝhv′
h − Gv′]‖L2(ΩT )‖uε,h‖L2(0,T;Fh) → 0 ash ↓ 0.

Inequality (2.12) and limits (4.11) yield

T2 6 ‖(Ĝh − G)uε,h‖L2(ΩT )‖v
′‖L2(ΩT ) 6 Ch‖uε,h‖L2(ΩT )‖v

′‖L2(ΩT ) → 0 ash ↓ 0.

Lemma2.2(ii) and limits (4.11) give thatT3 → 0 ash ↓ 0.

(c) Lemma2.4(iv), limits (4.14) and assumptions (c), (d) give that, for alls ∈ [0, T ],

lim
h↓0

∫ s

0
‖∇[Ĝhvh(t) − Gh fh]‖2dt = lim

h↓0

∫ s

0
‖vh(t) − fh‖

2
−1 dt =

∫ s

0
‖v(t) − f ‖2

−1 dt.
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Lemma2.1and the second limit in (4.14) give that

∀ t ∈ [0, T ], | Ĵ0,ε,h(vh(t), fh) − J0,ε(v(t), f )|

= |(|∇vh(t)|ε − |∇v(t)|ε, 1)| 6 (|∇[vh(t) − v(t)]|, 1)

6 |Ω|
1
2 ‖vh(t) − v(t)‖H1(Ω) → 0 ash ↓ 0.

Using limit (4.15) and the dominated convergence theorem gives the stated result.

(d) Lemma2.4 (iv), limits (4.11), (4.13), assumptions (c), (d), the lower semicontinuity of a norm
with respect to weak convergence and Fatou’s lemma give that, for alls ∈ [0, T ],

lim inf
h↓0

∫ s

0
‖∇[Ĝhuε,h(t) − Gh fh]‖2dt = lim inf

h↓0

∫ s

0
‖uε,h(t) − fh‖2

−1 dt

>
∫ s

0
lim inf

h↓0
‖uε,h(t) − fh‖2

−1 dt

>
∫ s

0
‖uε(t) − f ‖2

−1dt.

The convexity ofJ0,ε,h(∙, fh) = J0,ε(∙, f ) (Acar & Vogel, 1994, Theorem 2.4), limit (4.12) and
Fatou’s lemma give that, for alls ∈ [0, T ],

lim inf
h↓0

∫ s

0
J0,ε,h(uε,h, fh(t))dt = lim inf

h↓0

∫ s

0
J0,ε(uε,h(t), f )dt >

∫ s

0
lim inf

h↓0
J0,ε(uε,h(t), f )dt

>
∫ s

0
J0,ε(uε(t), f )dt.

(e) Lemma2.4(i), limits (4.13), (4.14) and the lower semicontinuity of a norm with respect to weak
convergence give that, for a.e.s ∈ [0, T ],

lim inf
h↓0

‖uε,h(s) − vh(s)‖2
−h,h = lim inf

h↓0
‖uε,h(s) − vh(s)‖2

−1 > ‖uε(s) − v(s)‖2
−1.

(f) By a similar argument to that in Section 4.5 ofElliott & Smitheman(2007), there existsC ≡
C(Ω) such that

‖u0,ε,h‖BV(Ω) 6 (C + 1) Ĵ0,ε,h(u0,ε,h, fh) ∀ h > 0.

The continuous imbedding BV(Ω) ↪→ L2(Ω) gives that{‖u0,ε,h‖}h>0 is bounded. Hence, the
second limit in (4.14) gives that{‖vh(0) − u0,ε,h‖}h>0 is bounded. Lemma2.4 (i), limits (4.14)
and assumption (d) yield

lim
h↓0

‖vh(0)−u0,ε,h‖
2
−h,h = lim

h↓0
‖vh(0)−u0,ε,h‖2

−1 = ‖v(0)−u0,ε‖
2
−1. �

An analogous argument to that in Section 4.6 inElliott & Smitheman(2007) givesthatuε ∈ C(0, T;F)
anduε(0) = u0,ε . Hence,uε is a weak solution of(Pεεε) for datauε(0) = u0,ε = uε(0). The uniqueness
of the weak solution of(Pεεε) givesthatuε = uε and that the whole sequence{uε,h}h>0 satisfies limits
(4.12–4.13). �
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4.3 Rates of convergence asε,1t ↓ 0

THEOREM 4.8 (Rate of convergence asε ↓ 0)

(i) Suppose that 26 d 6 3, u0,h ∈ Vh, {u0,ε,h}ε>0 ⊂ Vh and f ∈ F . Let uh, {uε,h}ε>0 be the
solutions of(Phhh), (Pε,hε,hε,h) for datau0,h and f , {u0,ε,h}ε>0 and f . Then

‖uh − uε,h‖C(0,T;Fh) 6 ‖u0,h − u0,ε,h‖−h,h + 2
√

εT |Ω|.

