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ABSTRACT. We study the Osher-Solé-Vese model [I1], which is the gradient
flow of an energy consisting of the total variation functional plus an H~!
fidelity term. A variational inequality weak formulation for this problem is
proposed along the lines of that of Feng and Prohl [7] for the Rudin-Osher-
Fatemi model [12]. A regularized energy is considered, and the minimization
problems corresponding to both the original and regularized energies are shown
to be well-posed. The Galerkin method of Lions [9] is used to prove the well-
posedness of the weak problem corresponding to the regularized energy. By
letting the regularization parameter e tend to 0, we recover the well-posedness
of the weak problem corresponding to the original energy. Further, we show
that for both energies the solution of the weak problem tends to the minimizer
of the energy as t — oco. Finally, we find the rate of convergence of the weak
solution of the regularized problem to that of the original one as ¢ | 0.

1. Introduction. Suppose that a gray-scale image f (i.e. a function f : Q C R? —
R for some bounded open domain 2, where f measures gray-scale intensity) has
been formed by adding Gaussian noise n of known standard deviation o to a “clean”
image g:
f=g+n.
Clearly, without explicit knowledge of n the recovery of g from f is not possible.
One approach is to apply a “cartoon plus texture” model which splits f into two
parts v and v:
f=u+v,
where u consists of the objects present in g (the “cartoon” part of g) and v consists
of the small scale oscillations present in f (n plus the texture in g). The aim is to
recover the “cartoon” part.
To this end, Osher, Solé and Vese (OSV) [II] have proposed the minimization
problem

A 2
inf = Zf =
wenttpny W ) /Q [Vl + 5 1 =l
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918 C.M. ELLIOTT AND S.A SMITHEMAN

where the BV semi-norm [, [Vu/| is a regularising term to remove the texture, A > 0
is a weighting parameter and the H~! norm ||f — u||_, is a fidelity term. Here

/ [Vu| := sup/ uV - vdz,
Q vex Jo

with
1 d .
Xi={v= (o1, ,va) € [CHO]": ill yoogy < 1Vi= 1, d}
The following function spaces are used:
V= {ne ' (Q: 1) =0},  F={ne @ @) :01) =0},

where (-,-) denotes the duality pairing between (H' (€2))" and H' (Q) such that

<n,€>=/ﬂnfdw VpeLt(Q) £ H'(Q), d=2.3,

the right-hand side being well-defined due to the continuous embedding H* (Q) —
LS (Q) for d =2,3.

By G : F — Vs denoted (minus) the inverse Laplacian operator under Neumann
boundary conditions:

(VGn, VE) = (n,€) VEe H' (Q),
and F is equipped with the norm
Inll_y = [IVGnll VneF.

We denote by ||| and (-, -) the usual norm and inner product on L? (2).
The Euler-Lagrange equation for formally minimizing Jj (+) is equivalent to

Vu . ou
O—V~<|vu|>+)\g(uf) in Q, afo on 0N. (1)

Observe that a solution u of equation is a steady state of the evolutionary
equations

utV~<u>)\g(uf) in Q, %:Oonﬁﬂ; (2)

Vu ) ou 0 Vu B

Equations and may be viewed as the L? and H ! gradient flows for J) (-):

B 55 (00 = (g T4 (0) + 2@ (0 Al () =~ | O <0,
@ 5 00) = (G T (0) + 2@ (0 - .0’ () =~ | O, <o

However, note that these are formal calculations because % is not defined when
Vu = 0.
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Instead of solving the fourth order equation directly, we introduce a splitting
into two coupled second order equations (c.f. [4]):

Gus=—w—AG(u—f) in € (4)
Vu .

w=-V- <Vu|> in Q, (5)

ou Ow

% = E =0 on aQ, (6)

Lemma 1.1. The equations , , @ are equivalent to the OSV partial differ-
ential equation (PDE) ([I1]):

u=Aw—A(u—f) in Q, (7)
Vu

w \% <Vu|> in  Q, (8)

ou  Ow

Proof. The two problems , , @ and , , @D have, respectively, the formal
variational formulations: for a.e. ¢t € (0,77,

G ) + (o) = MO = flo) Ve @), (10
and
(u' (), n) + (Vw (1), V) = =X (u(t),n) + A(f,n) vne H (), (11)
Vu (1) 1
(w(t),n) = (Wu (t)l’v"> vne H' (Q).  (12)

Defining w (t) = —Gu’ (t) — AG [u () — f] in equation gives equation and
that

(Vw (t),Vn) = = (VGu' (t),Vn) = A (VG [u(t) - f],Vn)
= _<Ul(t),77> _)‘(u(t)777)+)‘<fa77>7
and hence equation holds.
Assuming that f,u (0) € F, letting n = 1 in equation gives that u (t) ,u (t) €
F, and hence equation gives that for a.e. t € (0,71,

(VG (t),Vn) + (Vw (), Vi) = =\ (VG [u(t) = f], V) Vne H' (Q).
It follows that w (t) = —Gu' (t) — AG [u (t) — f]. Substituting this into equation (12))

gives equation . O
Since % is not defined when Vu = 0, we introduce standrad (e.g. Nashed-

Scherzer [I0]) regularized version Jy . (-) of the energy functional Jy (-):

