Machine Learning Methods on 2D Ising Model

Burak Civitcioglu
Project Supervisor: Prof. Rudolf A. Roemer

LPTM/CY Université
bcivitcioglu@cyu.etu.fr

October 1, 2020

Abstract

This report explores the study of Convolutional Neural Networks (CNN) prediction
success on recognising the temperature by having the image of the configuration as an
input for the Ising Model in 2D. Several studies have been done on transfer learning in
various physical problems with promising results[14]. In the Ising Model case, we train
a CNN on a square lattice and test it on a triangular lattice and vice versa; in order to
conclude if the transfer learning methods work for the Ising model. The configurations
are generated using Monte-Carlo Methods and Metropolis Algorithm and then Neural
Networks are trained on square lattices of size 100 x 100 and the trained networks are
tested on triangular lattices of the same size. Understanding the transfer learning for
Ising model can help us discover if the transfer learning can be applied to any problem
or not, moreover even if the transfer learning does not work, we can explore more on
what the behaviour is when we try to do a transfer learning.
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1 Introduction to Machine Learning

Machine learning can be considered to be a subset of artificial intelligence; consisting mainly
of supervised learning, unsupervised learning and reinforcement learning [10]. In this project,
our focus is the supervised learning. Supervised learning consists of mainly regression models,
classification models and neural networks (NN). In this introduction, the goal is to present the
basics of supervised learning starting from simple regression, explaining basic classification
models and presenting the mathematical background of the structure of neural networks and
deep neural networks (DNN).

We need to start with the basics in order to understand the basic concepts that is used
in the more advanced topics such as DNNs and convolutional neural networks (CNN) which
is the model that we use in this project.

1.1 Simple Linear Regression

Simple linear regression is suitable for data sets that are somewhat in a linear form. As we
can see in Figure We can check the visuals in Figure 1. First let us start with getting familiar
with the terminology and notation; along with some basic concepts that is important for all
the machine learning models that will be covered.[5]

1.1.1 Model Representation

In a regression problem we are going to assume that we are presented with clean data that is
somewhat resembling a straight-line like shape when plotted as a scatter plot. For simplicity
and in order to develop intuition for the future models, we will be assuming a one dimensional
model. Our data will be consisting of two variables. The number of data we have in this case
will be called training examples m. Let us call these variables simply and conventionally,
and y. (2@, y@) will be used to represent ith target and feature.

Target

¥

5.0 ?I 5 10‘.0 12‘.5 15‘.0 1?‘. 5 2(.';.0 22‘.5
Feature

Figure 1: The scatter graph of our sample data

Figure 1 is the scatter graph of a sample data that is suitable for understanding a linear
regression problem. We begin with a function of a straight line that will have the parameters
to be found accordingly. The goal is to adjust the parameters so that the given data fits as
good as possible. Let us define the hypothesis function as a straight line as follows:



h(z) = 6y + b1z (1)

where 6; are the parameters that is to be determined. We define a function that will help
us determine the parameters. This function is called the cost function. The cost function
will be similar to the error when we try to fit the line to the data and therefore we will try
to minimize the cost function.

1.1.2 Cost Function

The definition of the cost function will be an error expression that is independent of signs.
The straightforward way of doing this is to take the square difference of the distance between
our data points and the hypothesis that is our straight line. We sum over all the data points
with the square difference expression; and if this function is minimum, it means that our
hypothesis fits as good as possible given the conditions since the error is minimum.

First we subtract one from the other, h(z® — y®) and then we take the square so that
we have a positive value, h(z® — y)2. Now we sum over all the data points and we will
get:

(h(z?) — y(i))Q
i=1
Conventionally for mathematical elegance, we will add a factor of ﬁ Thus the final
version of the cost function is:
1 — . .
J(00,01) = =—— Y (h(z) = y@)? (2)

2m 4
=1

Let us not forget the big picture. We want to minimize the cost function. Note that the
value m is the number of total data points therefore it is constant. The values of y( are the
data points therefore it is not a parameter. Therefore, what needs to be done is to find a
pair of (6p,6;) that will minimize this function. Because these are the only values that are
not known and the only values necessary to explicitly write down the hypothesis we started
to look for in Equation 1.

1.2 Gradient Descent

In order to numerically minimize the cost function, we will use the method of gradient
descent. Basic idea is to start at one random point, change it slightly to the decreasing
direction; and check at each step if it is minimized. The formula needed is the following
formula repeated until we converge to the minimum:

0
7 00, ) (3)
where ¢ = 0,1, X is the gradient descent parameter and the operator ”:=" is not equality

but the assignment operator; meaning that the right hand side of the operator is assigned



to the left hand side of the operator. In this expression, it basically means we update 6; at
each step with the given assignment operation. Equation 8 assures that when we update it,
it will go into the direction of the extremum; which in this case always will be a minimum
since the cost function is convex. We need simultaneous update of the parameters when
we implement this method. The way to do that is the following considering ty,%; to be
temporary parameters for proper simultaneous update:

0
to := 0y — )\a—eoJ(eoa 61)
0
t = 91 — )\a—elJ(00701> (4>
90 = to
01 = tl

The important points about this algorithm are:
1. If X is too small, then it will take too much time to execute the algorithm.
2. If X\ is too big then it will jump off the extremum value and it may not converge.

3. If the initial random point of the gradient descent is in fact the minimum, then we will
not observe an update.

4. As the derivative of the cost function will approach to zero in time, we do not need to
update A. Nonetheless, we will take smaller gradient descent steps overtime.

1.2.1 The Implicit Calculation of the Gradient Descent

The important part that needs explicit calculation is the derivative part. Let us take the
derivative of the cost function:

0 0 (1 & 4 ‘
a7 = 5 (1 )~ 5)
j:
For 7 = 0 we have;
0 1«
0T _ LSS, 40,00 — ) (
890 m i1
For + = 1 we have;
0 1 &
2 2(90 + 12 — y)z (7)
361 m =
More compactly:
oJ 1 & ; ;
= 3 () — )
0 i
07 1 (8)
- Z(h(:p(ﬂ) — y)z®
891 m =
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Figure 2: Scatter plot of a sample data set for logistic regression

Even though in the given example the cost function is indeed convex and thus will yield
to a minimum extremum point when gradient descent is applied; in general, one needs to
check whether the cost function is convex in order to conclude that the gradient descent will
result in a minimum value.