Hence, ifu0,ε,h = u0,h for ε > 0, inequalities (2.7) and (2.8) give that

uε,h → uh in C(0, T; Vh) asε ↓ 0.

(ii) Suppose that 26 d 6 3, u0,h ∈ Vh, {u0,ε,h}ε>0 ⊂ Vh and f ∈ F . Let Uh, {Uε,h}ε>0 be
the piecewise linear in time interpolants of the solutions{Un

h }N
n=0, {{Un

ε,h}N
n=0}ε>0 of (Ph,1th,1th,1t ),

(Pε,h,1tε,h,1tε,h,1t
222 ) for datau0,h and f , {u0,ε,h}ε>0 and f . Then

‖Uh − Uε,h‖C(0,T;Fh) 6 ‖u0,h − u0,ε,h‖−h,h + 2
√

εT |Ω|. (4.17)

Hence, ifu0,ε,h = u0,h for ε > 0, inequalities (2.7) and (2.8) give that

Uε,h → Uh in C(0, T; Vh) asε ↓ 0.

Proof.

(i) The inequality||p|ε −|p|| 6 ε gives that| Ĵλ,ε,h(∙)− Ĵλ,h(∙)| 6 ε|Ω|. Takingvh = uh, vh = uε,h

in inequalities (4.3), (4.2), respectively, and adding the resulting inequalities gives the stated
result.

(ii) Taking vh = Un
h , vh = Un

ε,h in inequalities (3.4), (3.3), respectively, adding the resulting in-
equalities and using the inequality|Jλ,ε,h(∙) − Jλ,h(∙)| 6 ε|Ω| and equation (2.17) yields

‖Un
ε,h − Un

h ‖2
−h,h 6 ‖Un−1

ε,h − Un−1
h ‖2

−h,h + 4ε1t |Ω| ∀ 16 n 6 N.

It follows that

‖Un
ε,h − Un

h ‖2
−h,h 6 ‖u0,ε − u0‖

2
−h,h + 4εT |Ω| ∀ 06 n 6 N. (4.18)

Taking square root yields

‖Un
ε,h − Un

h ‖−h,h 6 ‖u0,ε − u0‖−h,h + 2
√

εT |Ω| ∀ 06 n 6 N,

giving the stated result fort = tn (06 n 6 N).

To prove (4.17), suppose thatt ∈ [tn−1, tn] for some 16 n 6 N. There existsα ∈ [0, 1] such
thatt = αtn−1 + (1 − α)tn. The convexity of‖ ∙ ‖2

−1 (seeElliott & Smitheman, 2007,Section 3)
and inequality (4.18) give

‖Uε,h(t) − Uh(t)‖2
−1 = ‖(1 − α)(Un

ε,h − Un
h ) + α(Un−1

ε,h − Un−1
h )‖2

−1

6 (1 − α)‖Un
ε,h − Un

h ‖2
−1 + α‖Un−1

ε,h − Un−1
h ‖2

−1

6 ‖u0,ε − u0‖
2
−1 + 4εT |Ω|.

Taking square root yields the stated result.
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�

THEOREM 4.9 (Rate of convergence as1t ↓ 0)

(i) Assume thatuε,h(0) ∈ Vh, {Uε,h(0)}1t>0 ⊂ Vh and f ∈ F . Let uε,h be the solution of(Pε,hε,hε,h)
for datauε,h(0), f , andUε,h be the piecewise linear in time interpolant of the solution{Un

ε,h}N
n=0

of (Pε,h,1tε,h,1tε,h,1t
222 ) for dataUε,h(0), f . There existsC ≡ C({Uε,h(0)}1t>0, uε,h(0), ε, λ,Ω) > 0 such

that

‖uε,h − Uε,h‖C(0,T;Fh) 6 ‖uε,h(0) − Uε,h(0)‖−h,h + C(1t)
1
2 .