A
T (@)= [ Vul, do+ 517 =l
Q

where € > 0 is a small regularization parameter and

2
plo = /Ipl* + =\t kit for p=(p1.....p.) € R
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It is convenient to note the following elementary algebraic inequality:

Lemma 1.2. Fore >0,

pP—q)-q p—q)p

P9 ¢y g, < PO P
lal. Ipl,

Proof. The first and second inequalities follow from the fourth and third ones on
interchanging the roles of p and g. Using

—lp—q| < <|p—4q| Vp,qeR’ (13)

2
Ip|” — |p|la| — (Ip|. — lal.) Ip|.

2 2 2 2 2 2
= \/pl lg|” + € (Ipl + lq| )+64—\/Ip\ lal” +2€2 |p| |q| + €*

and the inequality €2 <|p|2 + |q|2) > 2¢2 |p| |q| gives the third inequality. The fourth

inequality follows from using the inequality |-| < |-].. O

The inequalities are a natural extension of the trivial inequalities

b—q)-q p—q)-p
—lp—al < -9 q Ip| —lq| < CA IS lp—al Vp.geR (14)
q] p|
We will make use of the Poincaré inequality
Il < Cp (I, DI+ IVall)  Vne H' (Q). (15)
It is easy to show that |[-[|_; and [|-|| 1)) are equivalent norms on F with
1
Crtl Inll—y < lnll gy < lmll—y Vo e F, (16)
and
Inl_y < Cpllnll ¥ne FnL*(Q), (17)
and that for d = 2, 3, there exists C = C () such that
6
Inll—y <Clinlle  Vne FNL>(Q). (18)

The Poincaré-Wirtinger inequality ([2], p. 148)

7,
u—— [ udx
12[ Jo

with C' = C (), gives that

gc/ IVu| Vue€ BV (Q),
1 Q

lull v e < (C+ 1)/ Vu| Yue BV (Q)NF. (19)
Q
It is easy to see that

Lemma 1.3. Forv € L?(0,T;F), the map F, : L? (0,T; F) — R defined by
T
Fo)= [ w@.gn)dr vne 0.7:7)
0

satisfies F, € (L? (O,T;}'))/.

This paper is organized as follows. In Section [2] the initial boundary value prob-
lems for the H~! gradient flows for Jy () and J, . (-) are formulated. A notion of
weak solution is introduced for each problem. In Section [3] the minimization prob-
lems for the two energies are shown to be well-posed. Well-posedness of the weak
formulations is established in Section [d] The convergence of the weak solution of
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each problem to the minimizer of the corresponding energy as t — oo is established
in Section [l In Section [6] a rate of convergence of the sequence of weak solutions
of the H~! gradient flow for Jy . (-) to the weak solution of the H~! gradient flow
for J (-) as the regularization parameter € | 0 is established.

Our approach is similar to that of Feng, van Ochsen and Prohl in [6] and Feng
and Prohl [7] for the second order Rudin-Osher-Fatemi model [12]. However, we use
the Faedo-Galerkin method of Lions [9] to prove the existence of a weak solution
for € > 0 in place of the maximal monotone operator approach of Feng and Prohl.
See also [5] for a related Cahn-Hilliard model.

2. Mathematical formulations of initial boundary value problems, defini-

tions of weak solutions. The problems considered are the OSV initial boundary

value problem and the analogous problem for Jy . (-) (¢ > 0), denoted by (P€):
(P) given T' > 0, find u (x,t) ,w (x,t) : Qpr := 0 x (0,7] — R such that

ug (1) — Aw (@,1) = =X (u (=, t) - f(2)) V(,t) € Qr, (20)
w(x,t) =-V- <|§Z g’g) V(z,t) € Qr, (21)
u(x,0) = ug (x) Vo € Q, (22)
Ou ow

% (z,t) = ™ (z,t) =0 Y (x,t) € 00r; (23)

(P€) given T > 0, find u, (x,t) ,w, (z,t) : Qr — R such that

Ue t( ) Aw, (ZB, ) =—A (ue ((E t) f (:B)) V(il),t) € Qr, (24)
we ( V- <v5€ ] ) V(x,t) € Qr, (25)
Ue (2,0) = up.c (@) Vo € Q, (26)
e (g.8) = 2% (2.4 = 0 V(z,t) €00 (27)
v v ’ n

where 0Qp := 90Q x (0, 7.

Since the expression ‘gm is not defined when Vu = 0, the PDEs and

are only formal statements. In order to give a rigorous definition of solution, convex
analysis and variational inequalities are used.

Remark 1. The natural image processing assumptions, that up = f and up, = f,
are not made here. This allows for a more general analysis of (P) and (P€), in
particular under different regularity assumptions on ug, up . and f.
It follows from equation (3), (a — b)(c —a) < 1[(c — b)? — (a — b)?] and equation
that
(Gut,v—u)—kJA()—J,\() 0,

for all suitably smooth test functions v, and similarly Lemma [1.2| gives that
(Gue,t,v — ue) + Ine (V) — Jxe (ue) > 0.