1.3 Perceptron: Logistic Regression

The logistic regression is used to make classifications of two different types of data. Logistic
regression works for the two-level classification; meaning that we will have only two possible
outputs labeled as 0 and 1. We denote y € {0, 1}

We want the hypothesis to be in the interval, 0 < h(z) < 1. The following convention,
although it is not used commonly as a first choice today, is the definition of a hypothesis: a
sigmoid function.

h(z) = o(672)
1 (9)

In this formalism, we will have the hypothesis function interpreted as the estimated
probability that y = 1 on feature x and defined as:

h(z) = Py = 1]z;0) (10)

1.3.1 Decision Boundary

According to the above definition, the model will predict y = 1 whenever h(xz) > 0.5. But
substituting for sigmoid function in the hypothesis, we then get y = 1 — T2 > 0 Similarly,
y=0—0Tzr <0

Note that at zero we don’t have a prediction. Then by finding these relations, we can plot
the decision boundary. It can be a line, or a non-linear shape. For instance for a polynomial
set of features, we will get a polynomial inequality relation therefore a non-linear decision
boundary such as an ellipse or a circle. In order to find the decision boundary, we first need
to define the cost function for the logistic regression.



1.3.2 Cost Function

Let us start by defining the sets and vectors that will be used in order to construct the
logistic regression cost function. The training set will be:

T={W,yW),..., "™, y"™)} (11)

The size of the training set is m. We similarly define:

1 o
I 91

r = |22 ,8: 92 Yy = {0,1} (12)
T 0,

and we also have h(z) = o(67x)
In the logistic regression case, the cost function will be defined as an entropy expression
which will be interpreted as an error expression. We will have:

UORED SERUCRING (13)

with the err(h(x),y) defined as:

err(h(x),y) = —yn(h(z)) — (1 - y) In(1 - h(z)) (14)

Notice that this is in fact the entropy of a discrete two-level system found by using the
micro-canonical partition function in statistical physics. The same procedure of gradient
descent algorithm will be used for this cost function in logistic regression. The derivative
that needed to be calculated in Equation 4, is:

m

-~ i i (i
6= 0;— — > (h(a) —y )] (15)

i=1
and we repeat this until convergence. Moreover, the vectorized version of this algorithm
will be.

0:=0— %XT(O'(XQ) —v) (16)

When this is applied on the data we are given in Figure 2, we will find the decision boundary
as shown in Figure 3. Once the model allows us to find the decision boundary, then we check
if the test data falls into which side; and we take the predictions of the model as that result.

1.4 Introduction to Neural Networks

Figure 4 is the very basic architecture of a single neuron. A neural network will receive inputs
from the previous layer, and it will make the inputs go through an activation function.[12]
The activation function can be chosen among many functions. For example we can go with

9
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Figure 4: Perceptron

the sigmoid activation function, hyperbolic tangent function or more commonly used, ReLU
function.[11]

h(z) = ReLU(z) = max(0, x) (17)
W) = o0) = —— (18)

Figure 5 is a neural network with a more complicated architecture. The layers between

10



Input Layer € R* Hidden Layer e R* Output Layer € R’

Figure 5: The visual representation of a deep neural network

the input layer and the output layer are called the hidden layers. We will define some
terminology before we go deeper into the topic. agj ) is the activation of unit 7 in layer j. For

example the second layer third unit’s activation function would be denoted as aéz) being the
weights of maps from layer j to layer j + 1. We will denote the input layers with z’s, and
hidden layers with a’s. Note that there is a bias unit, x¢o = 1.

Let us give an example calculation of the layers of this neural network. For instance if
we want to calculate the second layer first unit, we will do the following operation:

and similarly the output layer will be:
oV = o(05) al) + 070 + 03 al? + 08 al)) (20)

Therefore we can see that in order to calculate the output layer, we need all the values of
the weights and all the values of the nodes of the hidden layers. Note that if the network’s
number of units in layer j is s; then we have the matrix:

9(]) — 85 X 8511 (21)

Therefore in order to calculate the hypothesis, we need to calculate all the values of all
the nodes. They are defined by activation functions which depend on the weights. Therefore
the thing we need to calculate here, is the weights. Once we have all the weights, then we can
successfully calculate the hypothesis in the output layer. The way we calculate the weights
is with forward and backward propagation.

1.5 Forward Propagation

We will again be considering the architecture in Figure 5. We have:

11



a? = 0(9%)160 + 9%11)x1 + Qg)xg + 9%)953) = a(zf)) (22)

and similarly we have

2 2 2 2
ol = o(7),al? = o (25?) (23)

then in order to calculate the output we have these functions. Then:

o = o(=") (24)

) 252)

r=|",2® = | (25)
T2 @)
T3 23

We have then the following relations
oV =z
(2 — (), (26)
a® = o(2?)
At this point we have a critical step. We add bias in every layer. Therefore we will have:
(3 — 92,2

a® = 0(2(3)> (27)

1.5.1 Example: Neural Networks of Logical Operators

First let us try to create a neural network architecture that will be equivalent to the logical
AND operation. We will have two variables as inputs and one variable as an output.

T
To € {0, 1} (28)
Y =21 N\ T2
—-30
We will then have one output. We define the weights as # = | 20 | and therefore we
20
will have the output layer as:
al?) = 0(=30 + 202, + 20z, (29)

We can now write down the logic table of this operation.

12
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Figure 6: Logical AND operator as a neural network
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Now let us try to understand the neural network for the logical OR operator. Similarly
to the AND operator, we will have 2 input and 1 output nodes. Note that we will also have
the bias added as another node. We change the weights as follows:

—10
o= 20 (30)
20

This way we will end up with the following logic table.

T T2 Yy
0 0 0
0 1 1
1 0 1
1 1 1

As a final example let us do the NOT operator. This time we will have one input and
one bias node; and one output node. With the following theta as our weights:

o= ) (31)

And we end up with the expected logic table.