Hence, ifUε,h(0) = uε,h(0) for 1t > 0, inequalities (2.7) and (2.8) yield

Uε,h → uε,h in C(0, T; Vh) as1t ↓ 0.

(ii) Assume thatuh(0) ∈ Vh, {Uh(0)}1t>0 ⊂ Vh and f ∈ F . Let uh be the solution of(Phhh) for data
uh(0), f , andUh be the piecewise linear in time interpolant of the solution{Un

h }N
n=0 of (Ph,1th,1th,1t )

for dataUh(0), f . There existsC ≡ C({Uh(0)}1t>0, uh(0), λ,Ω) > 0 such that

‖uh − Uh‖C(0,T;Fh) 6 ‖uh(0) − Uh(0)‖−h,h + C(1t)
1
2 .

Hence, ifUh(0) = uh(0) for 1t > 0, inequalities (2.7) and (2.8) yield

Uh → uh in C(0, T; Vh) as1t ↓ 0.

Proof. We prove (i) ((ii) can be proved analogously). Inequality (3.4) implies that for alls ∈ [0, T ] and
all vh ∈ H1(0, T; Vh) ∩ C(0, T; Vh),

∫ s

0
(U ′

ε,h(t), Ĝh[vh(t) − Ûε,h(t)])h dt +
∫ s

0
[ Ĵλ,ε,h(vh(t)) − Ĵλ,ε,h(Ûε,h(t))]dt > 0.

Letting vh = uε,h in the last inequality andv = Ûε,h in inequality (4.3) and adding the two resulting
inequalities gives that for alls ∈ [0, T ],

1

2
‖uε,h(s) − Uε,h(s)‖2

−h,h

6
1

2
‖uε,h(0) − Uε,h(0)‖2

−h,h +
∫ s

0
(u′

ε,h(t) − U ′
ε,h(t), Ĝh[Ûε,h(t) − Uε,h(t)])

h dt

6
1

2
‖uε,h(0) − Uε,h(0)‖2

−h,h + ‖u′
ε,h − U ′

ε,h‖L2(0,s;Fh)‖Ûε,h − Uε,h‖L2(0,s;Fh).

Using inequality (3.10) gives that for alls ∈ [0, T ],

‖Ûε,h − Uε,h‖
2
L2(0,s;Fh)

6 ‖Ûε,h − Uε,h‖2
L2(0,T;Fh)

=
N∑

n=1

∫ tn

tn−1

∥
∥
∥
∥

t − tn
1t

(Un
ε,h − Un−1

ε,h )

∥
∥
∥
∥

2

−h,h
dt

=
1t

3

N∑

n=1

‖Un
ε,h − Un−1

ε,h ‖2
−h,h =

(1t)2

3

N∑

n=1

∫ tn

tn−1

‖U ′
ε,h‖2

−h,h dt

=
(1t)2

3
‖U ′

ε,h‖2
L2(0,T;Fh)

6
(1t)2

3
Ĵλ,ε,h(Uε,h(0)).
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FIG. 1. The decomposition of the Barbara image.
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FIG. 2. The decomposition of the Barbara image degraded by additive Gaussian noise of mean 0 and standard deviationσ = 0.05.
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FIG. 3. The decomposition of the Barbara image degraded by additive Gaussian noise of mean 0 and standard deviationσ = 0.2.
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FIG. 4. The decomposition of the Barbara image degraded by additive Gaussian noise of mean 0 and standard deviationσ = 0.4.
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Hence,

‖ûε,h − Uε,h‖L2(0,s;Fh) 6
1t
√

3

√
Ĵλ,ε,h(Uε,h(0)) ∀ s ∈ [0, T ].

Inequalities (4.4) and (3.10) give that, for alls ∈ [0, T ],

‖u′
ε,h − U ′

ε,h‖L2(0,s;Fh) 6 ‖U ′
ε,h‖L2(0,s;Fh) + ‖U ′

ε,h‖L2(0,s;Fh)

6
√

Ĵλ,ε,h(uε,h(0)) +
√

Ĵλ,ε,h(Uε,h(0)).