These last inequalities motivate the following definitions of weak solutions of (P),

(Pe):

Definition 2.1. Let Q c R¢ (2 < d < 3) be a bounded open domain with Lipschitz
boundary 02 and suppose that ug, ug,. € BV () N F and f € F. Then



922 C.M. ELLIOTT AND S.A SMITHEMAN

e v is said to be a weak solution of the initial boundary value problem (P) if
u € C(0,T;F)N L*®(0,T; BV () N H (0, T;F), u(0) = uy a.e. and u
satisfies for any s € [0, 7],

| @60 -uwhde+ [ e - =0

0 0

Yve L' (0,T;BV (Q)NL*(0,T;F); (28)

e u. is said to be a weak solution of the initial boundary value problem (P€)if
ue € C(0,T;F)NL>®(0,T; BV ()N H (0,T;F), uc (0) = ug . a.e. and u,
satisfies for any s € [0, T,

| ® .61 = u Ohde+ [ e we) = T (e @) de 2 0

0 0

Yo e L' (0,T; BV (Q))NL*(0,T;F). (29)

Note that, since

(W (1) = (1), G[v(t) —u®)]) = 5— lv () —u@®)]?,,
and similarly for v (t) — u. (¢), the inequalities , are equivalent to

S

/ (1), o (1) — u (B)]) di + [ o - nwola

> %[Ilv(s) —u(s)[*; = [lv(0) —uOIIQ_J (30)
Vo e L' (0,T; BV (Q)NC(0,T;F) : v' € L*(0,T; F),

>

/S (' (), G [v(t) —ue ()]) dt + / [Txe (v () = e (ue (2))] dt
0 0

1

2

(1o () = e ()12, = [0 (0) = o] (31)
Yo e L' (0,T; BV (Q)NC(0,T;F) : v € L*(0,T;F) (32)

respectively.

3. Well-posedness of the energy minimization problems.
Theorem 3.1. [d = 2,3] Suppose that A >0 and f € F. Then
e the minimization problem

inf J 33
wesinhy s (@) (33)

has a unique solution;
e for each € > 0, the minimization problem

inf Iae (Ue 34
ueeBllI/l(Q)m]-' A (ue) (34)

has a unique solution.

Proof. The result for Jy . (-) is proved (the result for Jy (-) can be proved analo-
gously). The argument used is a standard one; see for example [1], [3], [1I].
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Let {uen}, y be a minimizing sequence. There exists a constant M > 0 such
that

/ |vue,n| S / ‘Vue,nl€ S J/\,e (uem) S M VneNlN.
Q Q
It follows from inequality that
Hue,n”Bv(Q) <(C+1)M.
Also,

2 2 2 4 2 aM 2
el < 2 e = FI, + 202, < § e ) + 20012, < L 420012,
It follows (see [2], p. 125) that there exists ue € BV (2) N F and a subsequence of

{ten}, ey (still denoted by {ucn}, ) such that

*

e 7 Ues Uen ? Ue, Uen LI}Q) U as n — oo.
Moreover,
0< /usdm = ‘/ (e — te) de| < ||they — Uell;, =0 as n — 00
Q Q

= / ucdx = 0.
Q

Recall that a functional J is said to be “convex” if
J(yur + (1 =y)uz) <vJ (ur) + (1 =) J (u2)
whenever u; # us and vy € (0,1), and “strictly convex” if the inequality is strict.

The strict convexity of Jj . () follows from the convexity of Jy . (-) ([1], Theorem
2.4) and the strict convexity of ||(-) — f||2_1:

2 2 2 2
Y lur=flIZ+ A=) [luz = FIZ = lyus + A=) ue = fIIZ =7 (1=7) lur —ual|Z; -
Since Jy . (+) is convex, it is lower semi-continuous in BV () with respect to con-

vergence in L' (Q) (see [7]). It follows that

Ine (ue) <lminf Jy ¢ (ten) ,

and hence that u. is a solution of the minimization problem .
Suppose that @, # u. is another solution. The strict convexity of Jy ¢ (-), gives

that ~ ; I (@
Ue + Ue < A (UE) + A (UE) = mf J)\ € (Ue) )
2 2 u€EBV(Q)NF
a contradiction. Hence the solution of the minimization problem is unique. 0O

J)\é

s
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4. Well-posedness of the weak formulations.
4.1. Statement of result.

Theorem 4.1 (c.f. [7], Theorems 1.1 to 1.4). Let Q C R? (2 < d < 3) be a bounded
open domain with Lipschitz boundary 02 and suppose that ug, up € BV (Q)NF
and f € F. Then

o there exists a unique weak solution u of (P),

e there exists a unique weak solution ue of (P€).

Further,
o if u; (i = 1,2) are weak solutions of (P) for data ug; € BV (Q) N F and
fi € F then

uz (s) — w1 (s)||_y < lluo2 —wonll_, + VAT | f2 = fill_, Vs €[0,T]; (35)

o if uc; (i =1,2) are weak solutions of (P€) for data up.e; € BV () N Fand
fi € F then

[uea (s) = uen ()1 < lluo,e2 —woeally + VAT | fo = fil -, Vs €[0,T]. (36)

4.2. Overview of proof. Firstly, the existence of a weak solution of (P€) is es-
tablished by using the Faedo-Galerkin method of Lions ([9]). This consists of three
parts:
Proof of local existence and uniqueness (Sections A countable
orthogonal basis of {ni}i N of V is constructed using eigenfunctions of the

Neumann Laplacian. For k € N, we seek ucj, in the span of {ni}le which

solves the variational PDE with test space spanned by {ni}le. We deduce
local existence and uniqueness of uc .