T y
1 0
0 1

13



1.6 Multi-class Classification

When we have a problem of multi-class classification, we will have the possible outcomes
denoted as,

_ O O

h(z) ~ =y (32)

0

when we have the third outcome. So we will have a set of fundamental basis; and the
dimension will be the number of possible outcomes. We want to generalize the cost function
of logistic regression. In this case we will have more than one possible outcome. Therefore the
cost functions type will be the same, but we will add summations to cover all the possibilities.

J(6) = % 0 enthtz) + (o) (33)
where error is defined as:
err(h(z)) =y m(h(zD)x + (1 — y?) In(1 — h(z D)) (34)

and R(0) is defined as:

L—1 s s+1

RO = =336y (35)

=1 i=1 j=1

Where L is the total number of layers. With s; is the number of nodes in the layer [.

1.7 Back-propagation

At this point we have already formulated the cost function. Now we need to calculate the
cost function and its derivatives. We need to compute J(#), ﬁ. Assume that we only have
ij

one training example (x,y).
First we follow through the forward propagation.

1.7.1 Forward Propagation

Let us write down one by one each step of our nodes until we are in the output part which
is going to be our hypothesis.

14



oM =g
L) — (), ()

a® = o(2?) + aéQ)
L) _ 2,

a® = o (2®) + a(()g)
2@ — p3) (3

a® = o(2W) = h(z) = the hypothesis

. . . Input Layer € R*

.\ Hidden Layer e R*

Hidden Layer € R®

Output Layer e R’

1.7.2 Backpropagation Step

oW =q® —y
5B — (9(3)>T(5(4) ® g’(z(3))
52 — (9(2)>T5(3) 0 g’(z(Q))

9 W) £(+1)
1)

15

Figure 7: The neural network architecture used in the example for backpropagation

At each time we do a forward propagation where we calculate al, we also calculate §¢) which
is named as the error of nodes in layer [. But this time, we have to propagate backwards.
We will start with the last one and then calculate the error of previous layers.[11]

(37)

The multiplication symbol is called the Hadamard Product and it basically means that
we multiple the matrices element by element. We do not have any error in the first layer
since it is the input layer. We have:

(38)



To sum up, for a training set t = {(zM, y®), ... (2™ y™)} we set initially Ag) =0
for all indices. Then we follow for all data points in the training set, the following set of
operations, in the given order.

1. @ = (&
2. Forward Propagation for all ()
3. Compute all §¢)

4. Ag.) — A(l) i a(l)6(1+1)

ij j Y
Now we have the necessary values to calculate finally the derivatives all at once. Finally we
have for j # 0:

1
@ @ !

ij m
and for j =0

w_ 1.0
These are the derivatives of the cost function. Now finally we have achieved to have both
the cost function and all the necessary derivatives. After this point we will apply gradient
descent and get the optimized hypothesis.

1.7.3 Dimensional Remarks

Let us have an architecture so that we have 10 nodes in the input layer, 1 hidden layer with
10 nodes and one output layer with 1 node. Then the dimensions will be:

d(g(l)) — d(9(2)) — d(D(l)) =10 x 11

de®) =1x 11 (4D

1.7.4 Training a Neural Network

Now let us sum up every step one needs to follow when training a neural network. Given that
we have the problem given and we want to start doing machine learning on it for classification
purposes.

1. Design a neural network architecture. Conventionally, all the hidden layers have the
same number of nodes.

Randomly initialize the weights.
Implement forward propagation.
Compute the cost function.
Implement back propagation.

Get the derivatives of the cost function.

NS e W

Apply gradient descent with respect to the weights.

16
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Figure 8: Sample layers of the CNN.

1.8 Convolutional Neural Networks (CNN)

In this project, we are only interested in a type of NN that is called CNN. CNNs are
specifically used for the image type data. In our case we will use image snapshots of Ising
configurations, and we will try to recognise the temperature from these images; therefore
CNNs are the choice for the project [4].

CNNs, are similar to neural networks. They consist of neurons with weights and biases.
Each neuron receives inputs, takes a weighted sum over the inputs, applies the activation
function and produces an output. CNNs have a filter going through the image. As it
goes through the whole image, the filter is altered at each step usually with a dot product
operation [6]; resulting in a scalar value. Then we have the convolutional layer consisting of
independent filters. For our comprehension, the convolutional layer basically learns different
parts of images as seen in Figure 8 [9].

Another layer of CNNs is something called the Pooling layers. Pooling layer reduces the
size in order to prevent ending up with too many parameters. Note that in machine learning
applications we already have parameters on the scale of hundreds of thousands. For instance
in Figure 10, we can see we have 47,460,807 parameters, therefore it is important to have
pooling layers to avoid having even more parameters.

1.9 Notes on Tensorflow/Keras Environment

The internship is done on the Keras environment that is built on tensorflow. Tensorflow is a
library created specifically for machine learning and artificial intelligence models. Implement-
ing these methods from scratch will be unnecessarily difficult and moreover, environments
such as tensorflow made by the best computer scientists in the domain will have better op-
timizations and structure therefore it is more beneficial to learn these libraries and using
them for our own purposes. [1]

17



2 The Ising Model in 2D

The Ising Model is one of the most studied models in physics, as it is really simple yet the
critical phenomenon appears in two dimensions (2D). This project studies to apply machine
learning methods on Ising Model in 2D to predict the temperatures from the images of the
configurations. We start by briefly introducing the Ising Model.

2.1 Introduction

Ising Model we will study is a spin system that is on a lattice, where each site is either
spin up or spin down. Therefore it is easy to represent binary. On a square lattice, we
will attach up or down to each site. Moreover we will define an evolution by the following
Hamiltonian|8]:

H(O’):— Z Jijo-ia-j_hzo-j (42)
<i,j> J

We also define the magnetization of an Ising configuration as:

m:%ZO’l

where o;’s are the spins at site i, N is the total number of sites, h is the external magnetic
fields parameter and J;;’s are the interaction parameters.

The different values of parameters changes the behaviour of the Ising system’s evolution.
The configurations characteristics that we may expect is as follows:

Jij > 0 : ferromagnetic configuration

Jij = 0 : non-interacting
Jij < 0 : anti-ferromagnetic configuration

and for the other parameter:
h > 0 : tends to line up in the positive direction

h < 0 : tends to line up in the negative direction

Note that Onsager’s solution informs us that the critical temperature T, = 2.26 is ana-
lytically calculated for 2D square Ising Model [7] [15].