It follows that

‖uε,h(s) − Uε,h(s)‖2
−h,h 6 ‖uε,h(0) − Uε,h(0)‖2

−h,h + C21t ∀ s ∈ [0, T ],

TABLE 1 ROF data for Figs1–4

‖Nσ ‖ Figure λROF 1tROF NROF TROF ‖VROF‖

0 1 (2a), (2b) 13260 2.2016× 10−06 980 2.1576× 10−03 0.010005
0 1 (3a), (3b) 3808 6.6928× 10−06 990 6.6259× 10−03 0.0300124
0 1 (4a), (4b) 1950 1.1214× 10−05 980 1.0990× 10−02 0.0500392
0 1 (5a), (5b) 1151 1.7248× 10−05 970 1.6731× 10−02 0.0700415
0 1 (6a), (6b) 720 2.1920× 10−05 980 2.1482× 10−02 0.0900083
0 1 (7a), (7b) 465 2.6417× 10−05 990 2.6152× 10−02 0.110094
0 1 (8a), (8b) 314 3.5568× 10−05 950 3.3790× 10−02 0.13012
0.0353264 2 (2a), (2b) 48300 6.4800× 10−07 960 6.2208× 10−04 0.00352973
0.0353264 2 (3a), (3b) 8250 3.3488× 10−06 990 3.3153× 10−03 0.0176771
0.0353264 2 (4a), (4b) 3450 7.2345× 10−06 990 7.1622× 10−03 0.035353
0.0353264 2 (5a), (5b) 1960 1.1146× 10−05 980 1.0923× 10−02 0.052944
0.0353264 2 (6a), (6b) 1232 1.6095× 10−05 970 1.5612× 10−02 0.0706694
0.0353264 2 (7a), (7b) 549 2.4365× 10−05 990 2.4121× 10−02 0.106003
0.0353264 2 (8a), (8b) 271 3.9254× 10−05 970 3.8077× 10−02 0.141388
0.141306 3 (2a), (2b) 13900 2.2010× 10−06 950 2.0910× 10−03 0.0141236
0.141306 3 (3a), (3b) 2170 1.0356× 10−05 990 1.0253× 10−02 0.0707037
0.141306 3 (4a), (4b) 1140 1.6949× 10−05 980 1.6610× 10−02 0.105957
0.141306 3 (5a), (5b) 597 2.4710× 10−05 980 2.4216× 10−02 0.141348
0.141306 3 (6a), (6b) 299 3.6128× 10−05 980 3.5406× 10−02 0.176658
0.141306 3 (7a), (7b) 167 6.0264× 10−05 960 5.7853× 10−02 0.211773
0.141306 3 (8a), (8b) 105 9.1476× 10−05 950 8.6902× 10−02 0.247464
0.282611 4 (2a), (2b) 7180 4.1002× 10−06 980 4.0182× 10−03 0.0282333
0.282611 4 (3a), (3b) 846 2.3285× 10−05 990 2.3052× 10−02 0.169611
0.282611 4 (4a), (4b) 480 3.2612× 10−05 980 3.1960× 10−02 0.226231
0.282611 4 (5a), (5b) 339 3.7462× 10−05 970 3.6338× 10−02 0.254513
0.282611 4 (6a), (6b) 226 4.8384× 10−05 950 4.5965× 10−02 0.282409
0.282611 4 (7a), (7b) 148.1 6.6576× 10−05 950 6.3247× 10−02 0.310933
0.282611 4 (8a), (8b) 99.2 9.2030× 10−05 970 8.9269× 10−02 0.339216
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TABLE 2 OSV data for Figs1–4