Proof of global existence (Section [4.5) Specific choice(s) of test function(s)
yield bounds on relevant norms of u. , which are independent of £ and remain
finite as € | 0.

Passage to the limit (Section The bounds on the seequence {ucx}, oy
give various convergence results as k — oo (the limit is denoted by u). These
convergence results are used to pass to the limit of each term in a weaker
reformulation of the finite dimensional problem (which is analogous to the
weaker reformulation of the equations and ), yielding that wu.
satisfies inequality . An argument of Lichnewsky and Temam [g] is used
to show that u. (0) = ug, and ue € C(0,T;F).

Uniqueness of the weak solution of (P€) is an immediate consequence of inequal-
ity , which is proved via an argument of Lichnewsky and Temam [8] in Section
8}

In Section the existence of a weak solution of (P) is established. This is
achieved by using the bounds found in Section to give various convergence
results for the sequence {u.}.., of weak solutions of (P€) for initial data ug . = uo
as € | 0 (the limit is denoted by u). These convergence results are used to pass to
the limit of each term in inequality , giving that u satisfies inequality (30]).

The proofs that u(0) = wg, that v € C(0,T;F) and of inequality are
analogous to those of the corresponding results for (P€).
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4.3. Definition of Galerkin problems. The orthogonal basis {ni}ieN C V of

V consisting of the (L2-normalized) eigenfunctions of the Laplacian operator with
zero Neumann boundary conditions together with the corresponding non-decreasing
sequence of eigenvalues {\;},y is considered:

i

— An' (z) = \in' () Vo € €, %77” (x) = 0 YV € 09,
(n',n') =1, 0<A<X<....

It follows that
. . . 1 .
(Vi V) = Xi (n'n) vneVieN,  Gn'=_n' VieN.  (37)

For k € N, V¥ is defined to be the finite dimensional subspace of V spanned by

1k
{nl}i:1'

The kth Galerkin problem is to find wuey (t),we () € V¥ such that for a.e.
te (0,77,

(u;,k (t) 777k) + (vwe,k (t) 7V77k) =-A (ue,k (t) 777k) +A <f7 77k> Vnk S Vka (38)

(Wek () ,mk) = (M’Vﬂk) Ve € VE, (39)

e i, (0) = Prug c 1, (40)

where {ug . x},cy C C™ (2)NF is chosen such that for each p € [17 d%‘ll) (see [13],
p. 225)

||u07€);€—u076||p—>0 and /|Vuo7€,;€ —>/ |[Vuo,e| as k— oo, (41)
Q Q

and P*¥ :V — V¥ is taken to be the (Faedo-)Galerkin projection operator:

k
Prp:=>"(nn')n" Vnev.
i=1
The operator P* satisfies
vn € V7 Nk € Vk7 (Pkn7,’7k) = (77a77k)7 (vpkn7vnk) = (vnavnk)7 (42)
Vn eV, Pfp—n in H'(Q) as k — oo (43)
Vn e C(0,T;V), Pfyp—n i C(0,T;H'(Q) as k— oo (45)
0 on
L0, T; — (PPn) =P* (). 4
Ve (0.T3V), o (P*n) 5t (46)

Equations , 43)), and are standard results, and equation follows
from equations (37) and :

1PEnl2, = VG [PEa) || = (P*n.G [Pn)) = (n.G [P™n]) = (VGn, VG [Phy])
< |IVGnll |VG [P*n]|| = lInll_y || P*n|_, -
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Since H! (Q) — L% (Q) — L% (Q) for d = 2,3, equations and give that
for p € [1, d%'ll),

ek (0) —uoell, =0 and  ([Vuey (0)],1) — / [Vup,el as k—oo. (47)
Q

Lemma 4.2. The equations , are equivalent to

Ve i (t)| ,Vnk) — A (G [uer () — fl,m%)

ORI O

Vi € VE, ae. t € (0,T]. (48)
Proof. Defining we . (t) = —Gul , (t) — AGuc k. (t) + AP*[G f] in equation and
using equation gives equation , and a further usage of equation gives
(Vwer (t), Vi) = = (VGugy (1), Vi) = A (VG [ue (8) = f], Vir)
= — (ue e () 1) = A(uew (8) 1) + A (fom) s

and hence equation holds.
Since ue . (), u_, (t) € V, equation gives that for a.e. ¢t € (0,7,

(VGuLy (t), Vi) + (Vwer (), Vir) = =X (VG [uck (t) = 1, Vir) Ve € VE

It follows by equation that we . (t) = —=Gul  (t) — AGue  (t) + AP [Gf]. Sub-
stituting this into equation and using equation gives equation . O

4.4. Local existence and uniqueness for Galerkin problems. Take

k
ek (1) =D ceri(t)n' VEEN,
=1

and define the vectors ¢y (t), ok, fi, and m, of length k by

[cer (D)]; = ceni (1), [Co,cnl; = (wer (0),07), [Fily = (') s [me], =n" Wi <k
The non-linear operator A, j : R¥ — R* is defined by

[Acs ()], == N\ (m, vni) Vi < k.