2.2 Monte-Carlo Method for Collecting the Data

The generation of the Ising configurations are generated using Monte-Carlo Simulations,
with Metropolis algorithm. The metropolis algorithm is an algorithm based on not only
the Hamiltonian of the system but also on a random selection of spin flips. Metropolis

18



Figure 9: (a): A ferromagnetic ordered configuration. (b): A configuration at T.. (c): A
para-magnetic disordered configuration. (d): A ferromagnetic ordered configuration before
it reached equilibrium.

algorithm generates valid Ising configurations and it can be explained simply as follows [16]:

Result: Metropolis Algorithm [22]

Pick a random site and calculate its energy;
Pick a random number z € (0, 1);

for all sites do

if AE <0ORz <e 57 then
‘ Flip spin;

else
| Do not flip spin

end

end
Algorithm 1: How to write algorithms

2.3 The Model Architecture

We are using a Convolutional Neural Network (CNN) that is a type of deep neural network
and it is specifically used for image recognition. In our case, we will use image recognition
techniques to recognise different phases and temperatures given configurations. The model
we choose to work on is a rather complex model that is as given in Figure 10 [17]. Moreover,
some studies have worked on identifying different phases using unsupervised learning instead
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Model: "sequential_1"

Layer (type) Output Shape Param #
conv2d_1 (Conv2D) (None, 100, 100, 25) 700
batch_normalization_1 (Batch (None, 100, 100, 25) 100
conv2d_2 (Conv2D) (None, 100, 100, 25) 5650
batch_normalization_2 (Batch (None, 100, 100, 25) 100
max_pooling2d_1 (MaxPooling2 (None, 50, 50, 25) 0
dropout_1 (Dropout) (None, 50, 50, 25) )
conv2d_3 (Conv2D) (None, 50, 50, 75) 16950
batch_normalization_3 (Batch (None, 50, 50, 75) 300
conv2d_4 (Conv2D) (None, 50, 50, 75) 50700
batch_normalization_4 (Batch (None, 50, 50, 75) 300
max_pooling2d_2 (MaxPooling2 (None, 25, 25, 75) 0
dropout_2 (Dropout) (None, 25, 25, 75) 0
flatten_1 (Flatten) (None, 46875) 0
dense_1 (Dense) (None, 1000) 46876000
batch_normalization_5 (Batch (None, 1000) 4000
dropout_3 (Dropout) (None, 1000) 0
dense_2 (Dense) (None, 500) 500500
batch_normalization_6 (Batch (None, 500) 2000
dropout_4 (Dropout) (None, 500) 0
dense_3 (Dense) (None, 7) 3507

Total params: 47,460,807
Trainable params: 47,457,407
Non-trainable params: 3,400

Figure 10: The layers of the CNN that is used for all the trainings in the project.

of supervised learning that we are trying to do [19].

3 The Results of Training the Network

With the data that is generated, we create three data sets. First one is a data set with the
greatest number of data: the training set. Second one is the cross validation data where we
will check how good the training is before we actually test it on our test data. Third one is
therefore the test data and it will consist of Ising configurations generated for a triangular
lattice system. We explore if NNs in general are going to be sufficiently enough to make
predictions [2].

3.1 Training the Network for Square Ising Lattice

First let us start by training the given model for a square Ising model in 2D, which will
be tested in the next chapter for a triangular Ising data in order to see if it works on the
triangular case. This is called the transfer learning and the goal is to understand if transfer
learning works for the Ising model with square and triangular Ising configurations. [18]
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Figure 11: Results for the 2-class model with (a) training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs as well as (c) the confusion
matrix.

3.1.1 2-Class Classification

In the case of 2-Class, we achieve almost perfectly with the given convolutional neural net-
work (CNN) architecture. Note that the CNN we are using is rather complex therefore we
will see really high accuracy rates for smaller number of classes. [3]

Let us first present the loss function and accuracy with respect to the number of epochs.
Note that one epoch is one training of all the data set once. In machine learning problems,
we use many epochs, depending on the problem at hand and the number of data we have. We
expect to see that the graph for training set and the cross validation set should be somewhat
overlapping.

We can see in Figure 11 that we have somewhat correlated decrease for both loss functions.
Note that in this case we have worked with 20 epochs; therefore the half epochs are only for
visual convenience. Below we present the accuracy with respect to the number of epochs.

In Figure 11 it is visible that we do not need more than 20 epochs in this case since we
are already in the 99% accuracy. Since the two are correlated, we do not need to change the
hyper-parameters. Finally we need to see how well it actually does predictions by presenting
the confusion matrix.

Finally in Figure 11 we have the confusion matrix. First let us clarify the confusion
matrix and why it is one of the most important visual results one needs when working with
machine learning models. The confusion matrix has the x-axis as the predicted labels and
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Figure 12: Results for the 3-class model with (a) training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs as well as (c) the confusion
matrix.

the y-axis as the true labels. Therefore we want the values to be dense in the diagonal. If
we had the diagonal completely filled, this means that we have 100% accuracy.

In this specific visual , we can see that we have almost perfect score with just 0.01%
mistake. This is an acceptable and actually a really good result for our model. Now we will
increase the number of classes to see how well we can do with the most number of classes.

3.1.2 3-Class Classification

The 3-Class case is peculiar as we have achieved actually 100% accuracy. Our classes are
chosen to be as far from one another as possible. Therefore we have the ordered class
configuration as temperature 7' = 1.0, disordered class configuration as temperature 7' = 4.0
and the critical class configuration as T, = 2.26. Below we start by presenting the loss
function and accuracy as a function of number of epochs that is ran through the training.

One can see that the correlation between the training and the cross-validation sets are
more than sufficient in Figure 12; therefore we do not need to adjust the hyper-parameters.
Now we present the confusion matrix to see how well it actually worked and what mistakes
it does.