‖Nσ ‖ Figure λOSV 1tOSV NOSV TOSV ‖VOSV‖

0 1 (2c), (2d) 2.8 × 10+08 1.0880× 10−10 950 1.0336× 10−07 0.0100051
0 1 (3c), (3d) 7.29× 10+07 3.2760× 10−10 990 3.2432× 10−07 0.0299864
0 1 (4c), (4d) 3.07× 10+07 6.7680× 10−10 990 6.7003× 10−07 0.0500044
0 1 (5c), (5d) 1.361× 10+07 1.2497× 10−09 980 1.2247× 10−06 0.0700128
0 1 (6c), (6d) 5.31× 10+06 2.2723× 10−09 960 2.1814× 10−06 0.0900054
0 1 (7c), (7d) 2× 10+06 5.1941× 10−09 960 4.9864× 10−06 0.110038
0 1 (8c), (8d) 8.14× 10+05 1.0881× 10−08 980 1.0663× 10−05 0.130008
0.0353264 2 (2c), (2d) 1.073× 10+09 2.9670× 10−11 950 2.8186× 10−08 0.00353404
0.0353264 2 (3c), (3d) 1.686× 10+08 1.6445× 10−10 990 1.6281× 10−07 0.0176724
0.0353264 2 (4c), (4d) 6.41× 10+07 3.6400× 10−10 980 3.5672× 10−07 0.0353525
0.0353264 2 (5c), (5d) 3.09× 10+07 6.7284× 10−10 980 6.5938× 10−07 0.053001
0.0353264 2 (6c), (6d) 1.54× 10+07 1.1760× 10−09 970 1.1407× 10−06 0.0706285
0.0353264 2 (7c), (7d) 3× 10+06 3.5391× 10−09 960 3.3976× 10−06 0.106037
0.0353264 2 (8c), (8d) 5.93× 10+05 1.4820× 10−08 960 1.4228× 10−05 0.141306
0.141306 3 (2c), (2d) 3.08× 10+08 9.9000× 10−11 950 9.4050× 10−08 0.0141382
0.141306 3 (3c), (3d) 3.81× 10+07 5.5366× 10−10 990 5.4812× 10−07 0.0706924
0.141306 3 (4c), (4d) 1.55× 10+07 1.1232× 10−09 990 1.1120× 10−06 0.106012
0.141306 3 (5c), (5d) 4.88× 10+06 2.3069× 10−09 980 2.2607× 10−06 0.141339
0.141306 3 (6c), (6d) 9.99× 10+05 8.7382× 10−09 970 8.4761× 10−06 0.176663
0.141306 3 (7c), (7d) 2.31× 10+05 3.5756× 10−08 970 3.4683× 10−05 0.212065
0.141306 3 (8c), (8d) 8.23× 10+04 1.0598× 10−07 970 1.0280× 10−04 0.247397
0.282611 4 (2c), (2d) 1.574× 10+08 1.8302× 10−10 990 1.8119× 10−07 0.0282876
0.282611 4 (3c), (3d) 1.252× 10+07 1.4240× 10−09 990 1.4098× 10−06 0.169625
0.282611 4 (4c), (4d) 4.76× 10+06 2.5168× 10−09 980 2.4665× 10−06 0.226235
0.282611 4 (5c), (5d) 2.24× 10+06 4.3344× 10−09 980 4.2477× 10−06 0.254409
0.282611 4 (6c), (6d) 8.23× 10+05 9.9369× 10−09 980 9.7381× 10−06 0.282693
0.282611 4 (7c), (7d) 2.48× 10+05 3.1450× 10−08 970 3.0506× 10−05 0.311107
0.282611 4 (8c), (8d) 9.2 × 10+04 8.5795× 10−08 980 8.4079× 10−05 0.33921

whereC ≡ C(Uε,h(0), uε,h(0), ε, λ,Ω) > 0 is defined by

C2 =
2

√
3

√
Ĵλ,ε,h(Uε,h(0))

(√
Ĵλ,ε,h(uε,h(0)) +

√
Ĵλ,ε,h(Uε,h(0))

)
.

Taking square roots and using the inequality
√

a2 + b2 6 |a| + |b| give the stated result. �

5. Numerical simulations

In this section, we present numerical results which illustrate the superiority of the OSV model over the
second-order Rudin–Osher–Fatemi (ROF) model presented inRudinet al. (1992).
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In order that the termUn
ε,h − f is treated consistently, we modify the scheme(Pε,h,1tε,h,1tε,h,1t

111 ) in (3.1) thus

(ĜhdtU
n
ε,h, ηh)h +

(
∇Un

ε,h

|∇Un−1
ε,h |ε

, ∇ηh

)

= −λ(Gh[Un
ε,h − f ], ηh)h ∀ ηh ∈ Sh. (5.1)

For the ROF model, we use the analogous scheme

(dtU
n
ε,h, ηh)h +

(
∇Un

ε,h

|∇Un−1
ε,h |ε

, ∇ηh

)

= −λ(Un
ε,h − f, ηh) ∀ ηh ∈ Sh. (5.2)

We takeΩ = (0, 1) × (0, 1) andε = 1 × 10−5. The minimum and maximum of the computed
image are coloured black and white. Thus, relative contrast, rather than absolute greyscale intensity, is
depicted. For initial dataf and solutionU (∙∙∙, t) at timet , V(∙∙∙, t) := f −U (∙∙∙, t) is defined to be the part
of the image removed (see Section1).