The kth Galerkin problem is equivalent to
Cop () + Ack(Cer (t) = =Acer (1) + Af,  cer(0) = coen

In order to invoke the standard Picard Theorem and obtain the existence of a unique
solution of this problem on some time interval [0, T}], it is sufficient to show that
A, 1, is globally Lipschitz. For a vector c of length k and i < k,

d
Ole-m)  dle-my] Olc-my
A Y k.
[ ek (C)]l )\1 - (Gd< 3:61 ) ) axj71 ’ 8$j+1 4 )

J

dle-my] Olc-nyl %
oxg = Oz "oz )’

where the nonlinear operator G4 : R? — R is defined by

G (c) ::Z—d Ve = (c1,...,cq) € R

el
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Since

0Ga(e) _lele—ci . 0Gale) _ cica

dcq ef? Oci el
it follows that
’aGadCf) |1| <% Vi=1,...,d.
Hence, by Taylor’s Theorem, G4 (+) is globally Lipschitz:
Gale) = Ga(@)] < ~ e, Ve,eeR,

where |-, is the discrete L' norm: ||c||; :=|c1|+ ...+ |cq|. It follows that Ay (+)
is globally Lipschitz:

o kd2X
[Ack (€) = Ack (@) < .

le—¢é||l, Ve,éeR%

4.5. Global existence for Galerkin problems. Since ﬁ > % for d = 2,3,
inequality and the limit give that
|tk (0) —uoell , —0 as k— oo. (49)

Using that |p|, < |p| + € and 3 (a + b)® < a2 + b? gives

A
Tne (uen (0)) = ([Vuer 0)], 1) + 5 1 —uer 0117,
< (IVuek (0)],1) + € [Qf + Afluck ()12, + A fIZ, -
It follows from the limits and that {Jx ¢ (uer (0))} ey is bounded.
Lemma 4.3. For s € [0,T],

(i) Nuex ()2, +2 / ) (mw <t>> dt + A / e (912, dt

< luer (0)]%, +AT||fII31, (51)
(i) / [l i ()], dt = Tne (e (0)) = Tne (e (5)) - (52)

Proof. (i) Letting n = u. x (t) in equation gives that

d 2 VUG k (t) 2 2
— 2| =————2 <
p e O, + (|Vue,k (t)‘e,vug,k (@) ) + Mluer O, < MFIZ,

and integrating with respect to ¢ from 0 to s gives inequality (51)).
(ii) Taking 7 = u/; () in equation gives that

[ul i (O], = JMM )],

and integrating with respect to ¢ from 0 to s gives inequality (52| @ O

It follows from inequalities (50]) and (| . limit ( ., equation (52)) and the non-
negativity of Jy ¢ () that there ex1sts C=C(uge, f, A\, T,¢,Q) such that

”ue kHLoc(()T]: ||ue kHL?(OT}‘) <C. (53)
It follows from
FecVecH (Q) =W (Q) <= BV (Q) VkeN
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that
Uk (s) € BV(Q)NY VkeN.

Inequality gives that
[tk ()l gy gy < (C+1) (Ve (s)],1).

Further, inequality and equation give that there exists
C =C(upe, f, A, €, Q) such that

(IVuer (8)],1) < Ixe (e () < Ixe (uer (0) < C.

Hence there exists C' = C (ug.c, f, A, €, Q) such that

[werll Lo 0.7:8v () = C- (54)

4.6. Passage to the limit. Since (H1 (Q))/ is a Hilbert space and F is a closed

subspace of (H L (Q))/, F is a Hilbert space. It follows that F is a reflexive Banach
space, and hence so too is L? (0, s; F) for s € (0, T]. Further, BV (Q2) is the dual of
a separable space and hence so too is L (0,T; BV (2)).

It follows from the bounds and that there exist a subsequence of
{tie k}pen still denoted by {uer}ycy, and ue € L (0,75 BV (2)) N L™= (0,T; F)
such that u. € L? (0,T;F) and as k — oo,

Uk — ue in L? (0,8, F) Vs € (0,77,

Ue s (8) =~ uc(s) in F
Uek (8) = uc (s) € BV (Q) in L' (Q)

}for a.e. s € [0,T]. (55)

Suppose that v € C* (O, T:Ct (Q))ﬂC’1 (0,T;V) (a density argument is given further
on which shows that it is sufficient to consider such functions), and take vy (t) =
Py (t).

Inequality and limit give that

[o(t) —ox @)l|_y <Cpllo(t) —vr @) =0 ask — oo. (56)
Inequality and equation give that for all k € N,
ok Oy < Moy, ok Ol < " @1 - (57)
Hence for all k € N,

||Uk‘||L2(o,T;}') < ||U||L2(07T;}')a ||Ul,~c||L2(o,T;}‘) < ||UI||L2(0,T;}')~ (58)
Also, it follows from inequality , limit and equation that
v — Uk”L?(O,T;]—‘) ;I = vl/¢HL2(O,T;F) ; [[Ve = vvk”m(QT) — 0 as k—oo. (59)