In Figure 12 we have a perfect confusion matrix and we can observe that there is no
mistakes done by our CNN. Therefore we can safely say that for 2-Class and 3-Class, our
model works perfectly. We expect the accuracy to go down as we increase the number of
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Figure 13: Results for the 5-class model with (a) training (blue) and validation (orange)
loss (lines) and (b) accuracy as a function of the number of epochs as well as (¢) The
confusion matrix with the label 0 corresponding to 7" = 1.0 — 1.4, label 1 corresponding
to T' = 2.70 — 2.11, label 2 corresponding to T' = 2.24 — 2.28, label 3 corresponding to
T = 2.45 — 2.49 and finally label 4 corresponds to T" = 3.6 — 4.0 with equal number of
configurations in each class with a total of 25,000 configurations divided as 80% training set
and the remaining 20% cross validation set.

classes.

3.1.3 5-Class Classification

We present the 5-Class classification results. Passing from 3-Class to 5-Class we expect more
changes and more confusion among the two classes above critical temperature, and among
the two classes below the critical temperature.

As we can see below, the loss function is decreasing though fluctuates. In the end we
can conclude that 400 epochs were enough since it is visible that the loss function stopped
decreasing after some point. Then we can conclude that in order to increase the success of
the model, we need to optimize the parameters or restructure the dataset in a better way;
we cannot improve it by increasing the number of epochs anymore.

If we check the accuracy, it will be even more visible that the training has stopped getting
better. The model is around 70% accuracy rate. If the confusion matrix is distributed around
the diagonal matrix, then this accuracy rate is good enough for our purposes. If not, then
the model needs revision.
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Figure 14: Results for the 7-class model with (a) training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs as well as (¢) The confusion
matrix for 7-Class Case, 200 epochs and larger A = 0.00001 training parameter, with 70,000
data. Label 0 corresponding to 7' = 1.0 — 1.4, label 1 corresponding to 7" = 2.09 — 2.5,
label 2 corresponding to T' = 2.12 — 2.16, label 3 corresponding to 1" = 2.24 — 2.28, label
4 corresponding to T = 2.38 — 2.42label 5 corresponding to T' = 2.53 — 2.60, label 6
corresponding to T' = 3.6 — 4.0 with equal number of data in each class.

In our case the confusion matrix in Figure 13 is distributed around the diagonal and it
is visible that we have successfully classified the ferromagnetic cases. There is a significant
confusion among the two para-magnetic cases, however that is expected because of the
random nature of the para-magnetic configurations. The critical temperature’s neighboring
region is predicted correctly almost half the time.

3.1.4 7-Class Classification

In the 7-Class case, we achieve an optimum yet not perfect result. We will present two
different training with different data structures and different number of data to see the
significance of all the parameters plus we can see how the training parameter a changes the
gradient descent drastically.

In the first case we have used 70,000 data and we had the classification of the data as
explained in the confusion matrix visual. The loss function and the accuracy is seem to be
not very successful and this allows us to conclude that the training parameters should be
optimized.
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We can see in Figure 14 the model loss is fluctuating and not monotonically decreasing,
therefore we can conclude that we need smaller training parameter since the gradient descent
is probably jumping off the minimum and therefore never reaching it. The accuracy, on the
other hand, is not correlated for the training and validation sets, therefore we can conclude
that this model needs more hyper-parameter optimization.

Interestingly, as we have sufficiently enough data for this model, even though it is not
optimized, we do have a rather acceptable confusion matrix in general. However we can ob-
serve that some mistakes done by the model are unacceptable since it confused the disordered
para-magnetic high temperature configurations with low temperature ordered ferromagnetic
configurations; and this is a mistake that one should not have; not even once.

The loss function in Figure 14 and as one can see, it fluctuates similarly to that of the
5-Class case. Yet it does not create a significant problem as long as it is overall decreasing
in time. A smaller gradient descent parameter may be used to check if there is a jump
happening, however since we observe an overall decrease, that may not be the case.

As the results could be improved, we change the training parameter and try to get a new
training result; predicting it to be better than the one presented in Figure 14.

If we look at the accuracy of the model, we can see in Figure 15 the hyper-parameters are
mostly fine as we observe a monotonic increase for both training and cross validation sets.
After a while, the validation accuracy starts to stabilize, hinting that the number of epochs
we have done, which is 400, is sufficiently enough. We achieve around 52% accuracy rate.

And finally, in the confusion matrix in Figure 15 we can see that we do not have any
unacceptable mistake. It is dense in the diagonal, yet it is worth pointing out that this is not
very good at predicting the critical temperature and its neighboring since it is only predicted
correctly for the 5% success.

3.1.5 8-Class Classification

In the 8-Class case we achieve an acceptable yet not perfect results. In the first model have
with a high training parameter A = 0.00001 in Figure 16, we could not achieve any acceptable
results. We conclude that the minimum of the cost function is being missed and jumped off
by the gradient descent, therefore it never reaches to the minimum. As we can see in the
figure, the validation accuracy stays the same and does not evolve and moreover the loss
function keeps fluctuating for the validation set although it seems reasonably acceptable for
the training set.

As a result, the confusion matrix in Figure 16 is not satisfactory. We can observe that
the confusion in the higher temperatures are too many that there is almost no correct
prediction in that region. We present non-normalized confusion matrix to see how many
unacceptable configurations are predicted wrong. Though it seems like the highest and
lowest temperatures are predicted correctly, we have absolutely unacceptable predictions
such as temperature 7' = 4.0 is being predicted as 7" = 1.0 for 35 different configurations.
There are 43 more false predictions in this region that are unacceptable. Therefore we try
to remodel and make the results better.

Let us first start with the loss function again to observe how well we did. Note that in
this case we have trained 400 epochs. As our classifications get more complicated, we need
to decrease the training parameter \; therefore it takes more time to reach the minimum of
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Figure 15: Results for the 7-class model with (a) training (blue) and validation (orange) loss
(lines), The loss function for 7-Class Case, 400 epochs and smaller A training parameter, with
35,000 data. (b) accuracy as a function of the number of epochs as well as (c¢) The confusion
matrix for 7-Class Case, 400 epochs and smaller A = 0.00000001 training parameter, with
35,000 data. Label 0 corresponding to 7" = 1.0 — 1.4, label 1 corresponding to T" = 1.6 —
2.0, label 2 corresponding to 7' = 2.06 — 2.1, label 3 corresponding to 7' = 2.21 — 2.25,
label 4 corresponding to T' = 2.26 — 2.3,label 5 corresponding to T" = 2.46 — 2.50, label 6
corresponding to 7' = 3.6 — 4.0 with equal number of data in each class.

the loss function.