The Barbara imagef0 (which is defined on anNh = 64 × 64 grid and has minimum value−1
and mean value 0) in Fig.1(1) is considered. Noise is sampled from a Gaussian distribution with mean

FIG. 5. The decomposition of the Barbara image degraded by additive Gaussian noise of mean 0 and standard deviationσ ∈
{0.05, 0.2, 0.4}.

TABLE 3 Values of‖Nσ ‖, λ, 1t , N, T ,‖V‖ for Fig. 5.

‖Nσ ‖ Figure λ 1t N T ‖V‖

0.0353264 (1a), (1b) 3450 7.2345× 10−06 990 7.1622× 10−03 0.035353
(1c), (1d) 6.41× 10+07 3.6400× 10−10 980 3.5672× 10−07 0.0353525

0.141306 (2a), (2b) 597 2.4710× 10−05 980 2.4216× 10−02 0.141348
(2c), (2d) 4.88× 10+06 2.3069× 10−09 980 2.2607× 10−06 0.141339

0.282611 (3a), (3b) 226 4.8384× 10−05 950 4.5965× 10−02 0.282409
(3c), (3d) 8.23× 10+05 9.9369× 10−09 980 9.7381× 10−06 0.282693
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0 and standard deviationσ (generated using the Matlab function ‘randn’). The mean of the noise is
subtracted from it, giving a discrete function of mean 0 which is added tof0 to give a noisy version
fσ . The decomposition off0, f0.05, f0.2 and f0.4 is considered in Figs1–4. For various values ofλROF,
the discrete steady statesUROF andVROF for the ROF model are depicted in (a) and (b), and for various
values ofλOSV, the discrete steady statesUOSV andVOSV for the OSV model are depicted in (c) and (d).
In each row, the values ofλROF andλOSV are chosen such that‖VROF‖ ≈ ‖VOSV‖. In each simulation,
1t is chosen such that approximately 1000 time steps are taken to reach steady state, which is assumed
to have been achieved when

‖Vn − Vn−1‖

‖Vn−1‖
6 1 × 10−6.

Values of λROF,1tROF, NROF, TROF, ‖VROF‖, λOSV,1tOSV, NOSV, TOSV and ‖VOSV‖ are given in
Tables1 and2.
It is seen that if‖VROF‖ ≈ ‖VOSV‖, thenVROF contains more structure thanVOSV. Hence, the OSV
model is better at recovering the fine detail present in an image.

The imagesf0.05, f0.2 and f0.4 are considered again in Fig.5 (see (1a)–(3a)). In each row,λROF and
λOSV are chosen such that‖VROF‖, ‖VOSV‖ ≈ ‖Nσ ‖, whereNσ is the discrete function which is added
to f0 to give fσ . The functionsUROF, VROF, UOSV andVOSV are depicted in (b), (c), (d) and (e).

Values of ‖Nσ ‖, λROF,1tROF, NROF, TROF, ‖VROF‖, λOSV,1tOSV, NOSV, TOSV and ‖VOSV‖ are
given in Table3.

It is seen that for each value ofσ , VROF andVOSV both contain some structure, but the former much
more so than the latter.

6. Conclusions

The analysis of the OSV model carried out byElliott & Smitheman(2007) has been continued. Fully
and linearly implicit finite-element approximations to a regularized version of the OSV IBVP and a
fully implicit approximation to a weak formulation of the original problem have been introduced. Well-
posedness and unconditional Lyapunov stability of the fully discrete schemes have been proved. Con-
vergence results as the spatial mesh parameter, time step size and the regularization parameter tend to 0
have been proved. Suboptimal rates of convergence as the time step size and the regularization parame-
ter tend to 0 have been found. Numerical results illustrating the superiority of the OSV model over the
second-order ROF model have been presented.
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Appendix: Proof of Lemma 2.4

(i) Inequalities (2.4) and (2.6–2.9) give that

∀ ηh ∈ Vh, |‖ηh‖2
−h,h − ‖ηh‖

2
−h| = |(ηh, Ĝhηh)h − (ηh,Ghηh)|

6 |(ηh, Ĝhηh)
h − (ηh, Ĝhηh)| + |(ηh, [Ĝh − Gh]ηh)|

6 Ch‖ηh‖−h,h‖ηh‖ + ‖(Ĝh − Gh)ηh‖‖ηh‖ 6 Ch‖ηh‖
2.

Inequality (2.11) gives that

∀ ηh ∈ Vh, |‖ηh‖2
−h − ‖ηh‖2

−1| = |(ηh, [Gh − G]ηh)| 6 ‖[Gh − G]ηh‖‖ηh‖ 6 Ch‖ηh‖2.