Since the limits (55 are insufficient to identify the limit of each term in the
Galerkin problem as k — oo, a resulting variational inequality for which pas-
sage to the limit is possible is found. The process of deducing this variational
inequality from equation is the finite dimensional analogue of the deduction
of the variational inequality from equation (3): taking n = vk (£) — ue,k (¢) in
equation , using that
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(a—b)(c—a) < 3 [(c -0 = (a— b)g} and Lemma and integrating with re-
spect to t from 0 to s gives

/ (0l (£).G lon (1) — e (8) it + / e (00 (8) = T (e (8))]

> % {Hvk (8) — Ue (8)||2_1 — |lvg (0) — ue s (O)HZ_J ' (60)

Lemma gives the k — oo limit of each term in the variational inequality .
Lemma 4.4. Forv e C' (0,T;C* (Q))NC* (0,T;V) and vy, (t) = P*v (t) (k € N),

S

() dim [ () (t).Guox (1) di = / " (1), G (0) dt,

k—oo 0
s

(i) lim (vg, (), Gue (1)) dt = /0 ’ (V' (t),Gu (t)) dt,

k—oo 0
s

i)t [ @)= [ o) an

k—oo Jq 0

(i) tmint [ (e @)de= [ (@)
- Jo 0

(0)  Liminf [log (s) = ves ($)|I2, 2 [0 (s) = ue ()24

() im0 (0) = e O)1, = o (0) = ol

Proof. (i) The bounds and limits (59) give

/OS (v (), Guy (t)) dt — /Os W' (t),Gv (t))dt‘

<

/ (0 (8),6 oe () — v () dt\ n

JRCACERIURT <t>>dt\

< [||vl/€HL2(O,T;]-') vk — v||L2(o,T;f) + vy, — v/”LZ(O,T;}') ||'U||L2(0,T;f)]

—0 as k — oo.

(ii) Define T and T, by

/05 (v, (t), Gue . (t)) dt — /Os (W' (t), Gue (t))dt‘

IN

/ "0 ()6 e (1) — e (8)]) dt\

[ 6= @) Guen 0y +
0

=T+ T5.
The bounds and limits (59) give that

T1 S H’U;C — UI”LQ(O,T;]:) ||u€7k||L2(O,T;]-') — 0 as /f — OQ.

The limits and Lemma give that

/OS (W ()G [uen () —ue ()] dt — 0 as k — oo,

and hence To — 0 as k£ — oo.
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(iii) The limits and Lemma [1.2] give that
S S
[ vl - 1ve@lna| < [ 1960 - o)
0 0

< |92 T# ||Vo — Vol 2,y — 0 as &k — oo,

[ @@= 0000 < THI o vl rn 0 05 k.
0
By an analogous argument to that used to prove (i),
/ (vg (), Guk (t)) dt — / (v(t),Gu(t))dt| -0 as k— oo.
0 0

(iv) Since Jx . (+) is convex (see proof of Theorem [3.1), the limits give that
Ine (ue (1) < likm inf Jy e (uer (2)),
—00

and using Fatou’s lemma gives the result.
(v) Limits and and inequality give that for a.e. s € [0,T],
V (8) —ue (8) ~v(s) —uc(s) in F as k — oo,
and using the lower semi-continuity of a norm with respect to weak convergence
gives the result.

(vi) The limit and bounds ([56)), yield
[(vx (0), Gk (0)) = (v (0),Gv (0))]
< (v (0), G [vk (0) = v (O)])] + [ (vx (0) — v (0) , Gv (0))]

< (Ilox Oy + v )1 _,) l[oe (0) = v ()],
<2 ()], vx (0) = v (O)|_, 0 as &k — oo,
(01 (0) . Gue (0)) — (v (0), Guo, )|

< [(vx (0) = v (0), Gue . (0))| + [(v (0), Gue k (0) = Guo.e)|
v Oy + v (O) 4 [luer (0) — woell 4

—0 as k — oo,
e (0% = fluo,c?, ask — oo.
O

By Lemma [£.4] passage to the limit ¥ — oo of each term in the variational in-
equality gives that u. satisfies the variational inequality if ve CY0,T;C*
() N CY(0,T;V). Further, C*(Q2) NV is dense in BV (Q) N F with respect to
strict convergence ([2], p. 132) and C!(0,7; BV (Q)) N C*(0,T;F) is dense in
L' (0,T; BV (2)) N C (0,T;F) with respect to norm convergence. It follows that
C' (0,T;C* (2))NC*(0,T;V) is dense in L' (0, T; BV (2)) N C (0,T; F). Hence u,
satisfies the variational inequality .

As in Feng and Prohl [7], an argument of Lichnewsky and Temam [§] is used to
prove that ue (0) = ug and u. € C (0,T;F). Indeed, for § > 0, the following initial
value problem is considered:

6“;6 (t) + Ue,s (t) = Ue (t) vt € (07 T) ) Ue, s (0) = UQ,e-

This initial value problem is used because its unique solution u. s is known to belong
to C (0, T; F).
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Replacing v by u. s in the variational inequality gives that

1 2
3 lues (5) = ue ()11,

931

< [ U ucs ()t = T e O]t = 5 [ s 0 - e 0

< / [Ine (tes (8)) dt — Ty e (ue (t))] dt
// [Vues ()], — [Vue (t)].] dedt
5 [ s 0= 12 = e ) - 112, ]