The fluctuations in the loss function in Figure 17 of the validation set may be prevented
with a more advanced hyper-parameter optimization techniques; however for our practical
purposes as we could achieve enough computing power to have as many epochs as we did, it
does not create a significant problem. Moreover, we could see below that the accuracy does
not fluctuate as much as the loss function. As long as the fluctuations still follow along with
the loss function of the training set, the model can be used.

The accuracy in Figure 17 increases with a smaller fluctuation that is visible, though the
fluctuations are narrower than the fluctuations of the loss function. The reason is that the
loss function does not by itself give us an idea about the success of our model, but it can
only be interpreted by its monotonic decrease and ideally converging to the extremum point.
By looking at the graph, we can comment that if we doubled the number of epochs we could
indeed achieve a better result in the end. For our practical purposes and limited computation
power caused by the time limit, we left it at 400 epochs with around 60% accuracy.

Observing the confusion matrix in Figure 17, we can say that even though we have
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Figure 16: Results for the 8-class model with (a) Training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs. Similar to the case of 8-Class,
there is no correlation between validation and training results. (¢) The confusion matrix of
the 8-Class Model with the label 0 corresponding to 7' = 1.0 — 1.4, label 1 corresponding
to T'= 2.09 — 2.5, label 2 corresponding to 7' = 2.12 — 2.16, label 3 corresponding to T" =
2.24—2.28, label 4 corresponding to T' = 2.35—2.39,label 5 corresponding to T' = 2.45—2.49,
label 6 corresponding to T' = 2.59 — 2.9 and finally label 7 corresponds to T' = 3.6 — 4.0 with
equal number of configurations in each class with a total of 70,000 configurations divided as
80% training set and the remaining 20% cross validation set.

increased the number of classes and therefore narrowed the temperature range in each class,
we can still get near-diagonal results where far ferromagnetic and far para-magnetic cases,
meaning the Class 0 and the Class 7, are well predicted. However, the Class 3 in which the
critical temperature lies, is not well predicted in this 8-Class model; with only 5% successful
predictions.

3.2 Testing the Trained Network on a Triangular Ising Lattice

Transfer learning is when the machine learning model is trained in one system and it is tested
on another system to see if the learning is indeed transferable or not. This is what we call
the transfer learning. After we have trained the network on a square lattice, we will test it
on triangular Ising configurations in 2D. What we try to understand is whether the transfer
learning works for the two lattice systems, trained on a square. [21] [20]

In the Figure 18, we can observe a visual difference when compared to the square lattice
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Figure 17: Results for the 8-class model with (a) Training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs. Similar to the case of 8-Class,
there is no correlation between validation and training results. (¢) The confusion matrix of
the 8-Class Model with the label 0 corresponding to 7' = 1.0 — 1.4, label 1 corresponding
to T'= 2.09 — 2.5, label 2 corresponding to 7' = 2.12 — 2.16, label 3 corresponding to T" =
2.24—2.28, label 4 corresponding to T' = 2.35—2.39,label 5 corresponding to T' = 2.45—2.49,
label 6 corresponding to 7" = 2.59 — 2.9 and finally label 7 corresponds to T' = 3.6 — 4.0 with
equal number of configurations in each class with a total of 40,000 configurations divided as
80% training set and the remaining 20% cross validation set.

Ising configurations. Since we have in the triangular case 2 more interactions from upper
left to bottom right of each lattice site. Therefore we can observe that the configurations
are shaped as flows from upper right to bottom left.

3.2.1 2-Class Classification

In the 2-Class system, it seems like the transfer learning works perfectly and we can indeed
train a network on a square lattice and observe that ferromagnetic and para-magnetic config-
urations are learnt. This is the basic case when we only have ordered and disordered classes
as seen in Figure 19

In this configuration matrix it is visible that we have 100% accuracy and all the test set
is classified correctly. Therefore we can conclude that for 2-Class systems, the learning is
indeed transferable from a square lattice to a triangular lattice for Ising Model.
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Figure 18: (a) A ferromagnetic triangular Ising configuration, (b) A critical temperature
sample (¢) A para-magnetic configuration (d) Another para-magnetic configuration

3.2.2 3-Class Classification

The 3-Class case is also almost perfectly predicted via transfer learning. This time we have
the ordered case with temperature 7' = 2.0 — 2.2 and its neighboring, critical region where
T = 3.5 — 3.7 and its neighboring and finally the para-magnetic region where 7' = 4.3 — 4.5
and its neighboring. The confusion matrix is presented in Figure 20

3.2.3 5-Class Classification

The 5-Class case shows us more conclusive results. We have an interesting property. The
confusion matrix seems to be on one step down the diagonal yet keeping its diagonal shape,
21 on page 32. Let us call this structure ”step-down diagonal structure” for future references.
There are some possible reasons for this. In the square case where we train the network for
4 different interactions for each node; and when we test it for the triangular case, we have 6
interactions for each node. Note that these extra interactions have a direction; meaning that
we only added cross interactions from upper left to bottom right. Moreover, as the critical
temperature T, increases for triangular case, going up to around 7T, ~ 3.6, we will end up
with a down-stepped diagonal since the critical label this time is label 3. And note that the
critical temperature is not successfully predicted in this transferred learning model.
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Figure 19: The confusion matrix of the 2-Class Model with the label 0 corresponding to
T < 3.0, label 1 corresponding to 7" > 4.0, with equal number of configurations in each class
with a total of 2,000 configurations as the test set.

3.2.4 7-Class Classification

The 7-Class case of transfer learning supports the claims done in the previous section. We can
see the confusion matrix in Figure 22 on page 33 We, again, do not have a well prediction of
the critical temperature; however we do have correct predictions of ordered and disordered
phases. And since the structure has still one step down diagonal structure, with further
development, it may be possible to correct these; or it may be inherently nontransferable
successfully for the Ising model.