(ii) The proof of (i) gives that for allηh ∈ L2(0, T; Vh) ands ∈ [0, T ],

∣
∣
∣‖ηh‖2

L2(0,s;Fh)
− ‖ηh‖2

L2(0,s;(F ,‖∙‖−h))

∣
∣
∣ =

∣
∣
∣
∣

∫ s

0
[‖ηh(t)‖

2
−h,h − ‖ηh(t)‖2

−h]dt

∣
∣
∣
∣

6 Ch
∫ s

0
‖ηh(t)‖2dt = Ch‖ηh‖2

L2(0,s;L2(Ω))
,

and, similarly,

∣
∣
∣‖ηh‖2

L2(0,s;(F ,‖∙‖−h))
− ‖ηh‖2

L2(0,s;F)

∣
∣
∣ 6 Ch‖ηh‖2

L2(0,s;L2(Ω))
.

(iii) Note that

‖∇[Ĝhηh − Gη]‖2
L2(ΩT )

= ‖ηh‖2
L2(0,T;Fh)

+ ‖η‖2
L2(0,T;F)

− 2
∫ T

0
(∇Ĝhηh(t), ∇Gη(t))dt.
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The Poincaŕe inequality (2.3) and inequality (2.12) give that

∣
∣
∣
∣

∫ T

0
(∇Ĝhηh(t), ∇Gη(t))dt − ‖η‖2

L2(0,T;F)

∣
∣
∣
∣

=

∣
∣
∣
∣

∫ T

0
(Ĝhηh(t) − Gη(t), η(t))dt

∣
∣
∣
∣

6 ‖η‖L2(ΩT )‖Ĝ
hηh − Gη‖L2(ΩT )

6 ‖η‖L2(ΩT )

(
‖(Ĝh − G)ηh‖L2(ΩT ) + ‖G(ηh − η)‖L2(ΩT )

)

6 ‖η‖L2(ΩT )

(
Ch‖ηh‖L2(ΩT ) + CP‖ηh − η‖

L2(0,T;F)

)
→ 0 ash ↓ 0.

Part (ii) gives that

lim
h↓0

‖∇[Ĝhηh − Gη]‖2
L2(ΩT )

= ‖η‖2
L2(0,T;F)

+ ‖η‖2
L2(0,T;F)

− 2‖η‖2
L2(0,T;F)

= 0.

(iv) The proof of (ii) and inequality (2.12) give that for allηh, ξh ∈ L2(0, T; Vh) ands ∈ [0, T ],

|‖∇[Ĝhηh − Ghξh]‖2
L2(0,s;L2(Ω))

− ‖ηh − ξh‖2
L2(0,s;F)

|

=

∣
∣
∣
∣

∫ s

0

[
‖ηh(t)‖

2
−h,h − ‖ηh(t)‖2

−1 + ‖ξh(t)‖2
−h − ‖ξh(t)‖

2
−1

+ 2{(∇Gηh(t), ∇Gξh(t)) − (∇Ĝhηh(t), ∇Ghξh(t))}
]

dt

∣
∣
∣
∣

=

∣
∣
∣
∣‖ηh‖2

L2(0,s;Fh)
− ‖ηh‖2

L2(0,s;F)
+ ‖ξh‖2

L2(0,s;(F ,‖∙‖−h))
− ‖ξh‖2

L2(0,s;F)

+ 2
∫ s

0
([G − Ĝh]ηh(t), ξh(t))dt

∣
∣
∣
∣

6
∣
∣
∣‖ηh‖2

L2(0,s;Fh)
− ‖ηh‖2

L2(0,s;F)

∣
∣
∣+

∣
∣
∣‖ξh‖

2
L2(0,s;(F ,‖∙‖−h))

− ‖ξh‖
2
L2(0,s;F)

∣
∣
∣

+ 2‖(G − Ĝh)ηh‖L2(0,s;L2(Ω))‖ξh‖L2(0,s;L2(Ω))

6 Ch[‖ηh‖L2(0,s;L2(Ω)) + ‖ξh‖L2(0,s;L2(Ω))]
2.
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