It follows from Lemma [[.2] that

T
[[Vue,s (8)|, — [Vue (¢)],] d:cdt‘ < / IV [ues (t) — ue ()] dedt
2 0 Q

< llues = tell g2 .7 mv (@) -

Since (a —¢)> = (b—¢)* = (a —b) (a + b —2¢),

’/ lues (8) = £I1%; — llue (t)_f||2_1] dt‘
/ (VG [ues (t) — ue (1)), VG [ucs (t) + ue (t) — 2f]) dt‘

0
< lues — Ue”LZ(o,T;]:) l[we,s +ue — 2f||L2(07T;_7:)

< Ntess = tell oo oy (1teis = el ooz + 2lte = Fllizgoirm ) -

As in [7] and [8],
Ues — U in L2 (0, T; F)N L' (0,T; BV () as 6 0.
It follows that
[tes — vellcormy = sup lues (s) —ue(s)|_, =0 as 610,
s€[0,T]

which yields
u. € C(0,T;F), ue (0) = upe in F.

4.7. Proof of stability estimate (36)). As in Feng and Prohl [7], an argument
of Lichnewsky and Temam [8] is used to prove the stability estimate . Indeed,
let u; (i = 1,2) be weak solutions of (P€) for data ug i, fi- The function u. €

C(0,T;F) is defined by

. Ue, (t) + Ue, (t)
ue (t) = %

vt e [0,7) <:> ue (0) = “061;“062> .
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Adding the inequalities for i = 1,2 gives that
2 [ (0,600
0
+ / 2J0.c (v (8)) dt — Joc (ues () — Jo (ues (£)] dt
0
)\ S
w5 [ @A+ o - 22,
0
2 2
e () = fill?y = Nl (8) = foll? ] dt

> 5 [I0(5) = e )+ 10 (5) = ez ()1,

2]

For § > 0, ucs € C (0,T;F) is taken to be the solution of the initial value problem

(61)

—[[0.(0) = uo.c.all”, = [[v(0) = wo,e.2

5u;75 (1) + ues (t) = uc (t) Ve (0,T), ues (0) = ue (0).
Replacing v by u.s in inequality yields

lfphd%“mhﬂ%ﬂmhA%ﬂth
2 [ [1es © - 502+ s 0 - 2,

e (6 = £l = lfuea (6) = fall?, ] at

(62)

> 2 It () = e ()1, + llaes () = ez ()2, ] = 7 o — w0l
As in Section [£.6]
Ue s — ue in L2 (0,T; F) N L (0,T; BV (2)) and we s (s) — uc (s) in F as & | 0.
The convexity of Jy ¢ ([I], Theorem 2.4) implies that
2Jo,e (ue (1)) < Joe (ue,1 (t) + Joe (ue2 () -
Letting § | 0 in inequality and using

2 2
1
(a+b—c) +(“+b—d> —(a=0’ = (-’ < (A=) Vabede R

2 2
(63)

yields
ez () = uen ()12, < As [l fo = fill2y + [luo,e. — wo.cnll” -
4.8. Proof of existence of a weak solution of (P). For ¢ > 0, take u. to be
the weak solution of (P€) with
Ug,e = Up- (64)
It follows from the bounds (53)), that there exists C = C (ug, f, \, T, €,Q),

which remains bounded as € | 0, such that

||U6||Loo(o,T;}') ) Hule”L?(o,T;}') ) ||u6||Loo(o,T;Bv(Q)) <C. (65)
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Hence there exist a subsequence of {uc} ., still denoted by {uc} .o, and u €

L>(0,T; BV (Q)) N L> (0, T; F) such that v’ € L?(0,T;F) and as € | 0,
ue — u in L?(0,s;F) Vs € (0,77,

Ue (s) ~u(s) in F
ue (s) — u(s) € BV (Q) in L' (Q)

}for a.e. s€[0,T]. (66)

In Section Lemma [£.4] was used to pass to the limit k¥ — oo in the variational
inequality l@) (a corollary of the Galerkin problem )7 yielding the variational
inequality (31)). For v in a dense subspace of the test space in inequality (31| . and
suitably chosen Uk, Lemma 4] identified the k& — oo limit of each term in the
variational inequality (60) as bemg (up to inequality) the corresponding term in
the variational inequality . Analogously, Lemma below identifies the € | 0
limit of each term in the variational inequality (31]) as being (up to inequality) the
corresponding term in the variational inequality.

By the same density argument as that in Section [£:6] it is sufficient to consider

ve CH(0,T;C () NC(0,T; V).

Lemma 4.5. For anyv € C' (0,T;C" (Q)) nC* (0,T;V),

@ tim [ (@), Gu (1)) dt = / "W (1), Gu (b)) dt,
0 0

el0

@ iy [Cnew@d= [ nwoa

el0
(i) hmlnf/ I e (e ( dt>/ Iy (u
(i) T inf[fv (s) — ue (s N2y = o (s) —u(s)?y,
(v) T v (0) — gl = [0 (0) = uoll?, -

Proof. The proofs of (i) and (iv) are analogous to (and simpler than, since it is
not necessary to pass to the limit of {vg},y) those of parts (ii) and (v) of Lemma