3.2.5 8-Class Classification

The 8-Class case of transfer learning supports the claims done in the previous section too.
We can see the confusion matrix in Figure 23 on page 34 The same property, step down
diagonal structure, is visible and that we can see that the network is especially unsuccessful
in the ordered phases. but this time we see that the disordered part is actually inclined to
the diagonal structure, therefore the critical temperature is predicted better than the rest,
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Figure 20: The confusion matrix of the 3-Class Model with the label 0 corresponding to T' =
2.0 — 2.2, label 1 corresponding to T' = 3.5 — 2.7, and label 3 corresponding to 1" = 4.3 — 4.5

with equal number of configurations in each class with a total of 9,000 configurations as the
test set.

yet it is not successful enough to claim that the transfer learning works.

3.3 Training the Network for Triangular Lattice
3.3.1 2-Class Classification

The 2-Class case is rather successful however since it is only ordered and disordered classes,
even though one can achieve success, the result is limited. It is intuitively expected that
distinguishing ordered and disordered configurations to be the easiest case. We can expect
it to be successful in the second transfer learning we will do when we test it on a square
lattice. We can check the visuals in Figure 24 on page 35.

3.3.2 3-Class Classification

The 3-Class case is surprisingly not as good as one would expect. It is not random but yet
we can see the confusions between ordered and disordered, which is unacceptable. However
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Figure 21: The confusion matrix of the 5-Class Model with the label 0 corresponding to
T =2.0—2.2, label 1 corresponding to 7' = 2.4 — 2.6, label 2 corresponding to 1" = 2.9 — 3.1,
label 3 corresponding to 7' = 3.6 — 3.8 and label 4 corresponding to 1" = 4.3 — 4.5 with equal
number of configurations in each class with a total of 15,000 configurations as the test set.

we have a rather good predictions on critical temperature. The reason that it needs work is
that we need way more data in order to have an actual conclusive result. We can check the
visuals in Figure 25 on page 36.

3.3.3 5-Class Classification

In the 5-Class case we can observe that the critical and the disordered cases are predicted
really well. However, the ordered case is not predicted correctly. Especially the first two
ordered cases with T' = 2.0 — 2.6, are predicted all as one class. This actually does not create
a huge problem as long as we have well predictions on the critical temperature. If we have
confusions amongst the ordered cases and amongst the disordered cases and not between the
ordered and disordered cases, then we have an acceptable result. We can check the visuals
in Figure 26 on page 37.
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Figure 22: The confusion matrix of the 7-Class Model with the label 0 corresponding to
T =2.0—2.2, label 1 corresponding to 7' = 2.4 — 2.5, label 2 corresponding to 1" = 2.8 — 2.9,
label 3 corresponding to T" = 3.2 — 3.3, label 4 corresponding to T" = 3.6 — 3.7, label 5
corresponding to 7" = 4.0 — 4.1 and label 6 corresponding to 7' = 4.4 — 4.5 with equal
number of configurations in each class with a total of 14,000 configurations as the test set.

3.3.4 7-Class Classification

7-Class case is one of the most promising ones in each training and test we did. The only issue
is that on the triangular case the network cannot recognise the critical temperature explicitly.
The rest of the results seem structured around the diagonal however the critical temperature
is confused with the neighboring. One concludes that one needs more data. Note that the
triangular training case has not as many data as the square training. Therefore we cannot
be as conclusive in this case as we have been in the square case. We can check the visuals
in Figure 27 on page 38.

The confusion matrix for 7-Class. We can check the visuals and confirm the claims done
in the previous paragraph. The diagonal structure is one step down and even though some
high and low temperatures are recognised well, the critical temperature is completely missed.
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Figure 23: The confusion matrix of the 8-Class Model with the label 0 corresponding to
T = 2.0, label 1 corresponding to 7' = 2.4, label 2 corresponding to T = 2.8, label 3
corresponding to T' = 3.2, label 4 corresponding to T = 3.7, label 5 corresponding to
T = 3.9, label 6 corresponding to 1" = 4.2 and label 7 corresponding to 1" = 4.5 with equal
number of configurations in each class with a total of 8,000 configurations as the test set.

3.3.5 8-Class Classification

Training on the 8-Class case is similar to the rest of the results and similar to the transfer
learning tested on the triangular case. But interestingly, we have this time accuracy of the
validation set higher than the accuracy of the training set. This is a bizarre phenomenon
and usually unexpected. The loss function on the other hand seems correlated between the
training and validation; therefore we can conclude that the training parameters are well
optimized. We can check the visuals in Figure 28 on page 39.

The confusion matrix seems to be rather good around the ordered case this time. In-
terestingly, we have a specific issue with the critical temperature. The current model does
not recognise the critical temperature at all and it is confused with the closest neighboring
labels. This hints us that we definitely need more data.
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(lines) and (b) accuracy as a function of the number of epochs. The confusion matrix of
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3.4 Testing the Trained Network on a Square Ising Lattice

In this section we will do the other case where we train the network on a triangular lattice
and test the transfer learning on a square lattice. This time, different than the previous case,
we expect to see a diagonal structure but this time we expect the diagonal to be one step
up as opposed to the previous case being one step down.

3.4.1 2-Class Classification

In the 2-Class case we, as expected, achieve around 98% accuracy and for the case of ordered
and disordered classes, the transfer learning works both ways. We can check the confusion
matrix in Figure 29 on page 40.

3.4.2 3-Class Classification

The 3-Class case of the transfer learning has the accuracy of 91%. The critical temperature
has predicted perfectly; however there is an unacceptable confusion between the ordered and
disordered cases. Therefore we conclude we need more data in order to achieve an actual
success. We can check the confusion matrix in Figure 30 on page 41.
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Figure 25: Triangular training on 3-Class. (a) Training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs. The confusion matrix of
the 3-Class Model with the label 0 corresponding to 7' = 2.0 — 2.2, label 1 corresponding to
the critical temperature and label 2 corresponding to 1" = 4.2 — 4.5, with equal number of

configurations in each class with a total of 9,000 configurations as the training and validation
set.

3.4.3 5-Class Classification

5-Class classification shows us the first example of our prediction about the one step up
diagonal structure of the confusion matrix. The recognition of the ordered case is achieved
with 100% with overall accuracy of 45%. Note that this time because of the difference
between the critical temperatures of triangular and square lattices; and the data being
structured differently, we have the critical region as the last label. Therefore we do have
good predictions on critical temperature; yet the critical temperature is intertwined with the
disordered cases. In order to have better conclusive results, we need not only more data for
the existing data points, but also we need more data points; meaning that we need more
configurations of different temperatures. We can check the confusion matrix in Figure 31
on page 42.