[4:4) given in Section [£.6

(ii) follows from ||p|, — |p|| < e
’/ (Vo @)], — [Vo(t)],1)dt| < eT' |2 -0 ase 0.
0
The proof of (iii) is similar to that of part (iv) of Lemma 4.4 given in Section

the convexity of Jy (-) (see proof of Theorem , the inequality Jy (-) < Jre ()
and the limits yielding

Iy (u(t) < liml%)nf Iy (ue (1)) < liml%)nf Ine (e (1)) -

(v) follows from the initial condition ([64). O

5. Convergence of weak solutions to minimizers of energies.

5.1. Statement of result.
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Theorem 5.1 (c.f. [6], Theorem 2.2). Let 2 < d < 3, ug, up, € BV () N F,
f € F and u, . be the minimizers of Jx (-), Jac (). The weak solutions u,u. of
(P), (P¢) satisfy

d
1, —— u m .
Vpe [ T 1) , u (t) L;Q) u and uc(t) L;Q) U as t— oo (67)

5.2. Technical Lemma.

Lemma 5.2. Let ug, up € BV (Q)NF and f € F. Then for all sg € (0,T), the
weak solutions u, u. of (P), (P€) satisfy

[ 6w = [ @) - g e)lde o0

S0 S0

Ywe L' (0,T; BV (Q)NL*(0,T;F), s € [so,T]; (68)

S

/WMQLQw@—m@mﬁ+/ﬁA@W@»—AAmamazo

S0 S0

Yw e LY (0,T; BV (Q))NL*(0,T; F), s € [s0,T]. (69)
Hence u, ue satisfy

(W (t),Gw—u(t)])+ Jx(w) = Jx(u(t) >0
Vwe BV (Q)NF and a.e. t € (s0,T),

(ug (), G [w —uc ()]) + Tae (W) = Ine (ue (1)) >0
Ywe BV () NF and a.e. t € (s0,T).

Proof. The inequalities and are proved (the inequalities and (|71)
can be proved analogously). Choose so € (0,7, and take w € L' (0,T; BV (2)) N
L?(0,T;F). The inequality follows from taking s € [so, 7] and

o (t) :{ u(t) for ¢ € [0,so]

(70)

(71)

w(t) fort € (s, ],

in inequality (28). The inequality follows from inequality by the Lebesgue
differentiation theorem (see [2]). O

5.3. Proof of Theorem The proof of the result for (P) is given (the result
for (P€) can be proved analogously). Choose s > 0 such that u (sg) € BV (Q)NF.
Taking w (t) = u(t — 7) for 0 < 7 < s in inequality with s = T, dividing the
resulting inequality by —7 and passing to the limit 7 | 0 yields

T
/ v (t)||271 dt + Iy (u(T)) < Iy (u(sg)) <oo VT EI[sg,00).
S0

Hence there exists a sequence {t; }jeN and a constant C' = C (2) such that t; — oo
as j — oo and

[ @)l_y =0 as j—oo and  lu(ty)lpy@, lu)l_ <C VjeN

It follows that there exists @ € BV () N F and a subsequence of {u (t;)};y (still

denoted by {u (t;)},cy) such that

* A

u(ty)  — 4, ul(ty)

B 1, u(t;) — 4 as Jj — o0;

F L1(Q)
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(see [2], p. 125). Taking ¢t = t; in , letting j — oo and using the convexity of
Jx (+) (see proof of Theorem gives that
Iy (w) > liminf Jy (u (t;)) > Jy (@) Yw € BV (Q)NF.
j—o0

The uniqueness of the solution of the minimization problem implies that 4 = w and
that the whole sequence {u (t)},., satisfies the limit in (67). O

6. Rate of convergence of u. to u as € | 0. It follows from the proof of the
existence of a weak solution to (P) given in Section that if ug e = up for e > 0
and f € F, then the weak solutions u, {uc},, of (P), (P€) for data ug and f,
{uo,e}.o and f satisty

ue >u in L®(0,T;F) as €0,
We prove Theorem [6.1] concerning the rate of this convergence.
Theorem 6.1 (c.f. [6], Theorem 3.1). Suppose that 2 < d < 3, ug € BV (Q) NF,

{uo,}esg CBV(QNF and f € F. Let u, {uc} . be the weak solutions of (P),
(P¢) for data ug and f, {uo.} .., and f. Then

lu = vellco,r.7) < lluo — wo.ell ) +2+/€T[€.
Hence, if ug,c = ug for e >0,
ue—u in C(0,T;F) as €]0.

Proof. The inequality ||p|, — |p|| < € gives that [Jxc(-) —Ja(-)] < €]€]. Hence
taking v = u in the inequality for (P€) and v = u, in the inequality for
(P) and adding the resulting inequalities gives the desired result. O

e>0

7. Conclusions. Functional analytic techniques have been used to show the ex-
istence of a unique suitably defined weak solution to partial differential equation
arising from the H~! gradient flow of the energy consisting of TV regularization
plus H~! fidelity. A regularized version of the energy was considered, which gave
rise to a regularized partial differential equation. The existence of a unique weak
solution to this regularized problem was used to show the existence of a unique
weak solution to the original problem. The convergence of each weak solution to
the minimizer of the corresponding energy as time ¢t — oo was established. Further,
a result for the rate of convergence of the weak solution of the regularized problem
to that of the original one as the regularization parameter € | 0 was established.
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