3.4.4 T7-Class Classification

7-Class case we have more visible step-up diagonal structure. We do not see any unaccept-
able order-disorder confusion and we have better results in the ordered case. Considering
the critical temperature, we have 23% accuracy but on considering the step-up diagonal
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Figure 26: Triangular training on 5-Class. (a) Training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs.The confusion matrix of the
5-Class Model with the label 0 corresponding to 7' = 2.0 — 2.2, label 1 corresponding to
T = 2.4—2.6, label 2 corresponding to 7' = 2.9 — 3.1, label 3 corresponding to T' = 3.6 — 3.8,
and label 4 corresponding to T" = 4.3 — 4.5, with equal number of configurations in each class
with a total of 15,000 configurations as the training and validation set.

Loss

structure, we may conclude more from this; though not in a straightforward way. In terms
of number of data, the result investigated on the confusion matrix and feasibility, the 7-Class
result is the optimum result we have in this section. We can check the confusion matrix in
Figure 32 on page 43.

3.4.5 8-Class Classification

8-Class case is the case where we have not sufficient number of data in the training therefore
the results are not as well as we had in the 7-Class case. The ordered case is well predicted
however in the temperatures around 7" =~ 2.0 and 7" = 2.5 are not predicted correctly at all.
With the sufficient training data, we expect to see the one step-up diagonal structure in this
case too. We can check the confusion matrix in Figure 33 on page 44.
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Figure 27: Triangular training on 7-Class. (a) Training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs.The confusion matrix of the
7-Class Model with the label 0 corresponding to 7" = 2.0 — 2.2, label 1 corresponding to
T = 2.4—2.5, label 2 corresponding to 7' = 2.8 — 2.9, label 3 corresponding to 1" = 3.2 — 3.3,
label 4 corresponding to 7" = 3.6 — 3.7, label 5 corresponding to 7" = 4.0 — 4.1 and label
6 corresponding to T' = 4.4 — 4.5 with equal number of configurations in each class with a
total of 14,000 configurations as the training and validation set.

4 Conclusions

During this project and the internship, I have learnt more deeply and thoroughly about the
mathematical background and theoretical models of machine learning techniques. Moreover,
applying these techniques for a real scientific problem by learning the necessary machine
learning libraries such as Keras/TensorFlow, has helped me gain experience in the subject
and helped me understand my domain of interests in physics.

The Ising configurations are generated by the code written as the first part of the intern-
ship and the code is executed in the cluster; once we checked the validity of the configurations.
After we have started to work on the machine learning modeling part and hyper-parameter
optimization, which requires high GPU power, there was some timing problems. Even though
we have used the GPU’s provided by the university computers, the time limitation of the
internship has caused us to limit the amount of data to be trained and the amount of training
epochs that we could do.

This internship was aimed to explore transfer learning for Ising Model. The network
training for square and triangular models are done and tested on one another too see if
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Figure 28: Triangular training on 8-Class. (a) Training (blue) and validation (orange) loss
(lines) and (b) accuracy as a function of the number of epochs.The confusion matrix of the
8-Class Model with the label 0 corresponding to T" = 2.0, label 1 corresponding to 7' = 2.4,
label 2 corresponding to 7' = 2.8, label 3 corresponding to T" = 3.2, label 4 corresponding
to T' = 3.7, label 5 corresponding to T = 3.9, label 6 corresponding to 7' = 4.2 and label 7
corresponding to T' = 4.5 with equal number of configurations in each class with a total of
8,000 configurations as the training and validation set; divided so that 80% is the training
set.

=

the transfer learning works. We have concluded that for the small number of classification
problems, namely 2-Class and 3-Class, it works sufficiently enough. However, for the higher
number of classifications, namely 5-Class, 7-Class and 8-Class, it does not work. We ob-
serve step down and step up diagonal structure. We also observe in some cases the critical
phenomenon predicted with a sufficiently enough percentage as suggested in [9].

Moreover it is possible to approach the problem with clustering methods of unsupervised
learning methods; however since we are indeed able to generate as many configurations as
we need, it fits to use supervized models [19]

4.1 Possible Future Work

In order to further understand the potential reasons for the one step up/down diagonal
structure that is observed, one could go on to study more. The generated data should be
more than we have used for both square lattice and triangular lattice with the same number
of data points. For thorough analysis, the opposite case of interaction for another triangular
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Figure 29: The confusion matrix of the 2-Class Model of the transfer learning of triangular
network on square Ising model with the label 0 corresponding to ordered, label 1 corre-
sponding to disordered cases with equal number of configurations in each class with a total
of 60,000 configurations as the test set.

case should also be introduced to see if there is the same result if we change the direction
of the cross interaction for the triangular case. And moreover, it would be helpful to have
both directions of interactions included in another triangular case. This time we may expect
to have a transfer learning that is working; yet this would not be a triangular lattice; it
would be the second closest site interaction. Therefore we may seek to observe that as long
as the lattice structure is kept, we may have the transfer learning with different number of
neighboring interactions [13].

Once we understand the structure and limitations of the transfer learning for the Ising
model, then we can try to investigate the step up/down diagonal properties, the reasons
behind these structures and whether it can be fixed or not. If we were to find that it cannot
be fixed, then we would conclude that transfer learning for these specific case does not work.
In this potential future work, it would strengthen the hypothesis to work the investigation
for various lattice sizes, different Ising parameters and many different interaction connections
for each lattice site.
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Figure 30: The confusion matrix of the 3-Class Model of the transfer learning of triangular
network on square Ising model with the label 0 corresponding to ordered, label 1 correspond-
ing to critical, label 2 corresponding to disordered cases with equal number of configurations
in each class with a total of 15,000 configurations.

4.2 Final Remarks

Overall, during the internship we have reached the point where we can indeed see the po-
tential possible work and exploration that can be done on this subject, and moreover I have
learned and applied many notions on both physics and machine learning and experienced
participating in research. Finally, I would like to thank my supervisor, Prof. Rudolf A.
Roemer, for his guidance and advice throughout the internship and my colleague, Djenabou
Bayo, for helpful discussions about the project.
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